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On the means of sequences 1

Ioan Ţincu

Abstract

In this paper we investigate the invariancy of a class of real se-
quences with respect to the transformation A : a → A(a).
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1

We consider the set of real sequences K, the set Km of all sequences which
are convex of order m (m ∈ N) and the operator ∆r : K → R, r ∈ R,
defined by

∆ran = (−1)[r]

∞
∑

k=0

(−r)k

k!
an+k,(1)

with the convention ∆0an = an for every n ∈ N, where:

(x)l = x(x + 1)...(x + l − 1), l ∈ N, (x)0 = 1

[r]-represent integer part of the real number r.

Definition 1.1. We say that a real sequence (an)∞
n=1 is of Mr class if and

only if
∆ran ≥ 0 for every n ∈ N (see [5]).(2)
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If r ∈ N then Mr = Kr

(

∆ran =
r

∑

k=0

(−1)r−k
(

r

k

)

an+k

)

Property. For real numbers r, r1, r2 we have:
i) ∆r+1an = ∆ran+1 − ∆ran, for every n ∈ N

ii) ∆r1+r2an = ∆r1(∆r2an) = ∆r2(∆r1an) (see[5])
Let A(a) = (An(a))∞

n=1, be the sequence of the means, that is

An(a) = 1
n + 1

n
∑

k=0

ak, n = 0, 1, 2, ...

If S denotes a certain class of real sequences, then an interesting problem
is to investigate if this class is invariant with respect to the transformation
A : a → A(a); in other words if A(S) ⊆ S. For instance, it is well-
known that A(S0) ⊆ S0, S0 being the class of all real sequences which are
convergent.

In [1]-[4] it is shown that from the n-th order convexity of a = (an)
follows the convexity, of the same order, of the sequence A(a) = (An(a)),
i.e. A(Km) ⊆ Km.

We shall find a representation of ∆rAn(a) as a positive linear combina-
tions of ∆ra0, ∆

ra1, ..., ∆
ran.

Theorem 1.1. For r ≥ 0 and n = 0, 1, 2, ... the equality

∆rAn(a) =
n

∑

k=0

ck(n, r), ∆rak with(3)

ck(n, r) =











n!
(r + 1)n+1

, k = 0

n!
(r + 2)n

·
(r + 2)k−1

k!
, k = 1, 2, ...n.

(4)

is verified.

Proof. For k = 0, 1, 2, ... we have:

ak = (k + 1)Ak(a) − kAk−1(a)

∆rak = (−1)[r]

∞
∑

i=0

(−r)i

i!
ak+i =

= (−1)[r]

∞
∑

i=0

(−r)i

i!
[(k + i + 1)Ak+i(a) − (k + i)Ak+i−1(a)] =

= (−1)[r]

[

∞
∑

i=0

(−r)i

i!
(k + i + 1)Ak+1(a) −

∞
∑

i=0

(−r)i

i!
(k + 1)Ak+1−1(a)

]

=
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= (−1)[r]

[

∞
∑

i=0

(−r)i

i!
(k + i + 1)Ak+i(a)−

−
∞

∑

i=0

(−r)i+1

(i + 1)!
(k + i + 1)Ak+i(a) − kAk−1(a)

]

=

= (−1)[r]

{

∞
∑

i=0

(k + i + 1)Ak+1(a)

[

(−r)i

i!
−

(−r)i+1

(i + 1)!

]

− kAk−1(a)

}

=

= (−1)[r]

[

∞
∑

i=0

(−r)i

i!
(k + i + 1)Ak+i(a)

1 + r

i + 1
− kAk−1(a)

]

=

= (−1)[r]

[

(1 + r)
∞

∑

i=0

(−r)i

i!
Ak+1(a) + k

∞
∑

i=0

(−r)i

i!
·
1 + r

i + 1
Ak+i(a) − kAk−1(a)

]

=

= (1 + r)∆rAk(a) − k(−1)[r]

[

∞
∑

i=0

(−r − 1)i+1

(i + 1)!
Ak+i(a) − Ak−1(a)

]

=

= (1 + r)∆rAk(a) − k(−1)[r]

[

∞
∑

i=0

(−r − 1)i

i!
Ak+i−1(a) − Ak−1(a)

]

=

= (1 + r)∆rAk(a) − k(−1)[r]

∞
∑

i=0

(−r − 1)i

i!
Ak−1+i =

= (1 + r)∆rAk(a) + k∆r+1Ak−1(a).

From property ii), ∆r+1Ak−1(a) = ∆rAk(a) − ∆rAk−1(a).
We obtain

∆rak = (1 + r + k)∆rAk(a) − k∆rAk−1(a),(5)

(r + 2)k−1

k!
∆rak =

(r + 2)k

k!
∆rAk(a) −

(r + 2)k−1

(k − 1)!
∆rAk−1(a).(6)

By summing these equalities we obtain

n
∑

k=1

(r + 2)k−1

k!
∆rak =

(r + 2)n

n!
∆rAn(a) − ∆rA0(a).

In virtue of (5), for k = 0, ∆rA0(a) = 1
r + 1∆ra0.
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We obtain

∆rAn(a) =
1

r + 1
·

n!

(r + 2)n

∆ra0 +
n!

(r + 2)n

n
∑

k=1

(r + 2)k−1

k!
∆rak,

∆rAn(a) =
n!

(r + 1)n+1

∆ra0 +
n!

(r + 2)n

n
∑

k=1

(r + 2)k−1

k!
∆rak.

Theorem 1.2. Let a = (an), A(a) = (A(an)); then:
i) An(Mr) ⊆ Mr

ii) if there exists C ∈ R, such that

|∆r(an)| < C, n = 0, 1, 2, ...

then for n = 1, 2, ...

|∆rAn(a)| <
C

r + 1

Proof. The assertions i), ii) are consequences of the equalities (3) and (4).
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[1] I. B. Lacković, S. K. Simić, On weighted arithmetic means which are
invariant with respect to k-th order convexity, Univ. Beograd Publ. Elec-
trotehn. Fak. Ser. Mat. Fiz. No. 461 - No. 497 (1974), 159-166.
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