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On some Ostrowski type inequalities!

Bogdan Gavrea, loan Gavrea

Abstract

In this paper we study Ostrowski type inequalities. We generalize

some of the results presented in [1].

2000 Mathematical Subject Classification: 26D15

1 Introduction

Let I be a bounded interval of the real axis and B(I) be the set of all
functions which are bounded on [a, b]. Let A be a positive linear functional
A : B — R such that A(ey) =1, e;(z) =2, Vx € I, i € N.

The following inequality is known as the Griiss inequality for the func-

tional A.
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Theorem 1. Let f, g : I — R be two bounded functions such that my; <
f(x) < My and my < g(x) < My, for all x € I with my, My, ms and Ms

constants. Then the inequality

(My —mq)(Ma — my)

N

(1) |A(fg) — A(f)A(g)] <
holds.
In 1928 Ostrowski proved the following result

Theorem 2. Let f : I — R be continuous on (a,b), whose derivative

f': (a,b) — R is bounded on (a,b), i.e.,

1| £']le := sup |f'(t)] < .

te(a,b)

Then

a+b

1 (e—h)° ,
Z+W] (b= a)llf'[]oo

b
g ! - / f(t)dt‘ <

for all z € (a,b). The constant i is the best.

@) 'f<x> -

S. S. Dragomir and S. Wang, [4], proved the following version of Os-

trowski’s inequality:.

Theorem 3. Let f : I — R be a differentiable mapping in the interior of
I and a, b € Int(I) with a < b. If f' € Ly[a,b] and v < f'(z) < T for all
x € |a,b], then the following inequality holds

® |1 - 52 [ a1 UIE

for all x € [a,b)].
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n [3], S. S. Dragomir proved the following inequality for mappings with

bounded variation.

Theorem 4. Let f: I — R be a mapping of bounded variation. Then, for

all x € [a,b], we have the inequality

/f Hdt — £(z)(b - a)

where \/ f denotes the total variation of f.

a

In 2005, B. G. Pachpatte, [8], established the following inequality

b
x—a;bu\/f,

() < |30-0+

Theorem 5. Let f, g : [a,b] — R be continuous functions on [a,b] and

/

differentiable on (a,b) whose derivatives f', ¢ : (a,b) — R are bounded on

(a,b). Then

0te) g [0 [ o+ 1) [ ot

(5) < %m<muum+v<mwu]( Z@i%‘$>v € fa.b]
Remark. Inequality (5) follows from (2), since

(o) - g |96 /f i+ 160) [ oty
:H«w(ﬂ@—géalf@ﬁ)+ﬂ@(«@—;§—:Q@ﬁﬂ
1
;

|- 2 [ s + 1ot - 2 [ atoar].

In approximation theory it is very useful the so-called least concave majo-
rant of the modulus of continuity. More precisely, we have the following

definition.
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Definition 1. Let f € Cla,b]. If for t € [0,00), the quantity

w(f;t) = sup {[f(z) = f(Y)], [z —yl <1}

1s the usual modulus of continuity, its least concave majorant is given by

1730 = sup { L=+ 1= ol

y—x

,nggtgygb—a}

The following equality is well known

. t 1.
nf, (I = sl + 511 ) = 530530, ¢ 20

geC(I)

In 2000, the authors proved the following result, [6].

Theorem 6. Let f be a continuously differentiable function on |a,b], such

that f(a) = f(b) = 0. Then the inequality
- [ o
—a

(r—aP+ (-2 2 0t
(6) = 8(b—a) w(f 3 (v—a)*+ (b—x))

holds, where x is an arbitrary (but fixed) point in (a,b).

In 2001, Cheng, [2], modified Ostrowski’s inequality by introducing the

functional

1 b
By(f) = 5 [z —a)f(a) + (b = a) f(z) + (b — 2) f(b)] = / f(t)dt
He proved the following result

Theorem 7. Let f : I — R, where I C R is an interval, be a mapping
differentiable in the interior of I and let a, b € Int(I), a < b. If f' is
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integrable and v < f'(t) < T for allt € [a,b] and some constants v, T € R
then
| Bx(f)] <

for all x € [a,b)].

[(z —a)* + (b —2)’] (T =)

Ana Maria Acu and Heiner Gonska, [1], proved the following result:

Theorem 8. If f € C'[a,b], then

(r—a)’ +(b—a)’_ <f,’g'(:c—a)3+(b—m)3).

(M) 1B(f)] < 8 3 (r—a)2+(b—12)?

Remark. The results from Theorems 7 and 8 follow from (6), if we put

instead of f the function
f—L(f,CL,b) (a7b€IJ Cl<b),

where L(f;a,b) is the Lagrange interpolation polynomial of degree one as-
sociated with the function f on the points a and b.

In [5], we proved the following result of Ostrowski type

Theorem 9. Let [ be a continuous function on [a,b] and w : [a,b] — R
be an integrable function on (a,b) such that fabw(s)ds = 1. Then for any

continuous function f, the following inequality

'f<x> -/ " w(s) F(s)ds

= (/: “’(t)dt) Dla,al (f : J. l}gflfé ):Ztt)dt>

a

b N JPw()(t - x)dt
(8) + ( / w(t>dt) Dl 1 (f et )

holds, where x is a fixed point in (a,b).
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The following generalization of Ostrowski’s inequality for arbitrary f €

Cla, b] was given in [1].

Theorem 10. Let L : Cla,b] — Cla,b] be non-zero, linear and bounded,
such that L : C*a,b] — C[a,b] with ||(Lg)'|| < CLl|d'|| for all g € C'la,b].
Then for all f € Cla,b] and z € [a,b], we have

0 o= 525 o <t (o - £ )

In this paper we will generalize the result of Theorem 10.

2 Auxiliary results

Let S be a subspace of C(I), I = [a,b] and A a linear functional defined on

S. The following definition was given by T. Popoviciu, [9].

Definition 2 (2.1). The linear functional A defined on the subspace S which

contains all polynomials, is P, simple (n > —1) if
(i) Alenss) £0

(ii) For every f € S, there exist distinct points ty, ta, ...,tn+2 in [a,b]
such that

(10) A(f) = Alenta) [ty ta,s sty f1,

where[ty, ta, ..., taio; f] is the divided difference of the function f on

the pOZ'TLtS tl, tg, ey tn+2.

In what follows we assume that II C S. The following result was proved

in [6].
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Theorem 11. Let A be a linear functional A : S — R. If A is bounded,
then

(11) Al = inf (Al = gll +[A(9)])

geCH(I)
Corollary 1. Let A be a linear bounded functional A : Cla,b] — R with
‘A(g(k)‘ <C ‘ ‘g(k)H for all g € CWa,b]. Then for all f € Cla,b], we have
C
A < 141K (1,750 00, 0).

For k =1, we obtain

(12) A < ||Al|K <f,H2_j|%’C(I>701(I>) B @a( ;H2—5|’|)'

Let us consider the following functional

Al = Lite) = [ Lot

where L : Cla,b] — Cla,b] is a non-zero linear and bounded operator,

L: C'Ya,b] — C'a,b] with ||(Lg)|| < Cr]|¢|| for all g € C'[a,b]. We have

|IA]] < 2||L][.

Using Ostrowski’s inequality, for all g € C''[a, b], we get

(r—a)’+(b—2)? _(r—a)’+ (-2
(13)  |A(g)] < 2(b— a) = 2(b—a)

From (12) and (13) we obtain the result from Theorem 1.10. The following

2
Cillg'll

result was proved by H. Gonska and R. Kovacheva in [7].

Theorem 12. For f € C[0,1] and 0 < h < % fized, for any e > 0, there

are polynomials p = p(f; h) such that

1f = pll < Jenlfih) +e

S n(fih).

Z
< —
Wl < 5
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3 Main results

Let V be a linear set of real functions defined on [a,b]. We assume that
Cla,b] C V and that every step function defined on [a, b] belongs to V. Let
A be a linear bounded functional, A : V' — R, such that A(ey) = 0.

Lemma 1. For all f € C'|a,b], we have

(14) \AUNS(/WAwm—x»mQwa
{ 0, t<0
where o(t) = :
1, t>0

Proof. Inequality (14) follows from the identity

b
ﬂwzfmwg/au—mf@wx

Remark. For

b
A = 5(@) = 5 [ (o

where z is fixed, (14) is Ostrowski’s inequality.

Theorem 13. For all f € Cla,b], we have

Al (. 20
(15) 4l <180z (1250,

where C' = fab |A(o(- — x)|dz.
Proof. The proof follows from (12) and (14).

Corollary 2. Let f be a continuous function and x be a fized number,

x € (a,b). Then

bia/abf(t)dt‘ S(D(f; (I—a)2+(b—x)2).

10) |- e
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Proof. Inequality (16) follows from (15) for the functional

g o

Corollary 3. Let L : Cla,b] — Cla,b] be a non-zero linear and bounded

A(f) = f()

operator. Then for all f € Cla,b] and x € |a,b] we have

L e =)

Remark. If L : C'a,b] — C'a,b] with ||(Lg)|| < Ci||¢'|| for all g €

C'{a, b], then from (17) and from the representation theorem

AN = it (1 =gl + 140D,

geClia

we obtain Acu and Gonska’s result, [1].

Corollary 4. Let L, be a discretely defined linear operator, L, : Cla,b] —
Cla, b],

Z¢nk xkn

where ¢, € Cla,b], k =0,n, x,x € [a,b] are distinct points. If L,ey = ey,
then

L[| +1. [, 2C(z)
where Cy(x) = [V 7o bni(@)0 (240 — t) — oz — )] dt.

Lemma 2. Let A be a linear bounded functional, A : Cla,b] — R, which has
the degree of exactness k, k > 1. Then for all g € C**1[a, b] the following

inequality holds

(19) ()] < G|
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where

b 0, r<a
Ck(A):/ AC — k| du, (¢ —a)f = =

(r—a), z>a ‘

Proof. The inequality (19) follows from the identity

Fa) =Y I 0 4 [ - O

1!
i=0
Using Lemma 2, we obtain the following result.

Theorem 14. Let A be a linear bounded functional, A : Cla,b] — R, having

its degree of exactness k, k > 1. Then for every continuous function f, we

have
Cr(A
(20) A< 41K (7 i o, e
Remark. In the case when A is a P,—simple functional, inequality (20)
becomes
@) A< A (e cm.emin )
(n+ D![A]l

(see [6]). The reverse is also true, i.e., if inequality (21) holds for all contin-

uous functions f, then A is a P, simple functional.

Corollary 5. Let A be a linear bounded functional, A : Cla,b] — R with

the degree of exactness 1. Then,

C1(4)

(22) A < l1AIIK <f; W,cuwzm) |

Using the result of Gonska and Kovacheva as well as inequality (22), we

obtain
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Theorem 15. Let A be a linear bounded functional A : C[0,1] — R having

its degree of exactness 1. Then

(23) wmgwm@ MW)

1]l

Remark. If A= B,, [a,b] = [0, 1], we get

|mWsm@gﬁﬁwzﬂ,m
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