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Concerning the Euler totient 1

Nicuşor Minculete and Petrică Dicu

Abstract

In this paper we intend to establish several properties for the

Euler totient denoted ϕ. This totient provides us with a series of

arithmetic inequalities in relation with the functions τ and σ respec-

tively, where τ(m) is the number of natural divisors of m, and σ(m)

is the sum of natural divisors of m.
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1 Introduction

Let m be a natural number, m ≥ 1. We note with ϕ(m) the number of

positive integers less than or equal to m that are coprime to m. Hence

ϕ(m) = card{k|(k,m) = 1, k ≤ m}.

The function ϕ so defined is the totient function. The totient is usually

called the Euler totient or Euler’s totient. It follows from the definition
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that ϕ(1) = 1 and ϕ(pk) = (p − 1)pk−1 when p is a prime number and

k ∈ N
∗, also, ϕ(2kt) = 2k−1ϕ(t), when t is odd number.

Remark several properties of these functions, found in some books: [3],

[5], [11], [12], [15].

In paper [7], Gauss proved the equality

(1)
∑

d/m

ϕ(d) = m.

ϕ is also a multiplicative function; if (m,n) = 1, then

(2) ϕ(mn) = ϕ(m)ϕ(n).

For m > 1 and m = pα1
1 pα2

2 . . . pαr

r we have the relation

(3) ϕ(m) = m(1 −
1

p1

)(1 −
1

p2

) . . . (1 −
1

pr

).

2 Properties of Euler’s totient

Proposition 1. The number ϕ(m) is odd if m = 1 or m = 2, and even for

every m ≥ 3.

Proof. For m = 1 or m = 2 we have ϕ(1) = ϕ(2) = 1. If m ≥ 3 and

m = pα1
1 pα2

2 . . . pαr

r , we obtain

ϕ(m) = pα1−1
1 pα2−1

2 . . . pαr−1
r (p1 − 1)(p2 − 1) . . . (pr − 1),

and because at least one of the terms p1, p2, . . . pr, p1 − 1, p2 − 1, . . . , pr − 1

is even, then ϕ(m) is even.

Proposition 2. a1 + a2 + . . . + aϕ(m) = mϕ(m)
2

, for every m ≥ 2.

Proof. Let m be a natural number, m ≥ 2, and a1 < a2 < . . . < aϕ(m),

are the natural numbers less than or equal to m that are coprime to m, so

(ai,m) = 1,for all i ∈ {1, 2, . . . , ϕ(m)}.
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As (m−ai,m) = 1, we obtain {a1, a2, . . . , aϕ(m)} = {m−a1,m−a2, . . . ,

m − aϕ(m)}. Hence, because both sets have the same elements, the sum of

either set is the same, so

a1 + a2 + . . . + aϕ(m) = m − a1 + m − a2, . . . ,m − aϕ(m),

which is equivalent to a1 + a2 + . . . + aϕ(m) = mϕ(m)
2

.

Proposition 3. For every m ≥ 3, show that a1 + a2 + . . . + aϕ(m) ≡

0( mod m).

Proof. Because a1 + a2 + . . . + aϕ(m) = mϕ(m)
2

and for every m ≥ 3, ϕ(m)

is even, then a1 + a2 + . . . + aϕ(m) ≡ 0( mod m).

Proposition 4. ai = m − aϕ(m)−i+1, for all i ∈ {1, 2, . . . , ϕ(m)}

Proof. From a1 < a2 < . . . < aϕ(m), we obtain m− aϕ(m) < . . . < m− a2 <

m − a1, hence, we deduce that ai = m − aϕ(m)−i+1, for all

i ∈ {1, 2, . . . , ϕ(m)}.

Remark. Because (ai,m) = 1 and ai < m, for all i ∈ {1, 2, . . . , ϕ(m)}, we

deduce that a1 = 1 and aϕ(m) = m − 1.

Proposition 5. For every m ≥ 3, show that a1 < a2 < . . . < aϕ(m)
2

≤ m
2
≤

aϕ(m)
2

+1
< aϕ(m)

2
+2

< . . . < aϕ(m) (without equality in both pairs) or m−a1 >

m − a2 > . . . > m − aϕ(m)
2

≥ m − aϕ(m)
2

+1
> m − aϕ(m)

2
+2

> . . . > m − aϕ(m)

(without equality in both parts).

Proof. We may suppose by absurd that aϕ(m)
2

≤ m
2

and aϕ(m)
2

+1
< m

2
, then

aϕ(m)
2

+ aϕ(m)
2

+1
< m, but aϕ(m)

2

+ aϕ(m)
2

+1
= m, so we find a contradiction;

hence, for every m ≥ 3, we obtain a1 < a2 < . . . < aϕ(m)
2

≤ m
2
≤ aϕ(m)

2
+1

<

aϕ(m)
2

+2
< . . . < aϕ(m) (without equality in both parts ).

Proposition 6. For every m ≥ 3, we obtain

a1a2 . . . aϕ(m)
2

≡ (−1)
ϕ(m)

2 aϕ(m)
2

+1
aϕ(m)

2
+2

. . . aϕ(m)( mod m).
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Proof. From Proposition 4 we have ai = m − aϕ(m)−i+1, for all i ∈

{1, 2, . . . , ϕ(m)}, hence ai ≡ −aϕ(m)−i+1( mod m), for all i ∈ {1, 2, . . . , ϕ(m)
2

},

consequently a1a2 . . . aϕ(m)
2

≡ (−1)
ϕ(m)

2 aϕ(m)
2

+1
aϕ(m)

2
+2

. . . aϕ(m)( mod m).

Remark. If ϕ(m)
2

is even, then a1a2 . . . aϕ(m)
2

≡ aϕ(m)
2

+1
aϕ(m)

2
+2

. . . aϕ(m)( mod m),

and if ϕ(m)
2

is odd, then a1a2 . . . aϕ(m)
2

≡ −aϕ(m)
2

+1
aϕ(m)

2
+2

. . . aϕ(m)( mod m).

Proposition 7. For every m ≥ 3, we have

a2
1+a2

2+...+a2
ϕ(m)+. . .+2(a1aϕ(m)+a1aϕ(m)−1+. . .+aϕ(m)

2

·aϕ(m)
2

+1
) = m2ϕ(m)

2
.

Proof.From Proposition 4 we have ai = m−aϕ(m)−i+1, for all i ∈ {1, 2, . . . , ϕ(m)},

so aϕ(m)−i+1 = m − ai, for all i ∈ {1, 2, . . . , ϕ(m)}, hence 2(a1aϕ(m) +

a1aϕ(m)−1 + . . . + aϕ(m)
2

· aϕ(m)
2

+1
) =

ϕ(m)∑

i=1

aiaϕ(m)−i+1 =

ϕ(m)∑

i=1

ai(m − ai) =

m

ϕ(m)∑

i=1

ai −

ϕ(m)∑

i=1

a2
i , but a1 + a2 + . . . + aϕ(m) = mϕ(m)

2
, therefore a2

1 + a2
2 +

... + a2
ϕ(m) + . . . + 2(a1aϕ(m) + a1aϕ(m)−1 + . . . + aϕ(m)

2

· aϕ(m)
2

+1
) = m2ϕ(m)

2
.

Proposition 8. For every i ∈ {1, 2, . . . , ϕ(m)}, we have the inequality

aiaϕ(m)−i+1 ≤
m2

4
.

Proof. It is easy to see that (m
2
−ai)(

m
2
−aϕ(m)−i+1) ≤ 0, which is equivalent

to m2

4
− m

2
(ai + aϕ(m)−i+1) + aiaϕ(m)−i+1 ≤ 0, but ai + aϕ(m)−i+1 = m,

consequently aiaϕ(m)−i+1 ≤
m2

4
.

Proposition 9. a2
1 + a2

2 + ... + a2
ϕ(m) ≥

m2ϕ(m)
2

.

Proof. Form Proposition 7 and Proposition 8 we have clearly Proposition

9, because we have the equality 2(a1aϕ(m)+a1aϕ(m)−1+. . .+aϕ(m)
2

·aϕ(m)
2

+1
) =

ϕ(m)∑

i=1

aiaϕ(m)−i+1.

Remark. Let d1, d2 . . . , dk be all the divisors of m(d1 = 1, dk = m).

As (ai,m) = 1, the numbers d2, d3 . . . , dk belong to the set {1, 2, . . . ,m}\

{a1, a2, . . . , aϕ(m)}, but d1 = 1, dk = m, and 1 < d2, d3 . . . , dk−1 ≤ m
2
, hence

max{aϕ(m)
2

, dk−1} ≤ m
2
.



Concerning the Euler totient 97

Proposition 10. a1 + a2 + . . . + aϕ(m)
2

+ σ(m) ≤ m2+10m+8
8

.

Proof. We remark that max{aϕ(m)
2

, dk−1} ≤ m
2
,therefore

a1 + a2 + . . . + aϕ(m)
2

+ d2 + d3 + . . . + dk−1 ≤ 1 + 2 + . . . + [
m

2
].

so

a1+a2+. . .+aϕ(m)
2

+σ(m)−m−1 ≤
1

2
[
m

2
]([

m

2
]+1) ≤

1

2
(
m

2
)(

m

2
+1) =

m2 + 2m

8
,

which infers

a1 + a2 + . . . + aϕ(m)
2

+ σ(m) ≤
m2 + 10m + 8

8
.

Proposition 11. m2 + m + 2 ≥ mϕ(m) + 2σ(m)

Proof. Because a1+a2+ . . .+aϕ(m)
2

+d2+d3+ . . .+dk ≤ 1+2+ . . .+m, and

form the relations a1+a2+. . .+aϕ(m) = mϕ(m)
2

and d2+d3+. . .+dk = σ(m)−

1, we obtain mϕ(m)
2

+ σ(m)− 1 ≤ m(m+1)
2

,so m2 + m + 2 ≥ mϕ(m) + 2σ(m)

Proposition 12. a1a2 . . . aϕ(m) ≤ m−
τ(m)

2 · m!.

Proof. We remark the inequality

a1a2 . . . aϕ(m)d1d2 . . . dk ≤ 1 · 2 · . . . · m = m!,

but d1d2 . . . dk = m
τ(m)

2 , which infers a1a2 . . . aϕ(m) ≤ m! · m−
τ(m)

2 .

Proposition 13. a1a2 . . . aϕ(m)
2

≤ m−
τ(m)−2

2 · [
m

2
]!.

Proof. it is easy to see that

a1a2 . . . aϕ(m)
2

d2d3 . . . dk−1 ≤ 1 · 2 · . . . · [
m

2
] = [

m

2
]!,

but d1d2 . . . dk = m
τ(m)

2 , so d2d3 . . . dk−1 = m
τ(m)−2

2 , hence the inequality

becomes a1a2 . . . aϕ(m)
2

≤ m−
τ(m)−2

2 · [
m

2
]!.

Proposition 14. m + τ(m) ≤ σ(m) + 1, for all m ≥ 2.

Proof. From Gauss’s Theorem,
∑

d/m

ϕ(d) = m, and, as ϕ(m) ≤ m − 1, for

all m ≥ 2, we get m =
∑

d/m

ϕ(d) = ϕ(d1)+ϕ(d2)+ϕ(d3)+ . . .+ϕ(dk) ≤ 1+

d2−1+d3−1+. . .+dk−1 = σ(m)−τ(m)+1, therefore m ≤ σ(m)−τ(m)+1.
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matematică ale elevilor, Editura Scrisul Românesc, Craiova, 1983.
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[16] Şandor, J., Geometric Theorems, Diophantine Equations and Arith-

metic Functions, American Research Press, Rehoboth, 2002.

[17] Sierpinski, W., Elementary Theory of Numbers, Warazawa, 1964.

[18] http://www.mathworld.wolfram.com.

[19] http://www.nationmaster.com/encyclopedia
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