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Abstract

In this paper, we obtain some simultaneous approximation prop-
erties and asymptotic formulas of two dimensional hybrid (Szisz-

Mirakian and Lupag Durrmeyer) positive linear operators and their

partial derivatives.
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1 Introduction

To approximate Lebesgue integrable functions on interval [0, 00), Gupta and
Srivastava [6] proposed a sequence of linear positive operators, by combining
the well known Szasz-Mirakian operator with the weight function of Lupag

operator defined as:

1) (5.) (@) = (1= 1) X bus(o) [ vas®f(Odt, 7€ R=[0.50),

e " (nx)* n+k—1 tk

b () = 0 Unk(t) = h A+ ok

and ne N ={1,2,...}.

Now we consider two dimensional hybrid positive linear operators as:

M (21) = (0= 0P S0 S W) [ [ ensls)ons(o)f (s
k=0 1=0 o Jo

where

(z,y) € [0,00) x [0,00) and f € C([0,00) x [0, 00)).

In particular, if f©(z) = f(z) then the meanings of bi'"(f;z,y) and
b9 (f: 2, y) are clear.
By H[0,00)?, we denote the class of all measurable functions defined on

[0, 00) satisfying

f(t
/ / {1 + |f( i'} +1dsdt <00, for some positive integer n.
S n
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This class is bigger than the class of all Lebesgue integrable functions on

0, 00).

Very recently author [1] has studied simultaneous approximation for two
dimensional Lupag-Durrmeyer operators and in [2], he studied simultaneous
approximation for one variable. Gupta and other researchers also studied
simultaneous approximation for one as well as two variables for similar type
operators (see e.g. [3], [4], [5], [8]).

The main object of this paper is to obtain the properties of simultaneous
approximation by two dimensional Szasz-Mirakian-Lupag-Durrmeyer oper-
ators and obtained several asymptotic formulae for the partial derivative of

these operators (2).

2 Auxiliary Results

In this section, we shall mention certain results which are necessary to prove

our main theorem.

Lema 2.1.[7] For m € N U {0}, if we define

then
nVopme1(z) = 2 [V’nm(x) +mV, m_l(.it)] )

Consequently, we have
(1) Vam(x) is a polynomial in x of degree < m.

(il) Vigm(z) = O (n~1mtD/2)) “where ] denotes the integral part of 7.
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Lema 2.2.[6, 7] There exists the polynomials @, ,(x) independent of n and
k such that

B) )] = 3wk na) g (1) ()]

Lema 2.3. If f(x,y) is differentiable ri 4+ ry times on [0,00), then we get

M () = _{Z;__lz))!(;_ -l ; ; b 1 ()b (y)-

8T1+T2
/ / Un—ry, k’+7‘1 Un ro,l+ro (t) 51Ot f (S t) dsdt.

Proof. From (2], we have

M (fray) =

(n—1) ZZb(” (m //Ovnk V() f (s, t)dsdt

k=0 1=0
Using Leibnitz theorem, we get

T2 T2

M[Tl 2] (f T y n 1 ZZ Znn—f—m 7’1 i(_1>r2—j (:1) (7;2)

=0 j=0 k=i l=j

/ / TZQTZQ ) (=) j(?) <22) Vngeri(8)Unia; (8) f (s, 1) dsdt.

=0 7=0
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Once again applying Leibnitz theorem, we obtain

(a) (n—1)! q
Unq—q,u—i-q(z) - TL —q— 1 ' Z w vnﬂH—w(Z)v

where ¢ = r,19; w=1,75; u=k,l. So we have

M (fra,y) = U _{Z;__lz))!(]z —re =) kZ:O ; b i ()bt ()

/ / 1yt (el (0 (s.) dsdt.

Further integrating by parts r; + 72 times, we get the required result.

Lema 2.4. Let the i — th order moment be defined by
pngi(x) =(n—1r—1) Z bk ( / Vp—yorr(8)(t — 1)'ds
k=0
then, we have the following recurrence relation:

(n—i—1—=2)p,ir1(z) = x/“L/n'r‘z<x) + [+ 1)1+ 22) +7r(1 + 2)] i ()
(4) +i2(z 4+ 2) i1 (2),

where n > 1+ r + 2. Consequently,

(i) we have
r(x+1)+ (14 2x)
n,T _1 n,r
:u,o() % 1() (TL-T'-Q)
and
() 22(n+7r2+5r+6)+2x(n+7r*+4r +3)+ (r* + 3r +2)
Hnr2(T) =

(n—r—2)(n—r—3) 7

(ii) for allz € [0,00), we get py,i(x) = O (n~ TV
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Proof. First we prove (4), by using
ab), 1 (x) = (k — nx)byi(x) and t(1+t)vy, . (t) = (b — nt)vni(t).
We have from the definition of p,, ()
1) = 0= =)0 [ s O 0l i),
k=0

Therefore, we have

x [lu,n,r,i (ZE) + iﬂn,r,z‘—l(x)} =

(n—r—1 Z — )by i )/ Vpy e () (t — x)"dl
k=0

(n—r—1) Z b i ( /00 [(k+7) = (n— 7)) Vp_pporr (t)(t — 2) " dt+
k=0
+(n - r)ﬂn,r,wrl (x) + (n o T)x:un,r,i(x) - (’I”L.T + 7ﬁ)luln,r,i(x) =
(n—r—1) Z bk ( /OO t1+ )0 (O — @)'dE + (0 = 7) g1 () —
k=0
—(1+2)rppnri(z) =
n—r—libnk /oo [(1+22)(t—2) + (t —2)* + z(1 + 2)]-
k=0

'bim—r,kJrr(t) (t— :L’)idt + (n — T)Nn,r,i+1 () — (1 + :L’)?”/,ani(:(}) =

_(i + 1)(1 + 2x)lun,m'(x) - (2 + 2):un,r,i+l(x) - x(l + xﬂ/in,r,ifl(l')_'—

+(n = 1) i riv1 (@) — (L 4+ )7 g i ().

This leads to the proof of (4).
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Lema 2.5. Suppose that

Bn,r1,r2,i,j(x7y) = (n - T = 1 n —To — 1 Z Z bn,k(m)b l(y)

k=0 1=0

T i (e i) (5 = 2 (0 g s =
0 0
(5) = :un,m,i(x)'/‘nﬂ“mj (),

then we obtain the following results by Lemmal2./|

Bn,?‘1,7‘2,0,0<xa y) = ]-a Bn,rl,rz,z’,j (ZL’, y) = O (ni([lgl]Jr[%])) 9

r(1+x)+ (14 22)

Bn,m,rz,l,O (937 y) =

(n—r; —2) ’
ro(1+y) + (1+2y)
Bn,rl,rz,O,l (l‘, y) = (n — 1y — 2) )

{ri(l+xz)+ (1 +22) H{r2(1 +y) + (1 +2y)}
(n—r1—2)(n—ry—2) ’
2*(n+ 717 + 511 +6) + 2z(n + ri 4+ 4ry + 3) + (r7 4+ 3r1 + 2)
(n—r1—2)(n—7r —3) ’
y2(n 413+ 5ro + 6) + 2y(n + r3 + 4ry + 3) + (r3 + 3ro + 2)
(n—ry—2)(n—1ry—3) '

By 1(I y)

Bn,r1,7"2,2,0(337 y) =

Bn,rl ,r2,0,2 (.Z', y) =

3 Main Results

Now we consider slightly modified operators M, for our convenience,

1

M*[m,rz] _
" f Cl (n7 1, T2)

Ml

where M,, preserve constants and
n1t2(n —ry — 2)l(n —re — 2)!

{(n—2)1}"

Cl(n7 ri, TQ) -
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Theorem 3.1. Suppose f is bounded on every finite subinterval of [0,00)

and f € H[0,00)%. If fU*2 exists at a fived point x € [0,00) and
ar+2
Oz Oy 2

f(%y)‘ < pa®y’, (x — o0, y = o0); j=1,..,7r+2 for
some «, f > 0, then we get

(6) Jim {Mi[’"’(’](f;x,y)— ol (@ y)| =
r+1 r+1
= (1+2y) 8x7’8yf(x’ y)+{r(l+z)+ 1+ Qx)}mf(%yﬂ‘
ar+2 x(2+x) ar+2
+y(2+y)wf(x,y) e AC )}
and
(7) Jim |\ MIEfi2y) - 52 f @) | =
r+1 r+1
= (L 20) 3o Flan) + (L) + (14 20)) g fow)+
ar+2 y(2+y) 8T+2

Proof. Since the proof of (7) is identical therefore we shall give the
prove (6) only. By Taylors expansion of f(s,t), we have

r+2

fls,t)=>_>" i (axlayf (z, y)) (s —2)'(t —y)'+

d=0 i+j=d

+ Z e(s,t,z,y)(s — 2)'(t — y) .

i+j=r+2
where (s, t,z,y) — 0ass — x, t —yand e(s,t,2,y) < u(s —x)%(t —y)°

as § — 0o ,x — oo for some a, 5 > 0 then

T

n {M;i“’“](f;x,y) - ;xrf(xyy) =
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r42

— *[r,0] o i 2N\
=n2 2 ilj! (89:18313 (@ ,y)) MO (s = 2)'(t = y)smy) +
d=0 i+j=d
*[T‘O _ ity N\ _ " _
+n Z M e(s,t,x,y)(s —x)(t—y) ,x,y) naxrf($’y)
i+j=r+2
= Q1+ Q2 ~f(z,y).
From Lemma 2.3, we get
r+2 0o 00
= —Dn—r—1 .
Q1= ndZOz-;d 15! 8x28yj fla,y)(n Jn—r );;bnyk@)bn,l(y)

[ st

_no —f(z,y)(n—1)(n—r—1) Zank

Tl Ogr
k=0 1=0

. / / Up—rfetr (8)Un g () rldsdt+

n Ot N —
+r‘1‘8x“6 flx,y)(n—1)(n—r—1) Zanﬁk(x)b I

k=0 1=0

-/OO /00 Up—rfotr (8)Un (0)r!(t — y)dsdt+
o Jo

n Ot e
vt R CESIUETESI) ) QU

k=0 1=0
o0 (o]
o
. / / Up—r Jotr (5)Un i (1)
0 0 5

n o2 e
+— s f(r,y)(n—1)(n—r—1 Zank(x)b

r12! 0z dy par

(s — x) Mdsdt+

/ / Vn—p o (8) 0 ()T (t — y)2dsdt+
o Jo
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n or+2 = =

k::O =0
h - 0" r+1
' ”n—nk+r(3)vn,l(t)§ {(s =)' (t —y)} dsdi+
o Jo s
n 87"+2 00 00
tor o Ve =D == @b,

k=0 1=0

= " r+2
: vn_r,kw(s)vn,l(t) (s — )" "dsdt =
o Jo s

T r—+1
=n Z, Bnr xz, +n T, Bnr T, +
afo( Y)Bnro00(7,y) (99(:’“8yf( Y)Bnr00,1(2,Y)
r—+1 n ar+2

+nmf($, Y)Bro1.0(z,y) + §Wf($, Y)Bnr002(,y)+

ar+2 n 8T+2
‘Hme(l} Y)Brro,1(7,y) + §Wf(x7 Y)Bpro20(x,y) =

T g P T  tee
) Ha)
N
n{x (n+ 12+ 5r +2€(52: ixfnzgr( 77; _+T4i 45)3) + (r?+3r +2)} ;;; Flz,y),

by Lemma 2.4) we obtain the above results. In order to prove the theorem,

it is sufficient to show that

E,21"Qy=n(n—1)° Z ZZbeT)

i+j=r+2 k=0 [=0

./000 /000 Un i (S)vna(t)e(s, t,z,y)(s — x)'(t — y)dsdt — 0 as (n — o0).
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Using Lemma 2.2, we get

B, <n(n—1)" ) ZZ > nflk = na|"@en () bai ()b (y)

i+j=r+2 k=0 [=0 2c+h<r

/ / Vi (8)vna(t)|e(s, t, 2, 9)||s — x|'|t — y| dsdt <

< nx(z Z Z ZZ( ))%\k—n:c]h>'

i+j=r+2 2c+h<r k=0 =0

Cus@as)? =17 [ [ va(o)ons(Oletstoag)lls - al e - ypasat <
0 0

< nx(z Z Z n° [Z > bns(@)ba(y) (k - n:B)Zh]

00 00 2 %
) {(n - 1)2/ / Un,k<8)vn,l(t)|6(s7 t,x, y)”S - x|l|t - y|]d8dt} ] )
0 0

where

X(:L‘) = Z Sup|900,h,r(x)|'

2c+h<r
c,h>0

From Lemma[2.1, we have

SO s (@bsl) (5 — ) = Qthnk <__x>2’l:

k=0 1=0

=n*"O (n_[zhgl]) =n""0 (n™") =n"0(1)

and let
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: [(n —1)? /OOO /OOO Un e (8)0n i () |e(5, 8, 2, y) (s — @) (t — y) |dsdt 2.

Therefore, we obtain

EJ<nx@) 3 3 0t (n"01)7 (p)?.

i+j=r+4+2 2c+h<r

Now

2

=0 [T [T st (s = o) o = gy lasce| <

< (n—1)> /000 /000 Up i (8) U (t)dsdt-
(n—1)? /000 /000 Vi (8) V(1) (5, t, 2, y) (s — )% (t — y)* dsdt =
= (n—1)° /000 /OOO Vi (8)vna (1) (5, t, 2, 9) (s — )% (t — y)* dsdt =

= (n—1)? {/ +/ ] -
(s—2)2+(t-9)2<82 S (5-2)2+ (t—)2>5?

Wk (8)n ()2 (8,t, 1, y) (s — 1) % (t — ) dsdt.
For a given n > 0, there exists a § > 0 such that |e(s,t,z,y)| < n when-
ever (s —x)* + (t —y)*> < 6% For (s —x)* + (t — y)> > %, we obtain
|5(Sa t,, y)| < K(S o x)a(t - y)ﬂ'

LRSS bol@)bua(y)(n — 1)? / aoaf s o

k=0 1=0 (s—2)24(t—y)?>42

(s — 2)20F ) (t — )20, 4 (8)v,(t)dsdt =
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— %0 (n—([%]ﬂ”%])) + 5_120 (n—([2"+2C§+2+1]+[2”§"“])) +

1 (242041 2j+268+2+1
0 (w (b))

_ 7720 (n—(i—l-j)) + 6_120 (n—(i+j)n*([2a27+1]“+[257+1])> +

—|-5i20 (nf(iJrj)n_([%]"'l"'[%i])) =

=0 (n_(”j)) <772 + En_c) , where ¢ = [QCY;_ 1} +1+ {26 il 1} > 0.

92 2
Thus, we get

This completes the proof of (6).
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