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Abstract

The aim of the present paper is to establish some new Ostrowski
Griiss-Cebysev type inequalities involving functions whose modulus
of nth derivatives are convex. Our results are generalization of ex-

isting results in literature. Remarks given are important.
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1 Introduction

In 1938, A. M. Ostrowski [7] proved the following classical inequality:

Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b)
whose first derivative f’ : (a,b) — R is bounded on (a,b) i.e., |f'(z)| <
M < oco. Then

b

) - [ o] < }(””b‘_aj) (b= )M,

b—a

a
for all x € [a, b], where M is a constant.
For two absolutely continuous functions f,g : [a,b] — R, consider the
functional

(1.2)

7(f.9) = —/f Py b_a/f i [ o).

provided, the involved integrals exist.

In 1882, P. L. Cebysev [11] proved that, if f/, ¢ € Lo[a,b], then

(1.3 7 (£.9)| < 75 (b~ )l g1

In 1934, G. Griiss [11] showed that

(14) T(f,9) < (M —m)(N =)

provided m, M, n and N are real numbers satisfying the condition —oco <
m < f(x) <M < oo, —o0o <n < g(r) <N < oo, for all x € [a,b].

During the past few years, many researchers have given considerable
attention to the above inequalities and various generalizations, extensions

and variants of these inequalities have appeared in the literature, see [1—9],
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and the references cited therein. Motivated by the recent results given in
[1 — 3, 11] Ostrowski, Griiss, Cebysev and Pachpatte, involving functions
whose derivatives are bounded and whose modulus of derivatives are convex.
The analysis used in the proofs is elementary and based on the use of integral

identities proved in [1 — 2].

2 Statement of Results

Let I be a suitable interval of the real line R. A function f : I — R is called

convex if
fOz+ (1= Ny) <Af(x)+ (1 =N fy),

for all z,y € I and X\ € [0, 1] (see [12]).

The following identities are proved in [1 — 2] respectively

on @S0

xl_t/f/(“)duz/f’((l—)\)er)\t)d)\,

r—1
showing
(2.2) ) ) 1
1 1
f(z) = — ft)dt + — (x —1) F (1 =Nz + At)dX | dt,
b—a a/ b—a a/ 0/
and
T 1

/(u—a)f’(u)du = (m—a)Z/)\f’((l—)\)a+)\x) dt,

b
/(u -0 f'(u)du = (z— b)z/)\f' (1= M)b+ Ax)dt,

0
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showing that

1

b
flo) = ﬁ/f(t)dﬂr <$z)__? /)\f’((l—)\)a+)\x) d\
(1) —(bb__Z)Q //\f’ (Az + (1 — \)b)dA, 2.3

0
for all x € [a,b], where f : [a,b] — R is an absolutely continuous function
on [a,b] and X € [0,1].
We prove the following Lemmas.

Let f be absolutely continuous, then for any = € [a, b],

(x @)"+1[ G x)n+1l
n! ! n! ’
@ _ / (u n'a)" £ (w)du — / W;_‘b)" £ (w)du, 2.4

where

L = /)\"f(”) (1 = Na+ A\z)dX and I, = /)\"f(”) ((1 = M\)b+ Az)dA.
0 0

Proof. Consider
1
(2.5) I = //\”f(”) (1 = Na + A\z) d\.
0
Let u = (1 — A)a + Az. This gives =2 =\, A = 1, u — 2, A = 0,u — a
and d\ = xdT“.

a
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From (2.5) we have

_ n—+1 y _ n
(x —a) I, = / (u n!a) £ (),

n!

and
—_ p)n+1 _\n
%Igz/uf(")(u)du.
n! n!
b
Thus
T b
n+1 1n+1 n+1 _
S e
n! n!

It completes the proof. W

From (2.4), for n = 1, we get the identity (2.2), proved in [2].

Let f, g : [a,b] — R be absolutely continuous function on [a, b] then for
any x € [a, b,

b T

)2 g(”l)(af:) _ / /(z +1)(u—t)g ’H)( Ydu | dt

a t

(r—a)™2—(0b-=z
(i+2)

(3F / (z —t)"+? /(1 — NG (1= Nz 4+ M) dA | dt.2.6

Proof. For any z, t € [a,b], x # t, one has

f(Z)(x)_ (i+1)
r—t _x—t/f+

forie=0,1, ..., n—1.
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Let
(2.7) fO() = (z = )" g (),

and
fO@) =o.

Differentiating (2.7) w.r.t. x, we have
(28)  fO(@) = (@ = )" () + (i + 1)(x — 1) (@),

We have from (2.7 — 2.8)
(2.9)

x

(z — )" g (2) = / [(w =)™ g2 () + (i + 1) (w = 8)'g"V (u)] du.

¢
Integrating (2.9) w.r.t. ¢ on [a, b], we have:

b

g(z+1)($) /(l’ _ t)i+1dt

a

= / { / [(u— ) g (w) + (i + 1) (u — t)ig@“)(u)]du} dt,

a t

by taking u = (1 = Az + M, and “=f =\, A —» L, u = t, A = 0, u — x,
(x —t) d\ = du. We have

- o b T
(x —a)*2 — (b— )t g () — / [/(2 1) (u— t)ig(i+1)(u)du] dt

(i +2)

a t

b

(4 / [(x — )72 /(1 — N (1= Nz + M) d)\] dt.2.10

a
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From (2.9), for ¢ = 0, we have the identity

T

(z— 1)g(z) = / ((u— £)g" () + ¢/ ()] du,

implies
f@) =50 + [ £
where

fl@)=(z=1t)g'(x), f(t)=0and f(z)=(x—1t)g"(x) +g'(2),

which is the main identity proved in [1].
From (2.6), for i = 0, we have the identity for functions whose modules

of second derivative may be convex

b

1 a+b, ,
o) — = [ gt + (e = )g'(@)
. b 1
=3 /(a:—t)2 /(1—>\)g”((1—)\)x+)\t)d)\ ,
—a
a 0
where
u=1=-XNz+ XM, A—=1, u—t and A -0, u— =,
and

F(@) = (x—1)g(@), F(t)=0and /() = (z — t)g"(x) + g'(x).

The above identity is due to Pachpatte [11].
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Let f,g : [a,b] — R be absolutely continuous functions on [a,b]. If

}f (n)‘ ; ‘g(n)|are convex on [a, b], then

(2.11) 1S(f,9) < 5 (Ig(@)[|M ()] + [f(2)| [N(@)]),

1
2

where

S(f,9) = f(x)g(x)

s o v

M(z)| = mjéﬂ{(z:s)%wﬂmmﬂ+(2:zyﬁﬂﬂmwn

H+1) (QZ:Z)M+ (Z:)] !f(”)(w)\} (b—a)
(6) —|—n 1|§k_(xa)’ 2.12
k=1

vy | (522) + (=) ] |g<"><x>|}<b—a>“
(7) +ni |§’f_(z)|,2 13
B (b )k’-i-l + (_1)k (37 a)k:+1 i
Gil(z) = S 9" ()

and
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Proof.  Cerone, Dragomir and Roumeliotis in [3] proved the following
identity for n times differentiable mappings:

b

/ Ko, ) F (8)dt

. n— 1 k+1+( 1)k(x_a)k+1 ®
_ /f t)dt + (— “M i) FAEY

M

8) = (—1)n/f(t)dt+<—1)n+1 " (2), 2,14

k=0

and empty sum is assumed to be zero and kernel K, (.,.) : [a,b" — R is
given by
= it t € [a, 2]

n!
K,(x,t) = t=0)" ir ¢ (,0],

n!

for all € [a,b] and n > 1 is a natural number.

From (2.4), we have:

(2.15)
b
_ n+1 _1\n+1 _ n+1
(x n(T) Il _ ( 1) 7(;7' x) 12 _ (_1)n/f( dt+ n+1ZFk
where (b _ $>k+1 + (_1)k (l’ _ a)kJrl
1
I = /)\”f(”) (1= Na+ \z)dX,
0
and

1

- /A”f(”) ((1 = A)b+ Az) dA.

0
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fa) = <x—g>n+l ho () G—a

— n! b—a
b 1
1 n+1n
(9) /f ZF (z),2.16
k=1
and also
B (J,’ - a)n—f—l 13 (_1)n+1(b _ x)n-i—l 14
g(x) = n! b—a n! b—a
b
(_1)n n+1" 1
10 — t)dt — Gr(x),2.17
(10) b—a / ®) —a ; (@
where k+1 k k41
=)+ () (@ —a) g
1
Iy = //\”g(”) (1 = Na+ \x)d\,
0
and

1

I, = /)\”g(") ((1 = A)b+ Az) dA.
0
Multiplying both sides of (2.16) and (2.17) by g(x) and f(x) respectively,

adding the resulting identities and rewriting, we have:

o) + 52 [g<x> [ fwdes s [ g<t>dt]

a)
g(ﬂi’) [(ZL‘ a)n—f—l] ( 1)n+1(b )n+11 }
— 2(b—a)n! !
+2(bf_($cz)n| [(.23 B a)n-i-l[ (Z’ b)n-i-l[ ]
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Since |f™|,|g™| are convex on [a,z] and [z,b], from (2.18), we have

(9(x) M ()] + f(z) [N (2)]),

N | —

1S(f,9)| <

where

M@ = {(ﬁ:j)m £ @)+ (2:) YRIO]

o+ 1) (‘Z:Z)M* (Z:)] |f<"><as>|} (b~ ay"
(12) +n 1 |(b;’“_(‘/’;)|,2.19
k=1

+(n+1) (Z:Z) + (2:2) ] |g<"><x>|} (b—a)"

(13) +§ |§’“_<2|,2.19a
Let

(= a)"™ L — (=) (b — 2) i1 ()
(2.20) M, = =D —(-1) > e
and

(= @)™ Ly — (=) (b — 2)" i Fi()
(2.20a) N, = B —am — (=1 s

Using modulus and convex properties of f™, we observe that
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1
L] = /A"f(”) (1= Na+ A\z) dA
1 1
a)| [ A1 =N+ [f™(2)] [ AT
ro e /
(14) — |f (a)| + |f(n)(x)| 291

(n+1)(n+2) n+2

Similarly, we have

o 1 OB )
(2.22) |L| = 0//\f (1= r) | < Lt

N [ ero gy f@ g )
(2.23) |Iy] = 0//\ PO (= N+ Ay | < oS
and

_ g™ (1 — g™ (b)] g™ ()]
(2.24) |14 _0/ (I =X)b+ Ax)d\| < <n+1)(n+2)+ o
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From (2.20), (2.21) and (2.22), we have:

| M|
Tr—a n+l ‘f<n)((l)| |f(n)(56')| §

+<b—x>““{( FARIOI +|f<”><x>|)}<b_a)n

n+1)(n+2)n!  nlin+2

IN

<fZ:Z>"H ) ()] + (2:Z>n+l |f<n><x)|] } (b—a)"

Similarly, from (2.20a), (2.23) and (2.24), we have:

| V1|

Using (2.19), (2.19a), (2.25) and (2.26) we have the desired inequality B
From (2.15), for n = 1, we get the identity which is proved by Cerone
and Dragomir [2].
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From (2.18), for n = 1, we have :

S(f,9) = flx)gx) —

2(bl—a) (g(:c)/f(t)dt+f(x)/g(t)dt)

C) [(xaf/Af'((lA)aHx) ax

2(b—a)

— (z — b)? / AF((1 = \)b + Az) d)\]

+2(€(f)a) [(m —a)’ / Ag (1= Na+ Az)d\

(17) — (. —b)? / A (1= A)b+ Ax) d)\] ,2.27

which is proved in [11].
Let f,g = [a,b] — R be absolutely continuous functions on [a, b].

If | f@],]g| are convex on [a, b], then

S(f.9)]
[f@)lg P @) | f@lg™ ] [ = a)™ + (b — 2)™*
= { i+ 3 * (z’+2)(z’+3)H i+3 ]
9@ @) g@If s ] [ (@ = a)* + (b — 2)*
+{ i+ 3 (z‘+2)(z‘+3)H i+ 3 ]

)

(18)  2.28
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where

z—a)t?— (b— I>i+2g(i+1)(1‘)
1+ 2

- / [ / (i 4+ 1)(u t)"g@“%u)du] dt}

a t
(x —a)™2 — (b—x)"

1+ 2

(19) —/ [/(i+ 1)(u — t)if(i+1)(u)du:| dt} ,2.29

a t

S(f.9) = f(x) {<

F (@)

+9(z) {

andt=1,2, ..., n—1.
Proof. From hypotheses of lemma 2 the following identities hold:

(z — a)it2 — (b— x)i+2g(i+1)(x) o / [/@ + 1) (u— t)ig(iﬂ)(u)du] dt

1+ 2
a t

b 1
(28) / (x — )2 /(1 — ) (1= N + Xt) dA | dt,2.30
a 0
and

b T

£ = [ | [+ 0= 0t | d

a t

(z — a)i+2 —(b— x)i-i—?

1+ 2

b 1
(24) / (z — )2 /(1 — )LD (1 — N+ M) dA | dt,2.31
a 0
for all z € [a, b].
Multiplying both sides of (2.30) and (2.31) by f(z) and g(z) respectively
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adding the resulting identities and rewriting, we have:

9)
— / [( — £)+2 4+ g0 (1 = Nz + M) d)] dt

+g() / [(w —1)+? / (1= X)L (1= N+ Ab) d)\] dt.

0
(22)  2.32

Since | f®] and |g¥| are convex on [a, b], from (2.32), we observe that

Sl < 1@l [ {lo—e [0 -2

+ AL = NG (#)]] dA} dt
1

o [ {i =0 [1a-nm21e0 @)

0

+ AL = N R #)]] dN dt.

Now

1

i+ (i+2)(i+3)

1 1
. 1 .
/(1 ~N)dA = —— and /)\(1 — A =
0 0
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Thus
5(f.9)
|f()]]g" ) ()] i+2
< 3 /| —
+<+|§C—+3/ o=t g Rl
lg(@)|[fO+2) ()] i+2
+ 3 /| — ¢ dt
9()] o — |2 )
TS / o — #1142 £ 1)t
|f (@)]|g" 2 ()] |f (=)l 4+ } i+2
= [ i+3 +(i+2)(z+3)” o /I — 1" dt
lg(x)[1 £+ ()] |9(2)] (i+2) ] 2
*{ i3 T Groaral /|a: {2 dt
< {If(x)Hg“”’(xN N If(:v)ng““)Hoo} (v —a)"(b -2
- i+ 3 (i +2)(i + 3) i+ 3

i+3 + (i +2)(i+3)
(23) x [<I —a) b - Iwg] 2.33

+{|g(w)||f(”2)(x)l Ig(ﬂﬁ)lllf(”2)|loo}

v+ 3

It completes the proof. W

87
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For i = 0, the L.H.S and R.H.S of (2.33), are as follow

LHS = |S(f )

b= 0o~ T F@ @)+ 9(a) @) + @) [ glt)as




Generalization of Integral Inequalities for Functions whose Modulus... 89

and

_ (@@ @] g (&= a)* + (b — 2)°
RHS = ( : + ; ) 2
@@ g@)] 1o\ (= a)® + (b — )

o )

3 - 6

- bfsa 1£(@)I2lg" (@)] + [1g"ls0) + lg(@)|LF" ()] + 1| £”]]s0)]

b—a\? a+b\2
X [( 5 ) +3 (x— 5 >
- & _6a)3 [ (@)I2lg" ()| + 119" loo) + 1g(2) (21" ()] + 1" |]c0)]

2
1 x_(l_—‘rb
2 — 2 2.
(25) x[12+(ba)] 35

From (2.34) and (2.35) we have

< IJW [1£@)]2lg" (@) + 19" ls) + lg@IELF" @) + [1”]0)]

*2%}11—2 + <xb__a§b> ] 2.35a

We note that as a special case, if we take f(z) = 1 in the inequality

(2.35a), we get Ostrowski inequality for functions whose, modulus of the
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second derivative is convex, i.e.,

b

o) = (o= @) - [ gty

a

:<“”Vm¢mwwﬂu1i+<miﬁ)

6 12 b—

The rest of the inequalities in [1] can be generalized using our lemma 2.
Let f,g = [a,b] — R be absolutely continuos functions on [a,b]. If

|f@],19%| one convex on [a, b], then

7(f.9)]
L 9@ e
= b—a/{|f<x>| i+3  (i+2)(i+3)
[fO2 @) S
(27) 9@ | 12013 E(z)dx,2.36
where
B(z) - (z —a)*3 + (b— x)i+3’

i+ 3
andi=1,2, ..., n— 1.
Proof. From the hypothesis of Theorem 3, the following identity holds:

1

S(f.9
= f(

)
z) | |(z—1t)*? / (1= N2 (1= Na + M) d)| dt

a

b 1
(28)  +g(x) / (x — )2 / (1= N2 (1 — N + At) d\ | dt, 2.37

a
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where

_ a)i—i—? _ (b N x)i-{-?
14+ 2

_ /b ( / (i+1)ut)ig(i+1)(u)du) dt]

_ a)i+2 —(b— x)i—l—Q

1+ 2

(29) / (/ (i 4+ 1)(u—t)" fO D (u )du) dt] 2.38

g(i—i-l)(x)

5(f.9) = f(a) [“"

e ["’” FE ()

Integrating both sides of (2.37) w.r.t. « from a to b and rewriting, we have:

bi /g(f g)dz = T(f,9).

= bla/b{f(x)/|:x Z+2/ A gt ((1>\):v+)\t)d/\] dt

b
+g(z) / {(x — 1) / (1= X" 2 (1= N+ At) dA} dt} dz,
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where

(/(z +1)(u— t)ig(i“)(u)du) dt]

(b — $)i+2 f(i-i-l)(l,)

(30) —/ (/(2 +1)(u— t)if(iﬂ)(u)du) dt] }dx.2.39

t

Since |f™| and |¢g{™| are convex on [a, b], we have: i=0,1, ..., n — 1.

T(f.9)
bi@/{uw>/[@w“%

1
[ =)+ A 2 )] d
0

IN

b

Hg@)| [ [~ 0

X / (1= NP2 2 ()] + AL = N2 (2)|d)] dt} dx

0
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VAN

>

| | =
=
\@

i+ 3 (i +2)(i+3)

a

' (+2) (5 (i42)
+\g<x>|/|<x—t>’+2\('f ol (t)>)dt]d:c

i+3 (t+2)(i+3

g2 @) "]l
['f(x)’< it3 (i+2(i+3)

FE@) |l / »
o /|(x—t)z+2|dt dx

+lg (@) ( it3 (i—i—?)(i—i—?)))

/ . (i+2) (o (i+2)
[f(x)/@t)m(g @, WY,

[\

>

| | —
)
—

1 @) e
- b—a/ [|f(x)|< iv3 T i+2)0i+3)

(42) (1 (i+2)
31)  + |g(a)| |fl.+é ) (iH—{2)(i|L003)> E(a:)}dx,2.40
where ,
T — a)t3 _ p)it3
E(.?Z)Z/l($—t)i+2|dt: ( ) Zi‘;b ) )
. a

From (2.40), for ¢ = 0, we have:

T(f.0)| < 7= / @f(x”(lg"éx)ung'énoo)

a

o) (L )

3 6

where




94 Nazir Ahmad Mir, Arif Rafiq and Farooqg Ahmad

implies
9 b
T(f.9)| < @/[If(@l@lg”(ﬂcﬂ+||g”||oo)
+ 1g(@) L @)+ 171)]
1 r — wtb ?
(32) X E+< b_; ) dz.2.41

Also, we have

(33)  + glo) / e | — (-

(2.41) and (2.42) are proved in [11].
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