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First order strong differential
superordination

Georgia Irina Oros

Abstract

The notion of differential superordination was introduced in [3]
by S.S. Miller and P.T. Mocanu as a dual concept of differential
subordination [2]. The notion of strong differential subordination
was introduced by J.A. Antonino, S. Romaguera in [1]. The notion
of strong differential superordination was introduced in [4] as a dual
concept of strong differential subordination. In this paper we refer

at the special case of first order strong differential superordinations.
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1 Introduction

Let €2 be any set in the complex plane C, let p be analytic in the unit disk
U and let ¢(r,s,t;2,£) : C3 x U x U — C.

77



78 Georgia Irina Oros

In this article we consider the dual problem of determining properties of

functions p that satisfy the strong differential superordination

QC{y(p(2),20'(2), 2°0"(2);2,) | z € U, £ € U},

Let H = H(U) denote the class of functions analytic in U. For n a

positive integer and a € C, let
Hla,n] = {f € H; f(z) =a+anz" + ap12"+..., 2€ U},

An={f €A f(2)=2+an12" T +an22"+..., 2€ U},

In addition, we need the classes of convex (univalent) functions given

respectively by
K={f€eA Rezf"(2)/f'(z) +1> 0}

and
S*={feA Rezf'(2)/f(z) >0}
For 0 <r <1, welet U, = {z; |2| <r}.
In order to prove our main results, we use the following definitions and
lemmas:
Definition 1. [2, p.24] We denote by Q the set of functions f that are

analytic and injective in U \ E(f), where
E(f) = {C € 9U; lim f(2) = OO}

and are such that f'(¢) # 0 for ( € OU \ E(f). The subclass of Q for which
f(0) = a is defined by Q(a).
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Lemma A. [3, Lemma A]. Let p € Q(a), and let
q(z) =a+a,z" + ...

be analytic in U with q(z) # a and n > 1. If q is not subordinate to p, then
there exists points zy = roe’® € U and ¢y € U \ E(p), and an m >n > 1
for which q(U,,) C p(U),

i) q(z0) = p(Co)

i) 204 (z0) = mGop'(Co)-
Lemma B. [2, Theorem 2.6.4, p.67] Let f € A and L, : A — A is the
integral operator defined by

LN =FE) =250 [Cforan Reqzo0

z

then
LV[K] C K.

Definition 2. [4, Definition 1] Let H(z,€) be analytic in U x U and let f(z)
analytic and univalent in U. The function H(z,§) is strongly subordinate to
f(2), or f(2) is said to be strongly superordinate to H(z, ), written f(z) <<
H(z,€) if for € € U, the function of z, H(z,€) is subordinate to f(z). If
H(z,€) is univalent, then f(z) << H(z,§) if and only if f(0) = H(0,&)
and f(U) C H(U x U).

2 Main results

Definition 3. Let ¢ : C? x U x U — C and let h be analytic in U. If p and
o(p(2), 2p'(2); 2,€) are univalent in U, for all ¢ € U and satisfy the first
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order strong differential superordination

(1) h(z) << @(p(2), 20 (2); 2, €)

then p is called a solution of the strong differential superordination. An
analytic function q is called a subordinant of the solutions of the strong
differential superordination, or more simply a subordinant if ¢ < p for all
p satisfying (1). A univalent subordinant q that satisfies ¢ < q for all
subordinants q of (1) is said to be the best subordinant. Note that the best
subordinant is unique up to a rotation of U. For Q) a set in C, with ¢ and

p as given in Definition 3, suppose (1) is replaced by

(1) Q C{plp(2), 20/ (2);2,€) | 2 € U, €€ U}

Definition 4. Let Q be a set in C and q € H|a,n] with ¢'(z) # 0. The class
of admissible functions ¢,[Q2, q], consists of those functions p : C?xUxU —

C that satisfy the

(2) p(r,s;,¢,6) €Q

zq'(2)

whenever r = q(z), s = ,where z € U, (€ 0U, £ €U andm>n>1.

Theorem 1. Let Q C C, q € Hla,n|, ¢ : C2 x U x U — C, and suppose
that

(3) ©(q(2),t2q'(2); ¢, €) € Q

_ 1
forzGU,CG@U,fGUand0<t<ﬁgl. If p € Q(a) and
o(p(2), 20'(2); 2,€) is univalent in U, for all ¢ € U, then

(4) Q C {e(p(2), 20'(2);2,8), z€ U, £€U}
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implies

q(z) < p(z), zeU.

Proof. Assume ¢ not subordinate to p. By Lemma A there exist points
20 =10 € U, and {y € U \ E(p), and an m > n > 1 that satisfy ¢(z) =
p((o) and Zoql(zo) = mCoP'(C0)~ Let r = Q(Zo) = p(Co); § = % = COp/(<O>

and ¢ = (p in Definition 4 and using (3) we obtain

(5) ©(p(Co), Cop/(Co)Q Co,§) € 2.

Since (p is a boundary point we deduce that (5) contradicts (4) and we
must ¢(z) < p(z), z € U.

We next consider the special situation when h is analytic on U and
h(U) = Q # C. In this case, the class ¢,[h(U), q| is written as ¢,[h, q] and
the following result is an immediate consequence of Theorem 1.

Theorem 2. Let h be analytic in U, ¢ € Hla,n], ¢ : C?xU xU — C, and

suppose that

(6) ©(q(z),tzq (2);

o~

,§) € h(U),

forzeU,(e€oU,cU and0 <t <
Ifp € Q(a) and p(p(2), 2p'(2); ¢, §) i

<1.

S|

univalent in U, for all € € U, then

VA

(7) h(z) <= @(p(2), 20 (2); 2, €)

implies

q(z) <p(z), zeUl.
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Definition 5. A strong differential superordination of the form
(8) h(z) == A(z,§)2p(2) + B(2,§)p(2), 2 €U, ¢U,

where h is analytic in U, and A(z,£)zp/(2) + B(z,€)p(2), is univalent in U,
for all ¢ € U, is called first order strong linear differential superordination.

Remark 1. If A(z,£) = B(z,£) = 1, then (8) becomes
(&) hz) < zp'(2) +p(2), z€U,

a differential superordination studied by S.S. Miller and P.T. Mocanu in [3].
Remark 2. If A(z,£) =1 and B(z,£) = 0 then (8) becomes

(8" h(z) < 2p'(2), z€U,

a differential superordination studied by S.S. Miller and P.T. Mocanu in [3].
For the first order strong differential superordination in (8) we prove the

following theorems:

Theorem 3. Let h be conver in U, with h(0) = a, ¢ € Hla,n|, ¢ :

C%2x U x U — C and suppose that

(9) e(a(2),tzq'(2); ¢, €) € h(U),
forzEU,CE@U,&EUandO<t§%§1.

If p € Q(a) and p(z) + w, v # 0, is univalent in U, for all

o Y
EeU and
(10) h(z) << p(z)+w, zeU €e€U
then
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where

(11) g(z) = L /0 R,

v
The function q is convex.

Proof. Let ¢ : C2 x U x U — C, for r = p(2), s = 2p/(2),

I

o(p(2), 2p'(2); 2,6) = 1 +

then (10) becomes

(12)  h(z) == @(r,52,8) = @(p(2), 2p'(2); 2,€) = p(2) + w

Since the integral operator in (11) is the one in Lemma B, by applying

this lemma we obtain that ¢ is convex. From (11) we have:

(13) q(z) =~ / Bty ~Ldt.
0
Differentiating (13) with respect to z, we obtain

(14) q(z) + zq;(z) =h(z), zeU.

Using (9) and (14), (12) becomes

q(z) + ~ = h(z) == @(p(2),2p'(2); 2,€) = p(z) + M

By applying Theorem 2 we have ¢(z) < p(z), z € U.
Remark 3. For A(z,£) = 1, the result was obtained in [3, Theorem 6.].
Theorem 4. Let h be starlike in U, with h(0) = 0 ¢ € H[0,1], ¢ : C* X
U x U — C and suppose that

(15) plq(z),t2q'(2); ¢, €) € h(U),
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forzeU,(e€dU,EcU and0 <t <= <1.

S|

If p e H[0,1]NQ (p € Q(0)) and zp'(2)B(z,&) is univalent in U, for all

¢£eU, then

(16) h(z) << 2p'(2)B(z,€)

implies

q(z) <p(z), zel,

where

17 — [ hyta

(1) o) = [ nora

The function q is convex.

Proof. Differentiating (17), we obtain
2¢'(z) = h(z), zeUl.

Since h is starlike, from the Duality theorem of Alexander we have that
q is convex.

Let ¢ : C* x U x U — C, ¢(s;2,8) = ¢(2p/(2); 2,€) = 2p/(2) B(z,€).
Then (16) becomes

(18) h(z) << @(2p'(2);2,€), z€eU, £€€U,

by using (15) and applying Theorem 2 we have ¢(z) < p(z), z € U.
Remark 4. For B(z,&) = 1, the result was obtained in [3, Theorem 9.

Example 1. Let h(z) = z, from Theorem 4,

q(z) = / t-t7ldt = 2.
0



First order strong differential superordination 85

If p € H[0,1]NQ and 2p'(2)B(z, ) is univalent in U, for all ¢ € U, then
2z == 20/ (2)B(z,€), z€U ¢€U

implies

z<p(z), zel.

2
Example 2. Let h(z) = z + %, from Theorem 4,

z t2 o z t 22

2l (2) 2(1+ =) 2(1 4 cosb)
h(z) ‘oz T e 15

hence h is starlike in U.

If p € H[0,1]NQ and 2p'(2)B(z, ) is univalent in U, for all ¢ € U, then

Re

2
z+ % << 2p/(2)B(2,€), z€U €U

implies
22
Z+Z <p(z), zeUl.
1— _
Theorem 5. Let |a| < 1 and r = r(a) = % and X\ : U — C with

IAN(z,8)| < 1. If pe Hlar,1]NQ and p(z) + A(z,£)zp'(2) is univalent in U,
for all € € U, then

(19) Uc{p(2) +\z8(2)], €U, £cU}

implies

U, C p(U).
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Proof. Let o : C2x U x U — C, ¢(r,8;2,£) = r+ Az, &)s where r = p(2),

s = zp'(z), and
z+a
r Y
1+az

q(z) =

then ¢ is univalent, q(U) = U,., and (19) can be written in the form

U C{o(p(z),20'(2);2,€) | 2 €U, £ U}

We evaluate

o(q(2),t2¢'(2); ¢, ) = la(2) + Az, §)2q'(2)]

z+a (1—lal?®)z — |al?
= A tr———————| < tr———
M PO G | S T T e
1 2
<14 L] o, <1,
1 — af 1 — af

from which we have p(q(2),t2q'(2);(,€) € U.
Since ¢(q(z2),tzq'(2);(,€) € U and from (19), by applying Theorem 1
we obtain

q(z) < p(z), i.e. U, C p(U).

1
Remark 5. For a =0, and A\(2,§) =1, r = 5 we obtain in [3, Corollary
10.1].

2-+2

1 1
Example 3. Let a = 5 + 5@', r = 7
2—14/2
Ifp e [M
4
all € € U, with [A(2,€)] <1, then

,1] NQ and p(z) + A(z,£)zp'(2) is univalent in U, for

U C{p(2) + A\(z,§)2p'(2); 2,6 | 2 € U, € € U}

implies

U, C p(U).
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