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Concerning the Euler totient

Nicugor Minculete and Petrica Dicu

Abstract

In this paper we intend to establish several properties for the
Fuler totient denoted ¢. This totient provides us with a series of
arithmetic inequalities in relation with the functions 7 and o respec-
tively, where 7(m) is the number of natural divisors of m, and o(m)

is the sum of natural divisors of m.
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1 Introduction

Let m be a natural number, m > 1. We note with ¢(m) the number of

positive integers less than or equal to m that are coprime to m. Hence
o(m) = card{k|(k,m) =1,k < m}.

The function ¢ so defined is the totient function. The totient is usually
called the Euler totient or Euler’s totient. It follows from the definition
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that ¢(1) = 1 and ¢(p*) = (p — 1)p*~! when p is a prime number and
k € N*, also, ¢(2Ft) = 2*71o(t), when ¢ is odd number.

Remark several properties of these functions, found in some books: [3],
5], (1], [12], [15].

In paper [7], Gauss proved the equality

(1) > p(d) =m.

d/m

¢ is also a multiplicative function; if (m,n) = 1, then

(2) p(mn) = @(m)p(n).
For m > 1 and m = p{"p5* ... p¢" we have the relation

1 1 1
(3) plm) =m(l="=)(1=—2)... (1= 2-).

2 Properties of Euler’s totient

Proposition 1. The number o(m) is odd if m =1 or m = 2, and even for

every m > 3.

Proof. For m = 1 or m = 2 we have ¢(1) = ¢(2) = 1. If m > 3 and

m = p{'ps? ... po, we obtain

p(m) =pi* > T (= D2 = 1) (o — 1),
and because at least one of the terms py,ps,...prp1 — Lpo—1,...,p, — 1
is even, then ¢(m) is even.

mp(m)
2

Proposition 2. a; +ay + ...+ aym) = , for every m > 2.

Proof. Let m be a natural number, m > 2, and a1 < ay < ... < ay(m),
are the natural numbers less than or equal to m that are coprime to m, so
(a;,m) = Lfor all i € {1,2,...,¢(m)}.
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As (m—a;,m) = 1, we obtain {ai, as, ..., apm)} = {m—ai,m—as,...,
m — Gy }- Hence, because both sets have the same elements, the sum of

either set is the same, so

ar+ag+ ...+ Apm) =M — a1 +M — Qg ..., M — Qy(m),

mp(m)
R

which is equivalent to a; +as + ... + aym) =

Proposition 3. For every m > 3, show that ay + az + ... + Gpum) =
0( mod m).

w(m

Proof. Because a1 + as + ... + apm) = and for every m > 3, ¢(m)

is even, then a; + as + ... + aupm) = 0( od m).
Proposition 4. a; = m — ay(m)—it1, for alli € {1,2,...,p(m)}

Proof. From a; < as < ... < ay(m), we obtain m — aym) < ... <m—ay <
m — ay, hence, we deduce that a; = m — a,(m)—it1, for all
ie{l,2,...,0(m)}.

Remark. Because (a;,m) =1 and a; < m, for alli € {1,2,...,¢o(m)}, we
deduce that a; = 1 and ay@,) =m — 1.

Proposition 5. For every m > 3, show that ay < as < ... < @ pim ) <%

<
Apom) g < Qgim) o < oo < Ayp(m) (without equality in both pazrs) or m— a; >
2 2
m—a2>...>m—aM2m awm LM = Qpim) o > > T ()
2 2
(without equality in both parts).

Proof. We may suppose by absurd that ptm) < F and ax m>+1 %, then
2(m) + o elm) < m, but awm +a, olm) g = m so we find a contradiction;

hence for every m > 3, we obtaln < ap <...< a@(m) <g< a¢<m)+1 <

pm) y < - < Ag(m) (without equality in both parts )

Proposition 6. For every m > 3, we obtain

aias . .. a¢<2m> = (—1) 2 CL¢(2m)+1 LONTEEE
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Proof. From Proposition 4 we have a; = m — ap@m)—it1, for all i €
{1,2,...,p(m)}, hence a; = —ay(m)—it1( mod m), foralli € {1,2,..., @},
e(m)
consequently aqas . . g = (—1)¢2 Upim) | Qptm) -+ Ap(m)( mod m).
(m) : —
Remark. If #5* is even, then aias . . . Upn) = Qgtm) 41 0pm) g - - Ap(m)( mod m),
and if @ is odd, then ajas, . .. @ p(m) = —pm) 1 Gem) - Ap(m)( mod m).
Proposition 7. For every m > 3, we have
m2 m
a%—}—a%+...+ai(m)+. A 2(a1ap(m) Fa10p(0m) -1+ - .+a@ -a@H) = +().
Proof.From Proposition 4 we have a; = m—ag(m)—it1, foralli € {1,2,...,¢(m)},

SO Gu(m)—it1 = M — a;, for all i € {1,2,...,¢(m)}, hence 2(a1a,0m) +
e(m)

(m)
: 2m)+1) = ;ai%(m)iﬂ = Zai(m —a;) =

a10p(m)—1 + o Qom) Gy
=1

p(m) ©(m)
m Z a; — Z a7, but ay + az + ... + Apim) = %(m), therefore a? + a3 +
i—1 i—1
m?p(m)

o+ ai(m) + ...+ 2(a1a¢(m) —+ A1Qp(m)—1 + ...+ ago(;n) . a@+l) = 5

Proposition 8. For every i € {1,2,...,p(m)}, we have the inequality

2
m
Ailp(m)—it1 = -

Proof. It is easy to see that (% —a;)(% —ap@m)—i+1) < 0, which is equivalent
2
to T — B(a; + apim)—ir1) + Qilpm)—iv1 < 0, but a; + appmy—i;1 = M,

2
consequently a;apm)—iy1 < 7

m2p(m)
2

Proposition 9. a? + a3 + ... + CL?o(m) =

Proof. Form Proposition 7 and Proposition 8 we have clearly Proposition

9, because we have the equality 2(a1ap(m)+010pm)—1+- - .40 owm) -amﬂ) =
2 2

(m

)
A;Qp(m)—i4-1-
i=1
Remark. Let dy,ds ..., dy be all the divisors of m(d; = 1,d, = m).

As (a;,m) = 1, the numbers dy, d3 . .., dy, belong to the set {1,2,...,m}\
{ai,a,... ,apmm}, but dy = 1,dy = m, and 1 < dp,ds...,dj—1 < ', hence

max{a@, dr—1} < 3.
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m24+10m+8

Proposition 10. a; +as + ... + aym) + o(m) < S
2

Proof. We remark that maz{aewm) ,dr—1} < % therefore
2

m
a1+a2+...+aw(m)+d2+d3+...+dk,1§1+2+...+[§].
2

SO
1.m., . m 1 m. m m2 + 2m
G om —-m—1< =|=|(|[=|+]) < = (= )(=+1) = —,
itart. . g ro(m)-m—1 < S[ZI(EH) < 5() G+ = T
which infers

m? 4+ 10m + 8

a1+ as+ ...+ apem +0(m) < 3
2

Proposition 11. m? + m + 2 > mp(m) + 20(m)

Proof. Because a1 +as+...+apwm) +do+ds+...+dp < 14+24...4+m, and
2

form the relations a;+as+. . . 4-au(m) = %(m) and dy+ds+...+dp = o(m)—
1, we obtain %(m) +o(m)—1< w,so m? +m+2 > me(m) + 20(m)

7(m)

Proposition 12. ajay...agpm) <m~ 2 -ml
Proof. We remark the inequality
aiay...apemydidy ... dp <1-2-...-m=ml,

7(m)

but dldzdk:m 2

, which infers ajay ... apmm) <m!-m™"2.

oy _rm=2 M
Proposition 13. ajay...aewm <m~ "2 - [=].
2

2
Proof. it is easy to see that
m m
alaz...amdzdg...dk_l S 1-2-...- [—] = [—]',
2 2 2
but didy...d, = mT(zm), SO dads . ..dp_1 = mT(mz)_z, hence the inequality

_1(m)-2 m
becomes ajas ... Qpm <m~ 2 - [3]'
2

Proposition 14. m + 7(m) < a(m) + 1, for all m > 2.

Proof. From Gauss’s Theorem, ng(d) =m, and, as p(m) < m — 1, for
d/m
all m > 2, we get m = ng(d) = o(dy) +@(da) +p(ds) +...+(dp) <1+
d/m
do—14ds—1+...+dp—1 = o(m)—71(m)+1, therefore m < o(m)—7(m)+1.
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