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Weighted Ostrowski Type Inequality for
Differentiable Mappings' whose first
derivatives belong to Lp(a,b)
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Abstract

In this paper, we establish weighted Ostrowski type inequality for
differentiable mappings whose first derivatives belong to
Ly(a,b)(p > 1). The inequality is also applied to numerical inte-

gration and for some special means.
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1 Introduction

Dragomir and Wang considered integral inequality of Ostrowski type for

.||, —norms (p > 1) as follows [3]:

0 0

Theorem 1.1. Let f : I C R — R be a differentiable mapping on I (I is
v 1 1

interior of I) and a,b € I with a <b. If f' € L,(a,b) (p> 1,-+ - = 1) ,
p q

then, we have the inequality

fa) -y [0 <

1/q
1 _ )41 b — x)at!
1) S L AT
b—a qg+1 p
for all z € [a,b], where
b 1/p

171, = / Ford|

a

is the |||, —norm.

They also pointed out some applications of (1.1) in numerical integration
and for special means.
Ujevi¢ gave generalization of Ostrowski inequalities and applications in

numerical integration in the form of the following theorem [7] .

Theorem 1.2. Let I C R be an open interval and a,b € I , a < b. If
f I — R is a differentiable function such that v < f'(t) < T, for all
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t € [a,b], for some constants v,T" € R, then, we have

b

-0 -0 [ <

fla)+f), T+7

5 5 (1=

la-vse+

(2) gr;”{@;@ p?+u_Aﬂ+wx—“+%ﬁ,

for all A € 10, 1] anda%—)\b’T‘lgxgb—)\b’T“.

Fink [5] also obtained the following result for n-time differentiable func-

tions.

Theorem 1.3.Let f"~1(t) be absolutely continuous on [a,b] with f(t) €
L,(a,b) and let

Fk(.T) =

n}; k [f’“‘l(a)(x - a);_—j’“‘l(b)(w - b)’“] 7

where k =1,2, ..., n — 1; then

( [($ — a)”qJrl +(b— :C)mHl] v

BY"(q+1,(n =g+ 1) [If*],,

nl(b—a)
for f € Lyla,b], p>1, 1—1—— =1,
(n— 1)1 iop
@) <{ wlp—ay OO
for f € Li[a,b),

(z—a)" ™+ (b—a2)™
| for f € Lya,b],
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where B(a, 3) is Euler’s Beta function,

b 1/p
wwpzt/uwmp Jorp> 1.

and
| ["]loc =ess sup [f"(¢)].

te(a,b)

Dragomir and Sofo derived the generalization of the trapezoid formula

for n-time differentiable functions [2].

Theorem 1.4.Let f : [a,b] — R be a mapping such that its (n — 1)th

derivative fm! is absolutely continuous on [a,b]. Define

T(a,b,n) :=

1| f(a) + f(b) S~ (n—k)(b—a)*" [ (a) + (=1)F1 f*1(b)
o D il { > }] -

k=1

b

5 [ fwdy.

a

Then, we have

(4) |T(a,b,n)| <



Weighted Ostrowski Type Inequality for Differentiable Mappings...

n—1+1/q
r —a
@ Byt 1, n g+ 1) 7]
' 1 1
fO?"fneLp[aJ)], paQ>1, 5"‘}—):17
(b_a)nfl/Z 12
202n — 2)! + (=)™ (n! e
< 2(2n + 1)!n! [ ( )+ (=1)"( >] "1l
fOTfnGLQ[aab]a p=q=2,
(b—a) ..
for f* € Lyla, b,

and for the interval (a, ¢

|T(a,b,2k)| <

and for odd n

(6)

|T(a,b,2k + 1)

| with even n

( b—a
1

for f" € Li[a,b], k=1,

b—a) ..
O 5,

<

for fV € Lila,b], k =2,

1
N
for f € Li[a,b], k=0,

95

where B(x,y) is the Beta function and || f"(|, and [|f"[,, are defined in

above Theorem 3.
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2 Main results

Let the weight w : [a,b] — [0, 00), be non-negative and integrable, i.e.,
b

/w(t)dt<oo.

a

The domain of w is finite. We denote the zero moment as
b

m(a,b) = / w(t)dt.

a

The weighted norm of differentiable function whose derivatives belong to

L,(a,b) is defined as

1/p

b
I 6lloy = | [ ot ar
Then the following inequality holds:

Theorem 2.1.Let [ : [a,b] — R be a differentiable mapping on (a,b),
whose first derivative i.e., f' : [a,b] — R, belongs to L,(a,b). Then, we

have the inequality

M) F@) =i [0 1 O] <

_ 1+1/q . 1+1/q
cl—a) "+ (0 lﬂv)
m (a,b) (g + 1)

Proof. Let us consider the kernel & (.,.) : [a,b]> — R given by

!
||f ||w,p'

/w(u)du, if t € |a,z]
p(z,t) = a

ftw(u)du, if ¢t e (x,b.
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The following weighted integral identity is proved in [1, p. 319,
b b

1 1
m/w@w@mw: amjhuﬁf<wﬁ

We have
b 1 b ,
) /w ‘ﬁ<m@m!W%MU@W-
Consider
b
(9) /mwimfﬁﬂﬁ=

:/x (/tw(u)du) ]f’(t)|dt+/b (/bw(u)du) |f/(6)| dt =

x t

b

(t—a)w(t)lf()ldt+/( thw () [f/(t)] dt <

< (/m(tath) (/w (1) dt 1/p+

a

b 1/q 1/p
+</thﬁ) (/w()fw>pa -

T xT

1 1/q 1 1/q
_[(@—a™ K4 i (b—x)™ 17 <
- q +1 w,p,|a,x] q +1 w,p,(z,b] =

Il
S —

SRR ACS ) ey
>~ (q N 1)1/(1 w,p,[a,b]
(x—a) ™4 (p—a)
= Hf Hw,p :

(¢+ 1)
From (8) and (9), we have the desired inequality (7).
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Corollary 2.1. Under the assumption of Theorem 5, we have the weighted

maid-point inequality

(10) f(a;b)—m(ijb)/bw(t)f(t)dt <

(b—a)'t/
S 1/q Hf/Hw,p'
214 (q+1)""m(a,b)
: : . . a+b
Proof. This follows by the inequality (2.1), choosing x = 5

Remark 2.1. For m(a,b) > 1, the result given in (2.4) is better than the

comparable results available in the literature.

Corollary 2.2. Under the assumption of Theorem 5, we have the following
weighted trapezoidal like inequality

(11> f(a>_2’_f(b) _ m(iyb) /w(t)f(t)dt <

Proof. This follows using (2.1) with z = a, x = b adding the results and

using the triangular inequality for the modulus.

Remark 2.2. For m(a,b) > 1, the result given in (2.5) is better than the

comparable results available in the literature.
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Corollary 2.3. Let f : [a,b] — R be defined in Theorem 5 and f' €
Ls(a,b). Then, we have the inequality

b

1
12 — <
(12) F@) = [w O 1 O] <
U LT
— \/_ ( ) w,2
Proof. Apply inequality (2.1) for p = ¢ = 2, we get the desired inequality

(2.6).
Remark 2.3. Tuking into account the fact that the mapping
h:la,b] — R, h(z) = (z — a)l“/q + (b — x)1+1/q,

has the property that

?

, a+b b—a)tt/a
inf h(z) = (10 = 029
z€(a,b) 24q

and

le(lapb)h(x) = h(a) = h(b) = (b—a)***/e,

We can get the best estimation from the inequality (2.1), only when x = “TH’,

this yields the inequality (2.4). It shows that mid point estimation is better
than the trapezoidal type estimation. Hence for m(a,b) > 1, the result given

in (2.4) is better than the comparable results available in the literature.

3 Applications in Numerical Integration

Let I, ;a=ax0 <21 < -+ < Tp_1 < x, = b, be a division of the interval

[a,b], & € [xi,xi01] (i =0,1, -+, n—1), a sequence of intermediate points
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and h; = x4 —x; (i=0,1, -+, n—1). We have the following quadrature

formula:

Theorem 3.1.Let f : [a,b] — R be a differentiable mapping on [a, b] whose
first derivative i.e., f': (a,b) — R, belongs to L, (a,b). Then, we have the

following quadrature formula:

b
/ w(t) f () dt = A(f, [ 6. 1) + R(f. . 1,).

where

A(f, 1,6, 1) Zm zi,win) f (&),

and the remainder satisfies the estzmatzon

(13) |(ffgaHL_HUQ¢%§:“&_%VHM+CHH_&yHM’
1=0

for all &;.

Proof. Applying Theorem 5 on the interval [x;, z;41] (i = 0,1, .-+, n—1),
and summing over ¢ from ¢ = 0 to n—1 and using the generalized triangular

inequality, we deduce the desired estimation (3.1).

Remark 3.1. If we choose & = M we recapture the weighted mid-point

quadrature formula
b
/w@f@ﬁ:AM+m%

where the remainder Ry, satisfies the estimation:

||f/||wp — 1+1/q
(14) ’mﬂ_ﬁ%ﬁﬂmzy@'
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Remark 3.2. To derive the corresponding results for the euclidean

norm || f'| ..o, we put p=q =2, in (3.2).

Remark 3.3. The corresponding quadrature formulas for equidistant parti-

tioning can be obtained by choosing x; = a + zb_Ta (1=0,1,--- ,n—1).
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