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Certain sufficient conditions for univalence

Narayanasamy Seenivasagan and Daniel Breaz

Abstract

In this paper, we determined conditions on f3,a; and f;(z) so

* sy i) 2 |7
that the integral operator < / 9= H(T)% dt is univalent
0 i=1

in the open unit disk for the two subclasses analytic functions.
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1 Introduction

Let A be the class of all analytic functions f(z) defined in the open unit
disk U := {z € C : |z| < 1} and normalized by the conditions f(0) =0 =
f(0) — 1. Let 8 be the subclass of A consisting of univalent functions in U.
Let A5 be the subclass of A consisting of functions is of the form

(1.1) f(z) :z—i—Zakzk.
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Let T be the univalent [6] subclass of A which satisfies
2f'(2)
(f(2))?
Let T3 be the subclass of T for which f”(0) = 0. Let T3, be the subclass of

T5 consisting of functions is of the form (1.1) which satisfy

2 f'(2)
(f(2))?

for some p (0 < p < 1), and let us denote T5; = T5. Furthermore, for

(1.2)

—1‘<1 (z € U).

(1.3)

—1’§u (ze€U)

some real p with 0 < p < 2 we define a subclass 8(p) of A consisting of all
function f(z) which satisfy

Singh [5] has shown that if f(z) € 8(p), then f(z) satisfies
2 f'(2)
(f(2))?

Pascu [2] has proved the following theorem:

<p (z€l).

(1.4)

-ﬂkmw,@ew

Theorem 1.1. [2, 3] Let 5 € C, Re >~ > 0. If f € A satisfies

Zf”(Z)
f'(2)

1— |2

v

<1, (z€V),

then the integral operator

1

R = [s [ o]

0

isin f € 8.

Theorem 1.2. [}/ Let o, 3 € C and Re3 > Rea > 2. Let f € A, that

laf*
satisfies the condition

<1, (z€U)
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and |f(2)| <1, (z €U), then the integral operator

1

o

Using Theorem 1.1 and Theorem 1.2, Breaz and Breaz [1] obtained the

following Theorems.

15 in S.

Theorem 1.3. [1] Let o, 5 € C and Ref3 > Rea > %‘ Let f; € Ty and

(1.5) filz) =z + Z at 2F
k=3

foralli=1,2,--- n,ne N :=N\{0} and if
’fl(z)‘ < 17 (ZG U? 221’27 7”)7

then the integral operator

(1.6) Fo5(2) = {ﬁ/o A1 ﬁ (@)1 dt}é

15 in S.

Theorem 1.4. [1] Let o, 3 € C and Ref > Rea > % Let f; € T,
defined by (1.5) for all i = 1,2,--- ,n, n € N* and if |fi(2)] <1, (z €
U, 1=1,2,---,n), then the integral operator defined by (1.6) is in §.

Theorem 1.5. [1] Let o, € C and Ref3 > Rea > %. Let f; € 8(p)
defined by (1.5) for alli = 1,2,-+- ,n, n € N* and if |fi(2)] <1, (z €

U, 1=1,2,---n), then the integral operator defined by (1.6) is in 8.

Theorem 1.2 is true even if Ref > Rea > 3/|a| is replaced by the
condition Ref > 3/|«|. Similarly Theorem 1.3 is true even if Re3 > Rea >



10 Narayanasamy Seenivasagan and Daniel Breaz

3n/|a| is replaced by the condition Ref > 3n/|a|, Theorem 1.4 is true
even if Rel > Rea > % is replaced by the condition Re(3 > %
and Theorem 1.5 is true even if Rel > Rea > % is replaced by the
condition Ref > %.

In this paper we extend Theorems 1.3-1.5 and also obtain the sufficient
condition for univalency of certain integral operator.

To prove our main results we need the following lemma:

Lemma 1.1. (Schwarz’s Lemma) If the function w(z) is analytic in the
unit desk U, w(0) =0, and |w(2)| < 1, for all z € U, then
lw(z)| < |zl, (2 €U)

and equality holds only if w(z) = ez, where |e| = 1.

2 Sufficient Conditions For Univalence

For fi e Ay (i=1,2,--- ,n) and oy, g, - -+ , v, B € C, we define an integral
operator by

(2.1) Fron an5(2) = {6/0 tﬂ_lilj (@) a% dt}é :

When o; = o for all i = 1,2,--- ,n, Fu, a5, a.8(2) becomes the integral

operator F, g(z) considered in Theorem 1.3.

Theorem 2.1. Let M > 1, f; € Ty, defined by (1.5), oy, B € C, Ref3 >~y
and
(2.2)

= (L4 p) M +1

|Oéz‘\

O0<p; <1, foralli=1,2,--- n, n€N").

i) <M, (z€U, i=12,---,n),
then the integral operator Fy, o, ... o, 3(2) defined by (2.1) is in §.
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Proof. Define a function

S (CO

then we have h(0) = A/(0) — 1 = 0. Also a simple computation yields

1 <fi(2))“1i
a1

=1

and

h//
(2.3) :

From equation (2.3), we have

= Z|c1|(
>

(2.4) —

zh"(2)
h'(2)

From the hypothesis, we have |f;(2)| < M (€U, i=1,2,---,n), then

by Schwarz Lemma, we obtain that
Ifi(2)| < Ml|z| (€U, i=1,2,--- n).

We apply this result in inequality (2.4), we obtain

ol = L (i)
(2.5) < iﬁ(%_llMJerLl)
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Because of f; € Ty ,,, (1.3) in (2.5) and in view of (2.2) we have

n

2h(2) (1+p)M+1
(2.6) =
h(2) ; il
Multiply (2.6) by
1— 2>
f}/ ?
we have
1— |27 | zh"(2) 2
< 1—[2<1 .
S W | S 2| <1 (2 €U)

Since Ref3 > v > 0 it follows from Theorem 1.1 that

: B—1yp1 %
{ﬁ/ot h(t)dt} es.

Since

{B /0 tﬁlh’(t)dtr = [ﬁ/ﬂ tﬁlﬁ (@)1 dt

the integral operator Fi, 4, ... o, 8(2) defined by (2.1) is in 8.

3
= Fa1,042,'" ,aan(Z)7

Remark 2.1. By taking M =1, a; = «, for alli=1,2,--- ,n, then The-
orem 2.1 reduces to Theorem 1.4. By taking i; = p=1, oy =, for all

1=1,2,--- n, then Theorem 2.1 reduces to Theorem 1.5.

Theorem 2.2. Let M > 1, f; € 8(p) defined by (1.5), o;, 5 € C, RefS > m
and

n

14+p) M +1
(2.7) VI;ZZ% (foralli=1,2,---,n, neN.
Q;
=1
If
lfi(2)| <M (z€U, i=1,2,---,n),

then the integral operator Fy, o, ... o, 3(2) defined by (2.1) is in §.
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Proof. Define a function

h(z) = /Oﬁ (fT(t)) dt.

then we have h(0) = h/(0) — 1 = 0. Because of f; € $(p), (1.4) in (2.5), in
view of (2.7) we have

n

(2.8) Z/I;(Z) < Zl 1+ M ’;—AMWI
(2.9) < Z%:% (z € V).

Rest of the proof is similar to Theorem 2.1, then we omit the details.

Remark 2.2. By taking M =1, o; = «, for all v = 1,2,--- ,n, then

Theorem 2.2 reduces to Theorem 1.5.

Theorem 2.3. Let o;, 5 € C, Ref3 > 7, and
L o ﬁl . *
(2.10) o= E ﬁ 0< B <1, foralli=1,2,---,n, neN").
Q;
i=1

If f; € Ay defined by (1.5) satisfy the conditions

/
Zfz(z)_l‘gﬁl <O<ﬂi§1,Z€U, i:1727"'7n)7

fi(z)
then the integral operator Fy, a,.... o, 3(2) defined by (2.1) is in §.

(2.11)

Proof. From (2.3), we get

zh'(z)
W(2)

2fi(z) _ ’
fi(z)
Substituting (2.11) in (2.12) and in view of (2.10) we have

~ i

= o

(2.12)

i=1 =1

zh"(2)
W (z)

(2.13) <

|
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Rest of the proof is similar to Theorem 2.1, then we omit the details.
By taking 5; = 1 and o; = « (for all i = 1,2,--+ ,n) in Theorem 2.3,

we obtained the following result.

Example 2.1. Let o, 3 € C, Ref3 > ol If f; € Ay defined by (1.5) satisfy

the conditions

/
mq‘g (z€U, i=1,2-,n),

fi(2)

then the integral operator F, 3(z) defined by (1.6) is in §.

(2.14)
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