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Abstract

In this paper we introduced a new class €, (n, a) of meromorphic
starlike univalent functions with alternating coefficients in the punc-
tured unit disk U* = {z : 0 < |z| < 1}. We obtain among other
results are the coefficient inequalities, distortion theorem and class

preserving integral operator.
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1 Introduction

Let A, denote the class of functions of the form:
a. o0
1) fz)= 71 +3 aptt, (e #£0, peN={1,2,3,.})

which are regular in the punctured unit disk U* = {z: 0 < |z| < 1}.

Define
(2) Df(z) = f(2)
Df(z) =D'f(z) = +§: (p+k + 2)ayp2""
3) _ Z(Z)k)’o
(4) D*f(z) = D(D' f(2))

and forn =1,2,3,...

D'f(z) = D(D"f(z)) = =t 4+ Y (p+k+ 2y,

(2D f(2)) )

(5) =
z
Let B, («), denote the class consisting functions in A, satisfying
Y D™f(z)
" z
Req ————> -2 < —q, zelU"0<a<1l,neN,=NuU{0}).
S o) | o

Let A, be the subclass of A, which consisting of functions of the form

[e.9]

M f a1, Z p+l<: 1, zp+k, (a1 > 0;ap+, >0, peN).
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Further let
(8) Qp(n, a) = Bn(O‘) NAp.

We note that, in [1] Uralegaddi and Somanatha define a class By, («), which

consists functions of the form

which are analytic in U* and obtained inclusion relation, the class preserving
integral. In the same year, Uralegaddi and Ganigi [2] considered meromor-
phic starlike functions with alternating coefficients. Further, recently in [4],
Aouf and Darwish also considered meromorphic starlike univalent functions
with alternating coefficients and obtained coefficient inequalities, distor-
tion theorem and integral operators. The class of meromorphic functions
have been studied by various authors and among are Darwish [3], Aouf and

Hossen [5], and Mogra et.al [6], few to mention.

In the present paper, we consider functions of the forms (7) and obtain
basic properties, which include for example the coefficient inequalities, dis-
tortion theorem, closure theorem and integral operators. Finally, the class

preserving integral operator of the form
1
9)  Foi(z) = (c+ 1)/ u ™t fuz)du  (0<u<1,0<c¢< 00)
0

is considered. Techniques used are similar to those of Aouf and Hossen [5].
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2 Coefficient Inequality

Theorem 2.1. Let the function f(z) be defined by (1). If

(10) S p+k+2)"(p+E+a)|ap] < (1—a)lay],
k=0

then f(z) € Bu(a).

Proof. It suffices to show that

Drtlr(z)
D" f(z)
(11) ST <1, |z] <1,
Byt — (3 20)
we have
Drtlrz) 1
D f(z) _
Dntlf(z) B
e — (3~ 20)

(P +E+2)"(p+k+ Dayppz*

_ k=0 <
o >

(2—=2a)a_y — > (p+k+2)"(p+Ek+ 20— 1)aypzPt*
k=0

[e.e]

kZ(p +k+2)"(p+k+1)|apk|
=0

<

[e.°]

(2—-20)a_1 — > (p+Ek+2)"(p+k+ 20— 1)|apil
k=0

The last expression is bounded by 1 if
> (pk+2)" (pHh+D)apan] < (2-20)as1— Y (pHh+2)" (pHh+20—1)|ap. i,
k=0 k=0

which reduces to

o0

(12) D Hk+2)"(p+k+ )y < (1-a)lal.

But (12) is true by hypothesis. Hence the result follows.
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Theorem 2.2. Let the function f(z) be defined by (7). Then f(z) €
Q,(n, ) if and only if

(13) D+ k+2)"(p+k+a)lapr] < (1—a)ay,
k=0

Proof. In view of Theorem 2.1, it suffices to prove the "only if” part. Let

us assume that f(z) defined by (7) is in £,(n, ). Then
e {2 ) 200200,

Drf(z) Drf(z)
(14)
a1 — 3 (p+k+2)"(p+ k)ap 2
= Re =0 < —a, |z| < 1.
—a = S (P 2 et
k=0
Choose value of z on the real axis so that DDHI;{Z()Z ) _ 2 is real. Upon clearing

the denominator in (14) and letting z — 1 through real values, we obtain

—-1 — n P D _ n .
a-1 Z(p+k+2) (p+FK)apr > (a 1+Z(P+k+2) ap+k)a

k=0 k=0
Thus
> (p+E+2"p+E+a)a, < (1—a)a.
k=0

Hence the result follows.

Corollary 1 Let the function f(z) be defined by (7) be in Q,(n, o). Then

(1 —a)a_y
(15) Gtk = p+k+2)"(p+Ek+a)

The result is sharp for the function

(16)  f(z2) = —+ (_1)p+k71 (1—-a)a_

Pk (> 1).
z (p—i—k’+2)”(p+k+oz)z (k=1)

Y
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3 Distortion Theorem

Theorem 3.1. Let the function f(z) be defined by (7) be in Q,(n,a). Then

for 0 < |z|] < 1, we have

a_q (1—aw)a_ a_q (1—-a)a_,
(a7 === p+3)rptatl) <@l =+ (p+3)"(p+a+1)

)

where equality holds for the function

_an (1—-a)a_,
(18) IC) = o rar D)

2P, (z =ir, 1),

and

a_q (1 —a)a_ , a_q (1—-a)a_
19 =% - Gr3pratl) FEl< 7+ (p+3)"(p+a+1)

where equality holds for the function f(z) given by (18) at z = Fir, Fr.

Proof. In view of Theorem 2.2, we have

(20> iaerk < ( (1 — Oé>a_1

p+k+2"(p+k+a)

Thus, for 0 < |z] < 1,

FEl £ =Y apu
k=0
a_q (1 —a)a_
2 = T T wrar))
and
@ = ey e
k=0
(22) > L 1~ ooy

r L3 ratl)
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Thus (17) follows.

Since

(p+3)"(p+at1) > (p+k)|aper] <D (p+k+2)"(p+h+a)|apis] < (1—a)|a ]|
k=0 k=0

where @2 ptkta) 5o an increasing function of k, from Theorem 2.2, it

pt+k
follows that

= a_q (1—-a)a_y
23 p+k)< —+ .
(23) ;( ) r o (p+3)(p+a+1)
Hence
a. (o]
() < =+ ) 0+ k)apur’™
k=0
< 4D (Pt R)ap
k=0
(24) < oty (-0
r (p+3)(p+a+1)
and
a_ (o)
P 2 5 = (ot k)apr™!
k=0
a_ (o)
> — - (p+ k)apix
k=0
(25) 5 oo (o

r o (p+3)(p+a+l)

Thus (19) follows. It can be easily seen that the function f(z) defined by

(18) is extremal for the theorem.
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4 Closure Theorem

Let the function f;(z) be defined for j € {1,2,3,...,m}, by

o0
p+k 1 p+k ) . )
+k.j 7 (15> 0;apip; = 0)

(26)  fi(=

k:O

for z € U*.

Now, we shall prove the following result for the closure of function in the

class Q,(n, a).

Theorem 4.1. Let the functions f;(z) be defined by (26) be in the class
Q,(n, ) for every j € {1,2,3,...,m}. Then the function F(z) defined by

b_ [ee]
(27) F(z)=—+) (1), 2P (b > 0ibyr 20, peN)

z
k=0

is a member of the class {2,(n, ), where
1 « 1 —
(28) b_l = E jzl a_1j and bp+k == E ]Zl Ap+tk,j (l{i = 1, 2, . )
Proof. Since f;(z) € Q,(n, a), it follows from Theorem 2.2, that
(29) S p+E+2" 0+ k4 a)aperg] < (1 - a)layyl,
k=0
for every j € {1,2,3,...,m}. Hence,

Zp+l<:+2 (p+k+ )by, =
k=0

= Z(p +k+2)"(p+k+a) (% Z ap+k,j> =

k=0 j=1
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- —Z (Z +k+2)"(p+k+a)ap+k,j> <

k=0

<(1-a) (% Za_m) (1 —a)b_q,

Jj=1

which (in view of Theorem 2.2) implies that F'(2) € Q,(n, «).

Theorem 4.2. The class Q,(n,«) is closed under convex linear combina-

tion.

Proof. Let the f;(2)(j = 1,2) defined by (26) be in the class Q,(n, «), it is

sufficient to prove that the function

(30) H(z) = Ai(z)+ (1= Mfa(z)  (0<A<T)
is also in the class Q,(n, ). Since, for (0 <\ < 1),

Aa—11+ (1—
z

(31) H(z) =

Aa_ -
a2 Z {Maprg + (1= Napirat 274,
k=0

we observe that

Z P+Ek+2)"(p+k+a){Aapse1 + (1 — Naprro} =
=0

=2 (pHk+2)" (p+h+a) A +(1=A) > (pHh+2)" (p+k+a)Aapsr2 <
k=0 k=0

<(1—-a){ra_11+ (1 —XNa_12}

with the aid of Theorem 2.2. Hence H(z) € Q,(n,a).
This completes the proof of Theorem 4.2.
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Theorem 4.3. Let

(32) fol2) = —

ptk—1 (1 -a)a p
Bps(s) = o (PR (k2 1),

Then f(z) € Qy(n,a) if and only if it can be expressed in the form

(34) 1) =3 Apidpen(2),

k=0

Apii(k>0) and Y M= 1.

Proof. Let

z) = Z Motk fprk(2), where Ak (k>0) and Z A= 1.

Then
Z) = Z )‘p+kfp+k< = )‘Ofo + Z )‘p+kfp+k ( Z )‘p+k>
k=0 k=0
£3 A {E A B G L2 w} _
om0 " z p+Ek+2)"(p+Ek+a)
a_1 k—1 (1 _ a)a—l +k
- - _|_ _1 p+ P
2 (=1) p+k+2)"(p+k+ )

Since

(1 —a)a_1A\pik
(p+k+2)"(p+k+a)

53@+k+2ww+k+ay

= (I-a)ay+ Z Aptk = (1 —a)a_1(1 =X
(35) < (1—-awa_y, .
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by Theorem 2.2, f(z) € £,(n, ). Conversely, we suppose that f(z) defined
by (7) is in the class €,(n, ). Then by using (15), we get

(1—a)a_
36 < . (E>1).
(36) ap+k_(p+k+2)”(p+k+oz) (k=1)
Setting

p+k+2)"(p+k+a)
(37) Apik = o), aprr, (b >1).
and
(38) Xo=1=> XAk,
k=0

we have (34). This completes the proof of the Theorem 4.3.

5 Integral Operator

In his section we consider integral transforms of functions in the class

Q(n, o).
Theorem 5.1. Let the function f(z) be defined by (7) be in the class 2,(n, o),
then the integral transforms

(39) F.i(2)=(c+1) /1 ut f(uz)du (0<u<1,0<c<o0),
0

are in Qpy(n, ), where

(p+k+3)p+a+)—(p+1)(1—-a)c+1)

(40) (v, ¢,p) = (p+k+3)p+a+l)+(c+1)(1-a)

The result is sharp for the function

(41) f(z) = —~ + (—1)pt @ _i_(?]).)n_(;f;;_i_ 1)Zp'
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Proof. Let

1 oo
c a—1 (C + 1)
(42) Fc-i—l(z) = (C+1)A u +1f(UZ)dU = 7—k:0 map+k2p+k.

In view of Theorem 2.2, it is sufficient to show that

(p+k+2)"(p+k+9) c+1
4 < 1.
) ; (1—d)a prktet2) =
Since f(z) € Q,(n, ), we have
(p+Ek+2)"p+k+a)
44 < 1.
. kZ:O (1—a)a Aptk <

Thus (42) will be satisfy if

(p+k+9)(c+1) cbtkta
1-8p+k+c+2) =~ 1-a

for each &,

or

(p+k+c+2p+k+a)—(p+k)1—a)ct+1)
(45) o< Gtktet2ptk+a)+ctD)l-—a)

For each «, p, and c fixed, let

p+k+c+2(p+k+a)—(p+E)1—a)lct+1)
(p+k+c+2)p+k+a)+(c+1)(1—a)

P =

Then
F(k+1)— F(k) =
(c+D(1—-a)p+Ek+D(p+k+2)

(p+k+c+2p+k+a)+(c+)A—-a)[(p+k+c+3)p+k+a+1)+(c+1)(1—a)

for each k. Hence, F(k) is an increasing function of k.
Since

(p+c+3)(p+a+1)—(p+1)(1—-a)c+1)

FQ) = p+e+3)pta+)+(c+ 11 —-a)

9

the result follows.
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