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About a class of linear positive operators!

Ovidiu T. Pop and Mircea D. Farcas

Abstract

In this paper we construct a class of linear positive operators
(Lym)m>1 with the help of some nodes. We study the convergence
and we demonstrate the Voronovskaja-type theorem for them. By
particularization, we obtain some known operators.
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1 Introduction

In this section, we recall some notions and operators which we will use in

this article.
Let N be the set of positive integers and Ny = NU {0}. For m € N, let

Pm.k(x) the fundamental polynomials of Bernstein, defined as follows

(L pmal) =)ot = o
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for any « € [0, 1] and any k € {0,1,...,m} (see [5] or [21]). For the following
construction see [15]. Define the natural number mq by

_— { max{1,—[4}, if BeR\Z

(1.2)
max{1l,1— g}, if Be€Z.

For the real number 3, we have that
(1.3) m+ B> s
for any natural number m, m > mg, where

max {1+ 3,{8}}, if BeR\Z

(1.4) Yo =mo+ 3= { max{1 + 3,1}, it 5.

For the real numbers «, 3, a > 0, we note

1, if a<p

(1.5) pleh) = o —
1+ 5, if a>p.
Vs

For the real numbers o and 3, o > 0, we have that 1 < p(®% and

kE+ o«
1.6 0 < < (047/6)
(1.6) T m+8 " a
for any natural number m, m > my and for any k£ € {0,1,...,m}.

For the real numbers a and 3, a > 0, mo and p(®% defined by (1.2)-
(1.6), let the operators P\ C([0, p?]) — C([0,1]), defined for any
function f € C([0, u*?]) by

7) (P 1)) = Y ool (2,

for any natural number m,m > mq and for any = € [0,1]. These opera-
tors are named Stancu operators, introduced and studied in 1969 by D. D.
Stancu in the paper [20]. In [20], the domain of definition of the Stancu op-
erators is C'([0, 1]) and the numbers o and 3 verify the condition 0 < o < f3.
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Remark 1.1. For a = = 0 we obtain the Bernstein operators.

Remark 1.2. For a =0, p € Ny and choosing m by m+p and p by m — p,
we obtain the Schurer operators.

In 1980, G. Bleimann, P. L. Butzer and L. Hahn introduced in [4] a se-
quence of linear positive operators (L, )m>1, Lm : Cr([0,00)) — Cp([0,0)),
defined for any function f € Cp([0,00)) by

19 = g o (1) ().

for any = € [0,00) and any m € N, where Cg(]0,00)) = {f| f:[0,00) — R,
f bounded and continuous on [0, 00)}.

For m € N consider the operators S,, : Cs ([0,00)) — C ([0, 00)) defined
for any function f € Cy ([0, 00)) by

> mx k
(1.9 ($.1) () = e 3 L (ﬁ) ,

m
k=0

for any x € [0, 00), where Cy ([0, 00)) = {f € C([0,00)) : lim /()

exists
z—oco | + 22

and is finite }

The operators (5,,),,~, are named Mirakjan-Favard-Szész operators and
were introduced in 1941 by G. M. Mirakjan in [11].

They were intensively studied by J. Favard in 1944 in [8] and O. Szész
in 1950 in [22).

Let for m € N the operators V,,, : Cs ([0,00)) — C (]0,00)) be defined
for any function f € Cs ([0, 00)) by

1) =0 > (MY () (),

k=0

for any = € [0, 00).
The operators (V},),,>, are named Baskakov operators and they were
introduced in 1957 by V. A. Baskakov in [2].
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W. Meyer-Konig and K. Zeller have introduced in [10] a sequence of
linear and positive operators. After a slight adjustment given by E. W. Ch-
eney and A. Sharma in [6], these operators take the form Z,, : B([0,1)) —
C'(]0,1)), defined for any function f € B([0,1)) by

a G =Y (" e (),

k=0

for any m € N and for any = € [0, 1).
These operators are named the Meyer-Konig and Zeller operators.
Observe that 7, : C (]0,1]) — C ([0, 1]), m € N.
In the paper [9], M. Ismail and C. P. May consider the operators (R, )m>1-
For m € N, R, : C([0,00)) — C([0,00)) is defined for any function
f € C([0,50)) by

ma > ]{5 F kx k’
(1.12)  (Ruf)(z ’TZ m+ <1ix) elﬂf(g>

for any = € [0, 00).

We consider I C R, I an interval and we shall use the following functions
sets: E(I), F(I) which are subsets of the set of real functions defined on
I, B(I) = {f|f:1— R, fbounded on I}, C(I) = {f|f:1 - R, f
continuous on I} and Cp(I) = B(I) N C(I). For any = € I, consider the
function ¢, : I — R defined by ¢, (t) =t — z, for any ¢t € I.

2 Preliminaries

The following construction is about the idea from [15]. Let I,J be real
intervals with IN.J # () and p,, = m for any m € N (the finite case) or p,, =
oo for any m € N (the infinite case). For any m €N and k€ {0, 1, ..., p,,} NNy,
consider the nodes z,,;, € I and the functions ¢, : J — R with the
property that ¢, ,(z) > 0, for any x € J. We suppose that for any compact
K C INJ there exists the sequence (ty,(K))m>1, depending on K such that

(2.1) lim u,(K)=0

m—00
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uniformly on K and

(2.2) < um(K)

Pm
Z Pm,k (:E) -1
k=0

for any x € K, any m € N and we note u(K) = sup{u,,(K) : m € K}.

Pm
Remark 2.1. From (2.1) it result that lim ngmk(x) =1, foranyz € J.

m—0o0

k=0
Let a fixed function w : I — (0, 00), called the weight function and the
set functions

(2.3) Ey,(I)={f|f : I — R such that wf is bounded on I}.

For f € E,,(I) there exists a positive constant M(f), depending on f, such
that w(z)|f(x)| < M(f) for any # € I. Then, for m € N and x € J, and
taking in the end (2.2) into account, we have

> i) )| €D i@ oma)] < DY pmale) <
<SP < T 0w,

Pm
from where it results that the sum Z O g () f (@ 1) exists.
k=0
We consider the operators (L,,)m,>1 defined by

Pm

(2.4) (Lnf)(@) =Y (@) f (@)

for any f € E,(I), z € J and m € N.
Proposition 2.1. The operators (Ly,)m>1 are linear and positive on E,,(I).

Proof. The proof follows immediately.
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3 Main results

In the following, let s be fixed natural number, s even. For any z € I N J
we suppose that ¢! € E,(I), where i € {0,1,...,s+2}. For m € N and
i€{0,1,...,s+ 2} define

Pm

(3.1) (TiLn) () = m*(Lt}) (@) = m' Y (g = )" pmi()

k=0

for any x € I' N J.

Theorem 3.1. Let x € I NJ and we suppose that there exist azro > 0 and
m(s) € N such that % is bounded for any m € N, m > m(s). If
v e R verify v < s+ 2 — g9 and 6 > 0, then

(3.2) nlbl—Igo m? Z (Tmi — ) omr(x) = 0.
|$m,k_$|2§

If for the compact interval K C I N J exist m(s) € N and the constant
ksio(K) € R, depending on K, such that for any m € N, m > m(s) and
r € K we have

(Ts+2Lm> (‘CC)

m&s+2

(3.3) < koK),

then the convergence given in (3.2) is uniform on K.

Proof. We have

S i s S 5 D (s~ ) () <

|wm,k7x‘25 ‘xm,k7x|25
Pm 1
< (@g — ) Ppmu(x) = W(TS+2Lm)(a:),
k=0
SO

(34)  m S (k=) pmp(a) < W%_W(THsz)(x).

\ﬂcm,k*$|25
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but 1 1 (Ts2Lm)()
o s+2Lm )\ T
62mst2— (TsrzLim)(x) = 82mste—asia—7 N s+2
and because 7 < s+2—q;19, We get s+2—ag0—7y > 0. Because (T;ffiﬂ)(x)

is bounded for any m € N, m > m(s), it results that

lim 1 . (TerQLm)(x)

M—00 52m5+27as+27'y ms+2

= 0.
Considering the limit compute above, the fact that s is even and (3.4), we
obtain (3.2).

Remark 3.1. In Theorem 3.1 we choose the smallest asyo and the bigger
v, if they exists.

In the following, we suppose that exists M > 0 such that the inequality

(3.5) S i) < M

holds for any x € J and any m € N.

Theorem 3.2. If f € E,(I) is a s times differentiable function at x € INJ
(if s = 0 we consider that f is continuous on I N J) and we suppose that
erists asyo > 0 and m(s) € N such that (T“ﬁf%

m € N, m > m(s), then for any v which verify

15 bounded for any

(3.6) V< S+ 2 — i

we have

S

(3.7) Hyﬂmmm—ZJﬂ
i=0 ’

If f € Ey(I) is a s times differentiable function on I and for the compact

interval K C INJ exist m(s) € N and the constant kso(K) € R, depending
on K, such that for any m € N, m > m(s) and x € K we have

(TerQLm) (LC)

m&s+2

(T3 L) () O ()| = 0.

(38) S ks+2(K)a

then the convergence given in (3.7) is uniform on K.
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Proof. According to Taylor’s formula for the function f arround x, we have

S

(3.9) 10 =3 = 50w 1 - ayue - )

i=0
where p is a bounded function and %im p(t — ) = 0. Then exists a neigh-

borhood V' = [—a,a] of the point 0 such that for any € > 0, exists §. > 0,
for any h € V with |h| < é,, we have

(3.10) \u(h)| < e.

If we replace t with x,, ; in (3.9), multiply by ¢, x(z) and sum after k, when
ke€{0,1,...,pn}, we obtain

(Lafa) = >3 O m )0+
£ (i — 2V Prap @)l — ) =
k=0
=3 [ Y = Y maa)| 7O
£3 (s = 2 Pmp @il — ),
(me)(l’) - mlil.' (Tsz)<x)f(l) (l‘) = Zm(xm,k - I)Sgom,k(xhi(xm,k - I)
1=0 k=0
and thus
B1) o (L)) - Y (BL) @@ | = (R)(e),
where
312)  (Buf)@) =S Tk — 2 Pma)ismi — 7).
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Consider 6, from (3.10), I, = {0,1,....pn} NN, I,y = {k € Ly : |xim —
x| <o} and Io = {k € I, : |Tpmi — x| > 0cf. Then

pm
(B ) (@)] <07 (@ ke = 2) 0o (@) (@ . — )| =
k=0
=7 Y (g — ) P (@) (@ g — )|+
kGImJ
+m7 Y (T — )P () (e — )|
k‘G]m’Q

and taking (3.10) into account, and considering the fact that p is bounded,
so sup |u(t)| = n, we have
tev

(3.13) (R f)(@)| S m7e Y (2 — 2)° o)+

k‘EImJ

+mn Z (Tmr — ) omi().
kelm,Q

But (2,1 — x)° < (2a)*, so

(314) D (@np — ) mi(r) < (20)° Y pmalz) < (20)° Zm:som,k(l“)-

]CEIm,l kelm,,l

Taking (3.5) and (3.14) into account, we have that

(3.15) m’e Z (Tmk — ) omr(z) <m?(2a)° M.

kelm,l

From (3.6), we have that 7 < s + 2 — a2 and then from Theorem 3.1 we
obtain lim m” Z (Tms — x)°omr(z) = 0, thus for e from (3.10), there

m—o0
kGIm,Q

exists m(e) € N, for any m € N, m > m(e), we have

(3.16) mn Z (Tmr — ) omr(x) < e

ke]m’g
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Choose € = m and there exists m(e) € N, for any m € N,

m > m(e), from (3.13)-(3.16) it results that [(R,.f)(z)] < =, and so

(3.17) lim (R, f)(z) = 0.
From (3.11) and (3.13), (3.7) follows. For the second afirmation from The-
orem 3.2, we apply in the proof above the Theorem 3.1.

For s = 0, respectively s = 2 in Theorem 3.2 we obtain the Corollary
3.1.

Corollary 3.1. If f € E,(I) is a s times differentiable function at x € IN.J

and we suppose that exist azio > 0 and m(s) € N such that Ww

T 1S

bounded for any m € N, m > m(s), then for any v which verify

(3.18) V<542 — g0,

we have

(3.19) T (L ) (&) = (To L) (&) f(2)] = 0
if s =0, and

m—00

1

oz L)@ £ )] =0,

320 fim w0 [(Laf)(o) = (Bl @)f(0) ~ (DL )V o)~

if s =2.

If f € Ey(I) is a s times differentiable function on I and for the compact
K Cc InJ exist m(s) € N and the constant ksi2(K) € R, depending on K
such that for any m € N, m > m(s) and x € K we have

(TerQLm) (LC)

ms+2

(3.21) < ksyo(K),

where s € {0,2}, then the convergences given in (3.19) and (3.20) are
uniform on K.
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Remark 3.2. The relation (3.20) from Corollary 3.1 is a Voronovskaja-
type identity.

Pm
In the following, in every application we have ngmk(:r) = 1, so

(ToLy)(z) = 1 for any z € J, m € N, u,,(K) = Okf(gr any K C INJ
andmeN as =1, a4=2,y=0if s=0and y=11if s = 2.

In the following, by particularization of the sequence z,,,, m € N, k €
{0,1,...,pm} NNy and applying Corollary 3.1, we can obtain convergence
theorems and Voronovskaja-type theorems for the operators from the first
section of this paper. Because every application is a simple substitute in
the Corollary 3.1, we won’t replace anything.

Application 3.1. We study a particular case of the Stancu operators. Let
o =10 and f§ = —35. We obtain I = [0,22], K = J = [0,1] and for any
feC([0,22]), x € [0,1] and m € N

- 2k + 20
p(10,-1/2) _
k=0
where @5 (2) = pmk(z) and @, = 2220k € {0,1,...,m}. We obtain
— — 2
(TP ) () = 22D (T, P02 (2) = m2Amell oDt BHEE for any

m e Nand z € [0,1], ko(K) = 2, ky(K) = 13 (see [19]).

For the Bleimann-Butzer-Hahn operators and for the Meyer-Konig and
Zeller operators we only give the convergence theorems.

Application 3.2. We consider I = J = [0,00), E,(I) = Cgp([0,00)),

w(z) =1 for any z € [0,00), K = [0,b], b > 0, pp, = m, Ty = ﬁ,
Omi(z) = m(’:)mk, m e N, ke {0,1,...,m}, x € [0,00) and in this

case we obtain the Bleimann-Butzer-Hahn operators. We have (11L,,)(z) =
—ma (££)", x € K and ky(K) = 4b(1 + b)? for m > 24(1 + b) (see [17]).

14+x
Application 3.3. If [ = J = [0,1], w(x) = 1 for any = € [0,1], E,(I) =
B([0,1]), K = [0,1], pm = 00, Ty = =7, (o) (@) = ("FF) (1 — )™ 1ak,
m €N, k € Ny, z € [0, 1], we obtain the Meyer-Kénig and Zeller operators
and we have (11 Z,,)(z) =0, m € N, z € [0,1], and ky(K) = 2 (see [16]).
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Application 3.4. If [ = J = [0,00), w(z) = 7 for any = € [0, 00),
Ey(I) = Cy(]0,00)), K = [0,0], b > 0, pp, = 00, Ty = %, Omi(T) =
e*mx%, m €N, k € Ny, z € [0,00), we obtain the Mirakjan-Favard-Szédsz
operators. We have (T15,,)(z) = 0, (15S,,)(z) = mx, m € N, x € [0, 00),

ko(K) = b and ky(K) = 3b* + b (see [16]).

Application 3.5. Let I = J = [0,00), w(x) = ﬁ for any = € [0,00),
E,(I) = Cy([0,00)), K =[0,b], b > 0, p, = 00, Ty = %, Omi(r) = (14
z)~m (" (Hix)k, m €N, k € Ny and z € [0,00). In this case we obtain
the Baskakov operators and we have (T1V,,,)(z) = 0, (T2V,)(x) = mz(1+x),
m e N, z € [0,00), ka(K) = b(1+0b) and ks(K) = 9b* + 100> + 106? + b (see

[16]).

Application 3.6. If ] = J = [0,00), w(z) = 1 for any = € [0,00),
E,(I) = C([0,00)), K = [0,b], b > 0, p, = 00, Ty = %, Omi(T) =
m(%!k)k_l (Hix)k ekaﬁc)z, m €N, k € Ny, x € [0,00), we obtain the Ismail-
May operators. We have (T1R,,,)(z) = 0, (TyR,,)(z) = mz(1 + x)?, m € N,

z € [0,00), ko(K) =1+ b(1 +b)? and ky(K) = 1+ b*(1 + b)* (see [18]).
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