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The properties of Laguerre polynomials !
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Abstract

In this paper we prove a property of the Laguerre polynomials
L% using the interpolation polynomial of Hermite.
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['(a+1)
Fn+a+1)
polynomials of degree n normalized by Lq(f“)(O) =1
In the following we shall use the notation L, (x) = LY (). The following
formulas are known:

(1) 2y’ (x) + (1 +a —2)y'(z) +ny(x) =0, y(x) = La(z)
(2) (n+a+1)Lyp(x)+(x—a—2n—1)L,(z) +nL,—1(z) =0,

Let « > —1,2 > 0 and L (x) = ez~ (e ") ™ be the

(3) a:dian(x) =nly(x) —nl,1(z), (¥V)a>-1,(V)x>0.

Theorem 1.Let w(z) = ANz — z1)(x — x2) ... (x — x,) by w(0) = 1 and

1 1
2 Z +(a+1—12x) +n=0 , a>-1
—  (x—x;)(x — x5) T — Tg

1<i<j<n k=1

is verified, then
w(z) = Ly(z)
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Proof. We consider Ay,(z) = L2(z) — Lpy1(z)L,_1(x) and observe that
A9, (0) = 0. According to Hermite interpolation formula

AQn(x) = H2n($19012, TX2, oy Tnlp, C; A2n($)) =
Ly () — px(x)
= JAYS - Br(Asy,;
|:Ln(c):| () + (@ C);xk—c e(Bani )
where z1,zs, ..., x, are the roots of L,(x) and

wor(r) = [( Ll

T — Jik)%(fk)] | ’

By(Agn; w) = Aoy (w4)+(x—14) |:A/2n($k) Lx(xk)A%(iﬂk) - ;A%(ﬂ%)} .

B L (xx) Ty —C
For ¢ = 0, we obtain
Agn(O) — 0 ;

o Len(@) Loa(@) _ - l * Bi(Agn; 1)
LG L@ ;&x—xmm)} e

Further, we investigate By(As,;z). Observe that

Agn(fbk) = —Ln+1(l‘k)Ln_1(fL‘k) .

From (2) we have

n

(4) Ly (xr) = —anq(Q?k)
n

(5) Ao (z1) = —mLi_1($k)

Ad(@r) = =Ly 1 (@) L1 (zk) — Ly () Ly, () -
Using (2) and (3) one finds
n+1 _rpy—a—n

o Lnsi(wy) Ly, y(xp) = x—kL"_l(xk)'

L;L+1(5Ek) =
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Therefore 1
n Ty —
6 A/ e . L2
(6) 2n (k) n+a+1 Ty n—l

From (1), (5) and (6) we obtain

(zr) -

AIQn(l’k) . T — Q-+ 1

(7) AQnJ;k B Tk
and I .
(8) n(ib‘k) _ +a— xg '

L () Ty

By means (7), (8) we have

s =1+ [523 Blzd1])

T
Tk
Therefore

n 2
Ln(x) '%AQn(fEk),

Aon (1) = L2(2) — Lpy1(2) Ly (7) = 2 5
(z) () = Lny1(2) Lyp1 () 2 (a—ap) ()P T

o LZ:EC(BQ;) LEZS) -7 ,; [(z — xk)lL;l(zk)]Q 2A2"(5"”“)
From (3), we have . e
(10) L) 1- N
I ATl -

e e IR G

st Mt [LZ' Ea(cﬁ)} ’




50 loan Tincu

oz—i—l—x.L;L(x)_i_z L;L(x)2+1:£n 1
n L(z) n n

n

2
T 1 a+1—1— 1 T 1
= 1= = -
n(Zx—xk> + n ZIZL‘—J/’;C—’_ nzl(x—xk)Q’

k=1

1
DDl s T RACRE DY

1<i<j<n

In conclusion w(x) = L,(x).
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