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Abstract

In this paper we present a study about multipoint model for the
systems describable by differential equations with time delay variable
(like the nuclear reactor model), using the weakly Picard operator
technique. First we study the Cauchy problem atached. Next we
will determine the solution set for the multipoint problem and for
this solution set, we will study the continuity with respect to the
model data, used the weakly Picard operator method. Finally we

will search out a physics representation for these results.
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1 Weakly Picard operators

The notion of weakly Picard operator was introduced by professor I.A. Rus
in 1983. Some of the basic concepts and results can be found in the works
cited list. As it follows, I shall present some concepts and results which are
requisite in this paper.

Let (X, d) be a metric space and A : X — X an operator. We shall
use the following notations:

Fy :={x € X | A(z) = z}- the fixed point set of A.

I(A):={Y Cc X | A(Y) C,Y # (}-the family of the nonempty invariant
subsets of A.

A= Ao AP A =1y, A'= A, neN.

Definition 1.1./1/,/2] An operator A is weakly Picard operator (WPO) if
the sequence

(A™(2))nen
converges , for all x € X and the limit (which depend on z ) is a fized point
of A.

Definition 1.2./1/,/2] If the operator A is WPO and Fy = {x*} then by

definition A is Picard operator.
Definition 1.3./1/,/2] If A is WPO, then we consider the operator

A*® X — X, A®(z) = lim A"(x).

n—oo

We remark that A*(X) = Fjy.

Definition 1.4./1/,/2] Let be A an WPO and ¢ > 0.The operator A is c-
WPO if
d(z, A>(z)) < c-d(z, A(z)).
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We have the following characterization of the WPOs:

Theorem 1.1./1/,/2]Let (X, d) be a metric space and A : X — X an opera-
tor . The operator A is WPO (c-WPQO) if and only if there exists a partition

of X,
X:UXA

such that
(a) X\ € I(A)
(b) A| Xy : X\ — X, is a Picard (c-Picard) operator, for all A € A.
For the class of c-WPOs we have the following data dependence result:

Theorem 1.2./1/,/2] Let (X,d) be a metric space and A; - X — X,i=1,2

an operator. We suppose that :
(i) the operator A; is c; — WPO, i =1,2.
(ii) there exists n > o such that

d(Ar(2), Ax(2)) < n, (V)z € X.

Then
H(Fa,, Fa,) <n max{c,ca}.

Here stands for Hausdorff-Pompeiu functional.

Lemma 1.1. Let (X,d) be a metric space, A, B € P(X) and e > 0. Then
for each a € A, there exists b € B such that

d(a,b) < H(A,B) +¢
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2 Main results

In [6] occurs the following multipoint model of the nuclear reactor dynamics

m
(1) N =2 l LY > AinCint
=1

(2) = Ni — A\irCig

where:k =1, M, i =1, my, OB = % Bk, M is the radiation zones number of
the reactor, ay; is the neutron C(l)Tllpling coefficient between k and j zones,
and y; is the time distribution function of j to & neutron zone transition
probability, N} is the neutron density, Cix, \ir, Bir are the concentration,
the disintegration constant and the source of radiation fraction of retarded
neutron ¢ group, for each k zone, respectively. We study bellow the M = 2
case, the general case been enable in similarly treatment.

We denote by:

p1(t)—p1 0
Alt) = L mes | € Mexa(R)
l

0
N

N = ( ! ) € My (R)
Ny

011 0

Cnn 0

€ M(m1+m2)><2<R)
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M1 ooee Am 0o ... 0
A= 11 11
O 0 A12 A7’rL22

Ae M(m1+m2)x2(R)

no
Bmyn
Q= ; Bio < M(m1+m2)><2(R)
N
O ﬁm22

Lo (T

B [ Feu) %mm) Moo (R
(7) ( | m ) € (R)
)

It follow that the equations (1) and (2) are equivalents with:

N'(t)=A@)N(t)+ AC(t) +
(3) + Of B(T)N(t — 1)
C'(t) = QIN(t) — A'C(t)

where:
(a) N € C((—00,T], Maxa(R)) N C*([0,T7);
(b) C € C([0,T], My +ma)x2(R)) N CH0, T7;
Next we denote by
X = B((=00,T], M2x1 (R)) =

={z € C((—00,T], Max1(R)) | x is bounded}

107



108 Ion Marian Olaru, Vasilica Olaru

and
Y = C([0, T], My 4ma)<2(R))

For a matrix A = (ai;);—17m -1, We define the norm of A by relation

Al = max__|aj|.
i=1,m,j=1,n

For (z,y) € X x Y we define

1z, y)|| = max{{|l1, [[yll2}

where

lzfy = sup Ja(t)]
te(—o0,T]

lyll2 = sup [y(2)|
t€[0,T]

Then (X x Y. ||-,-), (X, - ll1), (Y. - |l2) are the Banach spaces.
The Cauchy problem atached to (3) is :

(

N'(£) = A()N(8) + AC(t) + [ B(r)N(t—7) . te[0,T]
n O'(E) = QLN (1) — ACH () e[0T
N(t) = p(t) , t € (—00,0]
\ C(0) = A
where:

(a) ¢ € C((=00,0);
(b) A€ M, ymy)x2
For the Cauchy problem attached to (3) we have the following results:
Theorem 2.1. We suppose that
max{L, Ly} <1,

where:
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T fo'e)

Ly = f |A(s)|ds + |A|T+Tf |B(7)|dT;
0 0

Ly = T4 + |A)).

Then the Cauchy problem attached to equation(3) has a unique solution in

X xXY.
Proof:The equation (4) is equivalent with:

(5) N(t) =

p

©(0) + OftA(s)N(s)ds + jAC(s)ds—l—

[ T B)N(s — 1)drds,t € [0,T]

\ o(t),t € (—o0,0]

(6) C@:A+/hgmg$—Na@@,

for t € [0,7]. On X x Y we define the operator E by relation:
E: XxY —XXxY,

E(N,C) = (Ei(N,C), E5(N, C))

where
E: XxY —X,

E1(N,C)(t) =the second part of relation (5)

and

Ey: X xY —Y,
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E5(N,C)(t) =the second part of relation (6)
Let be t € [0,T]. Then

|E1(N, C)(t) — Er(Ny, Cr)(#)] <
< Lif[(N, €) = (N1, G|
with
T 0
Lyi/M@M&HMT+f/BﬁWh
0 0
For t € (—o0, 0] we have that
‘El(N, C)(t) — El(Nl, Cl)(t)| = 0
It follow that
[EL(N, C) = Er(Ny, Gl < La||[(N, €) = (N1, G|
For t € [0,T]. Then
|E5(N, C)(t) — Ea(N1, Ch)(t)] <

< Ly||(N,C) — (N1, CY))|

with
Ly = T(|QL] + |A])

It follow that
| E2(N, C) — Ea(N1, Ch)ll2 < Le||(N,C) — (N1, Ch)|
and from here we obtain
|E(N,C) = E(N, )| <

< max{ Ly, Ly }||(N,C) — (N, C1)]|
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From Banach principle we obtain the conclusion of Theorem.

Next we denote by R, .S the following operators
R:XxY —X,

S: X xY —Y,

?
o0

wamw:A@N@+Amw+/Bﬁmw—ﬂm
S(N,C)(t) = QLN (t) — A'CH(t)

Then the equations (1) and (2) is equivalent with:

(8) ﬂﬂ:ﬂ®+/ﬂM®@@J€Mﬂ.

0
Theorem 2.2. We suppose that the conditions from Theorem 2.1 are sat-
isfies. Then

(a) the equations (7)+(8) has a infinity of solutions;

(b) If Fy,Fy are the solutions set for the equation (7)+(8) with data
Ry, 51, Ry, S5, and in addition we suppose that there exists ny,ns such

that
(9) |[Ri(N,C) — R(N,C)| <m
then

H(Fy, Fy) <Tmax{ny,n:} max{ci,ca}
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Proof. a) On X x Y we define the operator E by relation:
E:XxY —XXY,

E(N,C) = (E1(N,C), E5(N,C))

where
Ei: XxY —X,

E1(N,C)(t) =the second part of relation (7)

and

Ey: X XY —Y,

E5 (N, C)(t) =the second part of relation (8).
We have the following partition

X: U ti

pEB((—00,0],M2x2(R))

Y = U Xa,

AeM(m1+m2)X2(R)
where:
Xe={N € X |N |o0=¢}

and
Xa={CeY | N(0)=A}.

Using the Theorem 2.1 we obtain that the operator E | X, xX, 1s Picard.
Using the Theorem 1.1 we have that the operator F is c- weakly Picard
operator with ¢ = max{Ly, Ly}. In consequences result that the equation
(7)+(8) has a infinity of solutions.
b)
[BL(N, C) () — EX(N, C)(1)] <
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< / RN, C)(s) — Ra(N, C)(s)|ds < mT
|E3(N,C)(t) — E3(N,C)(t)| <

< /|51(N, C)(s) — Sa2(N, C)(s)|ds < nT

It follow that
|EY(N,C) — E*(N,C)| < Tmax{n,n:}

From here via Theorem 1.2 we obtain the conclusion of Theorem.

3 Conclusion

From the above theorem, via Lemal.l for ¢ = max{n;,n2}, we get the fo-
llowing physics interpretation: if perturbation characterized by the inequal-
ities (9) and (10) appear in our physics system, describable by multipoint
model, then for each solution (N1, Cy) € Fj here exists (Ng, Cy) € Fy such
that

| N1 — Nao||y < T max{n,n}{max{cy,c2} + 1}

1C1 = Coll2 < T'max{n, noH{max{ci, c2} + 1}

So for all t € [0,7] we have that

[N1(t) = Na(t)| < T max{m, n2}{max{ci, c2} + 1}

|C1(t) = C2(t)| < T'max{n, nof{max{ci, c2} + 1}
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