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Approximation of Entire Functions of
Slow Growth !

Ramesh Ganti and G. S. Srivastava

Abstract

In the present paper, we study the polynomial approximation
of entire functions in Banach spaces (B(p, ¢, k) space, Hardy space
and Bergman space). The coefficient characterizations of generalized
type of entire functions of slow growth have been obtained in terms

of the approximation errors.
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1 Introduction

Let f(z) =Y o”,a,z" be an entire function and M (r, f) = max|,—, | f(2)|

be its maximum modulus. The growth of f(z) is measured in terms of its
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order p and type 7 defined as under
loglog M(r, f)

(1) lim sup log 1 = p
log M
(2) lim sup e ML S £T7 f) = T,
r—o00 r

for 0 < p < oo. Various workers have given different characterizations for
entire functions of fast growth (p = 00). M. N. Seremeta [3]| defined the
generalized order and generalized type with the help of general functions as
follows.

Let L° denote the class of functions h satisfying the following conditions
(i) h(x) is defined on [a, 00) and is positive, strictly increasing, differentiable
and tends to oo as r — oo,

(i)

M)
T ) |

for every function ¢ (z) such that ¢ (z) — oo as z — co.

Let A denote the class of functions h satisfying condition (i) and

lim e2) _
2 h @)

for every ¢ > 0, that is, h(z) is slowly increasing.

For the entire function f(z) and functions a(z) € A, 5(x) € L°, Seremeta
[3, Th .1] proved that

o aflog M(r, f)] . a(n)
(3) p(CY, 67 f) - h?isogpw - hgisogp ﬂ(—%ln]anl)
Further, for a(z) € L°, 37 (x) € L°, v(x) € L°,
(4)
aflog M (r, f)] a(%)

e 5D = BRTEGE T S B e TP
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where 0 < p < o0 is a fixed number.

Above relations were obtained under certain conditions which do not
hold if « = (. To overcome this difficulty, G.P.Kapoor and Nautiyal [2]
defined generalized order p(«; f) of slow growth with the help of general
functions as follows

Let € be the class of functions h(z) satisfying (i) and
(iv) there exists a 6(z) € Q and zo, K; and K, such that

0 < K < dd(h(fc))

(6(log z))
Let Q be the class of functions h(x) satisfying (i) and

< Ky <oo forallz > x.

(v) Xlew j((l};(;i)) =K 0< K< o
Kapoor and Nautiyal [2] showed that classes 2 and Q are contained in
A. Further, QN Q = ¢ and they defined the generalized order p(a; f) for
entire functions f(z) of slow growth as
pla; f) = limsup a(h;g(f\jg (:;f))

where a(z) either belongs to Q or to 2.

Recently Vakarchuk and Zhir [5] considered the approximation of entire
functions in Banach spaces. Thus, let f(z) be analytic in the unit disc

U={z€C:|z| <1} and we set

Mo f) = {5z [ Urtre sy, g > o

—T

Let H, denote the Hardy space of functions f(z) satisfying the condition

1l = Tim My, f) < o
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and let H; denote the Bergman space of functions f(z) satisfying the con-

dition
Wl = G [ [ 15y < o

For ¢ = oo, let || fllmy, = ||l = sup{|f(2)],z € U}. Then H, and H, are
Banach spaces for ¢ > 1. Following [5, p.1394], we say that a function f(z)
which is analytic in U belongs to the space B(p, ¢, k) if

1
[l = L (0= -5, ary /e < oc,
O<p<qg<oo, 0<k<oo and
1 llpgoo = sup{(1 = r)/P=9M,(r, );0 < r < 1} < o0.

It is known [1] that B(p, ¢, k) is a Banach space for p > 0 and ¢,k > 1,

otherwise it is a Frechet space. Further [4],
(5) H,C H, = B(q/2,q,9), 1 <q<o0.
Let X denote one of the Banach spaces defined above and let

En(f, X) = mf{|[f = pllx :p € Pu}

where P, consists of algebraic polynomials of degree at most n in complex
variable z.

Vakarchuk and Zhir [5] obtained the characterizations of generalized
order and generalized type of f(z) in terms of the errors E,(f, X) defined
above. These characterizations do not hold good when a = g = ~.

i.e. for entire functions of slow growth.In this paper we have tried to fill
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this gap. We define the generalized type 7(a; f) of an entire function f(z)

having finite generalized order p(«; f) as

where a(z) either belongs to Q or to (2.

To the best of our knowledge, coefficient characterization for generalized
type of slow growth have not been obtained so far. Similarly, the charac-
terization for approximating entire functions in certain Banach spaces by

generalized type of slow growth have not been studied so far.

In this paper, we have made an attempt to bridge this gap. First we ob-
tain coefficient characterization for generalized type of slow growth. Next
we obtain necessary and sufficient conditions of generalized type of slow

growth in certain Banach spaces(B(p, q, k) space, Hardy space and Bergman

spaces). We shall assume throughout that function a € €.

Notation:

L. Flz: 7, p] = a7 [a(z)]*/*}

where p is fixed number, 0 < p<oo and 7T = 7+e.

2. E[F|x; T, p]] is an integer part of the function F.
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2 Main Results

First we prove the following

Theorem 2.1: Let a(x) € Q, then the entire function f(z) of general-
ized order p, 1 < p < 00, is of generalized type T if and only if

o a(lnM(R, f)) .. a(%)
O 7 =B =Ry R G e

provided dF(xz ; 7, p)/dlnz = O(1) asx — oo for allT, 0 < T < 0.

Proof. Let
a(ln M (R, f))

I a1
o Ry T
We suppose 7 < 00. Then for every € > 0, 3 R(e) >
a(ln M(R, f))

[a(In R)]? < 7+e =T VRZ>R(e).

(or) InM(R, f) < (o Y{F[a(ln R)]’}).

Choose R = R(n) to be the unique root of the equation

P 1
2 = —— Fl : —1.
2) n = g FlnR: 7, )
Then
3) R = oYL ayen) = F2 L,
TP p T’ '

By Cauchy’s inequality,

lan| < RTM(R;f)
< exp{-nInR + (o {7 [(In R)]’})}
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By using (5) and (6) , we get

la,| < exp{-nF +EF}
p

or

ﬁ))l/(,ﬂ)]}

1
ina, [ > a7 ((Z ol

or
a(%)

T =7T+¢ > £ .

{af ;7 In a1/ e

Now proceeding to limits, we obtain

(%)

(4) 7 > limsup :
n—oo {alzfg Infay|71/]}7D
Inequality (4) obviously holds when 7 = o0.
Conversely, let
lim su a(%) =0
noe (ol W, [TyeD —

Suppose 0 < oo. Then for every ¢ > 0 and for all n > N(¢), we have

(%)

L < o4+e=7
{a[>5 In |a,,|~1/7]} =1
(5) 0] < !
an| > n n
exp{(p—1) 2 F[%; 2, p—1]}

The inequality

’ pil]

VAN
DN | —

3
e
3
3

3
IN
=
Q\

°|

=

I3

Al

(6)
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is fulfilled beginning with some n = n(R). Then

00 00 1
"< — < 1.
" S s 3 <
n=n(R)+1 n=n(R)+1

We now express n(R) in terms of R. From inequality (6),

) p_l]}a

Qll —

?

p-1
2R < exp{( P ) F|

|3

we can take n(R) = FE[p a {7 (a(InR+1n2))*~'}]. We consider the

function ¢(z) = R* exp{—(p%f) x F[2; 1, p—1]} Let
Y'(x) p—1 _x 1 dF[%; 1, p—1] B

As x — o0, by the assumption of the theorem, for finite o (0 < 0 < 00),
dF[z; 7, p—1] / dlnz is bounded. So there is an A > 0 such that for
x > x1 we have

z . 1 o
dF[; ) Y 1]

9) | dlnx

| < A

We can take A > In2. It is then obvious that inequalities (6) and (7)
hold for n > ni(R) = Elp a {7 (a(ln R+ A))*~ Y} + 1. We let ng
designate the number max (N(¢) , E[z1] +1). For R > R;(ng) we have
' (ng) /v (ng) > 0. From (9)and (8) it follows that ¢'(n1(R))/v¥(ni(R)) < 0.
We hence obtain that if for R > R;(ng) we let *(R) designate the point
where Y(2z*(R)) = max,,<q<n,(r) ¥(x), then

ng < z*(R) <ni(R) and 2*(R) = pa {7 (a(ln R — a(R)))"'}.

where
x . 1
dF[;a 5 P — 1]
dlnzx

—A < a(R) = le=a=(r) < A.
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Further
i Rpofl{ﬁ (a(In R—a(R)))P~'}
ppax (an|B) < max () = St e e @)

— exp{a(R)pa~ {7 (a(ln R — a(R))) 1} <
< exp{Apa{F(a(In R+ A))*"1}}.
It is obvious that (for R > Ry(no))
M(R, f) < XiZolan|R" =

n, n n1(R n [’} n
= 21 glan|B" + S0 an BT + S22, pyailanl R

< O(R™) 4+ n1(R) max  (|a,|R") + 1

no<n<ni(R)

M(R, f)(1+0(1)) < exp{(Ap+o(1)) o '[7 (a(ln R+ A))""']}

a(lnM(R, f)) < ola(nR+ AP < 5 la(lnR+ A)).

We then have

al(Ap+o(1))""In M(R, f)]
[a(ln R+ A)r

<0 =o0+e

Since a(r) € Q C A, now proceeding to limits we obtain

. a(ln M(R; f))
1o e Ry

From inequalities (4) and (10), we get the required the result.

We now prove
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Theorem 2.2: Let a(z) € Q, then a necessary and sufficient condi-
tion for an entire function f(z) € B(p,q,k) to be of generalized type T
having finite generalized order p, 1 < p < 0o 1is

s a(2)
(-7 = limsup [0{>2 W ([E.(Bp.q. 5); [/}

Proof. We prove the above result in two steps. First we consider the

space B(p,q,k), ¢ =2, 0<p<2and k > 1. Let f(2) € B(p,q, k) be of

generalized type 7 with generalized order p. Then from the Theorem 2.1,

we have

(12) lim su o) =7
S P A P P

For a given € > 0, and all n > m = m(e), we have

1

(13) an] < exp{(p—1) 2 F[2; L, p—1]}

Let gn(f,2) = >0 a;2’ be the n'* partial sum of the Taylor series of the
function f(z). Following [5, p.1396], we get

(14) E.(B(p,2,r); f) < BY*[(n+ Dr+La(l/p—1/2)]{ Y la;P}?

j=n+1
where B(a,b) (a,b > 0) denotes the beta function. By using (13), we have
(15)

Unl(n K 'K
En(B(p72,l€)§f) B [< +1) + L (1/]? 1/2 {Z 17[] }1/2

exp{(p—1) =2 F[*2; 2, p

IN

Jj=n+1

where

O G = R0 3
exp {£(p — Dl { (22001}




Approximation of Entire Functions of Slow Growth 69

Set
N 1 g ) o
b(a) = exp{=3(p = Dla () oY),
Since «a(x) is increasing and j > n + 1, we get
(16)
; oL .
e < e (DI (i ey < o),
Since () < 1, we get from (15) and (16),
(17)

BY*[(n+ 1)k + 1; k(1 /p — 1/2)] '
(1 = ¥2(a))[exp {* (p — 1)[ey (S 1Dy

For n > m, (17) yields

E,(B(p,2,k); f) <

o L
T+e > (p)

- “1/n BY/5[(n+1)k+1;5(1/p—1/2 n _
{la(grfpzg (n (1Exl V") + In( e L2y /) o)

Now

F((n+1)r+ DI'(k(1/p — 1/2))‘

Bl(n+ 1k +Lk(l/p—1/2)] = T((n+1/241/p)k+1)

Hence
Bl(n+ 1Dk + 1L x(1/p —1/2)] =~
s (R e A N VR V)
el 124 pet(n 4 1/2 4 1/p)k + 1](n+1/241/p)rt3/2”
Thus
(18) {Bl(n+ Dk + 1;k(1/p — 1/2)]}V/0+0 = 1,

Now proceeding to limits, we obtain

(%)
(19) 7 > limsup &
oo [af 255 In (B 1) ] oY)
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For reverse inequality, by [5, p.1398], we have
(20) lan | BV [(n+ 1)k + 1 5(1/p—1/2)] < En(B(p, 2, x); f).

Then for sufficiently large n, we have

a(n/p)
o & (B, e =

a(?)

{55 {In (Jana[7/7) +In (B=/*[(n + 1)k + 1 5(1/p — 1/2)]) }}]e~)

p—1

= Tl i (a7 + T (B0 + D+ (1l /p— 172D HE D

By applying limits and from (12), we obtain

a(7)

21 li £ > T,
. T G B 7T
From (19), and (21), we obtain the required relation

. a(7)
(22) lim sup =T

oo [a{ 75 In (| Ep|71/m)}] 7Y

In the second step, we consider the spaces B(p, q,x) for 0 < p < q,q # 2,
and ¢,k > 1. Gvaradze [1] showed that, for p > p1, ¢ < ¢, and Kk < Ky, if
at least one of the inequalities is strict, then the strict inclusion B(p, ¢, k) C

B(p1, ¢1, k1) holds and the following relation is true:

1 g < 279790 [w(1/p = 1/ )] /5| ] g
For any function f(z) € B(p,q, k), the last relation yields
(23)
EyB(prqi,m); f) < 2V V0 [k(1/p — 1))V B, (B(p, ¢, 5); f).
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For the general case B(p,q,k), ¢ # 2, we prove the necessity of condition

(13).

Let f(2) € B(p,q,k) be an entire transcendental function having finite
generalized order p(«; f) whose generalized type is defined by (12). Using
the relation (13), for n > m we estimate the value of the best polynomial

approximation as follows

En(B(p,q:5); ) = 1f = gn(Hllpan < (/0 (1 — )= D=0 M),

Now
7= 1wl < (X )t < (! kilmbq.
Hence -
E.(B(p,q,k); f) < BY*[(n+ 1)k + L;5(1/p — 1/q)] i ||
" ) Bt et La(Up— gl

(1= (a)exp {22 (p — Da~{(“C )oY}
For n > m, (24) yields

oL
T+e > (p)

- “1/n Bl/5[(n+1)k+1;5(1/p—1/2 n _
(ol (n (1Bal ) + In (Sl ing oo

Since (o) < 1, and a € Q, proceeding to limits and using (18), we obtain

7 > limsu a(%)
= S oA (B, e

For the reverse inequality, let 0 < p < ¢ < 2 and k,q > 1. By (23), where
1 =p,q1 = 2, and k1 = k, and the condition (13) is already proved for the
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space B(p, 2, k), we get

lim sup o(n/p)
n—oo [a{;57 I (|En(B(p, g, k); f)|7/m)}e=D

a(n/p) _

= T.

= P o 0 (Ba (B, 2,7 D)0

Now let 0 < p < 2 < ¢q. Since we have
My(r, f) < My(r,f), 0<r<1,
therefore
(25)  Eu(B(p,¢,k); f) = lann| BY*[(n+ Dk + Ls(1/p —1/q)].

Then for sufficiently large n, we have

a(n/p)
ol & I (B, e =

a(7)

a2 {In (Jana [777) + 10 (B=0/[(n + 1) + L s(1/p — 1/q)]) =D

a(2)

= [l 5w (a7 + I (Bt D+ La(Lp — a0

By applying limits and from (12), we obtain

a2 a2
lim sup (p) > limsup (p)

= T
n—co [0 B In([ER|7/m) 3D ™ Hoe™ [af S5 In (Jan| 71/} Y

Now we assume that 2 < p < q. Set ¢ = ¢q,k1 = k, and 0 < p; < 2 in the

inequality (23), where p; is an arbitrary fixed number. Substituting p; for

pin (25), we get

(26)  Eu(B(p,q. %) f) 2 lans1|BY"[(n+ 1)k + L w6(1/p1 — 1/q)]-
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Using (26) and applying the same analogy as in the previous case 0 < p <
2 < q, for sufficiently large n, we have

a(n/p)
ol (B, 7D =

a(
{2 (ol 77 + 1 (B#7(n + D+ L A(1/pr — /g0

(%)

02t (Jan 7)1 (B {(n+ D+ L a(1/pr — gD

By applying limits and using (12), we obtain

lim sup oz(%) > T
oo [af 25 In ([ By 7Y/}

From relations (19) and (21), and the above inequality, we obtain the re-

quired relation (22).

Theorem 2.3: Assuming that the conditions of Theorem 2.2 are satis-
fied and () is a positive number, a necessary and sufficient condition for
a function f(z) € H, to be an entire function of generalized type £() having
finite generalized order p is that

. a(?)
(27) WS (o o T (B (Hys )71

= &(a).

Proof. Let f(z) = Y 2 a,2" be an entire transcendental function

having finite generalized order p and generalized type 7 . Since

(28) lim {/|a,| = 0

n—oo
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f(2) € B(p,q, k), where 0 < p < ¢ < oo and ¢, > 1. From relation (4),

we get
(29) E.(B(9/2,4,9): [) < Eu(Hy f), 1<q<oo.

where ¢, is a constant independent of n and f. In the case of Hardy space

HOO7
(30) En(B(p,00,00); f) < En(Heo; f), 1<p< o0,

Since

R a(n/p)
) = B R By AT

| a(n/p)
= P ol (B((Bla/2. 0.0 ] V30
(31) > 7, 1<¢<o0.

Using estimate (30) we prove inequality (31) in the case ¢ = oc.

For the reverse inequality

(32) (s f) <,

we use the relation (13), which is valid for n > m, and estimate from above,
the generalized type 7 of an entire transcendental function f(z) having finite

generalized order p, as follows. We have

En(Hg f) < |If = gnll,

[e.9]

< > gyl

j=n+1

IN

! S ().

lexp {(p — 1) ™+ [a—l{(#f))l/(p—l)}]}] Pt
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Using (16),

IN

En(Hyg; f) If = gnlln,

IN

1
(1= (@) [exp{(p — 1) =2 [a-{(2C )0}

1 ) [ [ (el T
m2(1—¢(@))exp (p—1) P a ( = )

This yields

(33)

o(2)

TS AW (B D)+ (1= ga) e

Since ¥ (a) < 1 and by applying the properties of the function «a, passing
to the limit as n — oo in (33), we obtain inequality (32). Thus we have

finally

(34) E(a) = T

This proves Theorem 2.2.
Remark : An analog of Theorem 2.3 for the Bergman Spaces follows from
(4) for 1 < q < oo and from Theorem 2.2 for ¢ = oo.
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