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Numerical solution of two-dimensional
nonlinear Fredholm integral equations of the

second kind by spline functions

Vasile Carutasu

Abstract

In this paper we shall investigate the numerical solution of two-dimensional
Fredholm integral equation by Galerkin method using as approximating subspace
a special space of spline functions. The estimation of the error as well as the
convergence of the given procedures are studied. Some numerical examples illustrate
the efficiency of the method.

2000 Mathematical Subject Classification: 65R20, 65B05, 45110

1 Introduction

The integral equations provide an important tool for modeling a numerous
phenomena and processes and also for solving boundary value problems
for both ordinary and partial differential equations. Their historical de-
velopment is closely related to the solution of boundary value problems in
potential theory. Progress in the theory of integral equations also had a
great impact on the development of functional analysis. Reciprocally, the
main results of the theory of compact operators have taken the leading
part to the foundation of the existence theory for integral equations of the
second kind. In the last decades there has been much interest in numerical
solutions of integral equations. The Nystrom method and the collocation
method are, probably, the two most important approaches for the nume-
rical solution of these integral equations. But also many other methods
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are known for the approximate solution of the integral equations. For a
comprehensive study of both the theory and the numerical solution of inte-
gral equations we refer to monographs of Hackbusch [7], Athinson [2] and
Baker [4]. Recently, very important results, containing the Galerkin and
iterated Galerkin methods, respectively the iterated collocation method
for linear Fredholm integral equations have been published by Chen and
Xu [5] and Lin, Sloan and Xie [11].Fewer numerical methods are known
for the nonlinear integral equations and especially for several-dimensional
Fredholm integral equations. In this paper we will be concerned to the
Galerkin and iterated Galerkin methods for the two-dimensional nonlinear
Fredholm integral equations of the second kind, using as approximating
subspace a special spline function space. Such methods using the Richard-
son extrapolation of Galerkin solutions have been investigated by Han and
Wang [9].

Let consider the following nonlinear two-dimensional Fredholm integral
equations of the second kind

u(z,y) = //K(m,y,t,s,u(zﬁ,s))dtds+f (z,y),(x,y) € D :=[a,b]x[c,d]

(1)
where K : D x D x#t — R is a continuous nonlinear in v given function,
f D — % is also continuous given function and the two-variable function

u is the unknown function.
Introducing the Uryson integral operator defined by:

mmmw:}jK@%mﬂ@m@

the equation (1) takes the operator form

(2) u=Ku+f
The most used numerical method for (1) are the collocation and Galerkin
methods, as we can see in [1]-[3], [6], [11]-[14].
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In [8], [13] a general theory for solving numerically linear and nonli-
near one-dimensional Fredholm integral equations are given and the error
analysis are also investigated. Also the error expansions for the numerical
solution of one-dimensional linear integral equations have been discussed
by Marchuck and Shaidurov [12] and Baker [4]. McLean [13] and Lin et
al. [11] obtained the asymptotic error expansion for numerical solution
of Fredholm integral equations, including the Nystrom method, iterated
collocation method and iterated Galerkin method. In this paper, following
the idea of Han and Wong [9] we shall consider the two-dimensional equa-
tion (1) by using the two-dimensional polynomial spline functions of degree
(p,q) and interpolatory quadrature formulas to evaluate the integrals oc-
curring in the Galerkin and iterated Galerkin methods. If the step-sizes
are denoted by A and k, the error estimation will be obtained with terms
in A% and k%.

Throughout in this paper we assume that the following conditions are
satisfied:

i Equation (1) has an unique solution v € C"* (D) for a given r € N;
ii (I — Ku) is nonsingular for the solution u;

iii Functions K and f are smooth enough.

2 The Spline-Galerkin method

Let AW and A® denote, respectively the uniform partitions of la, b] and
e, d]:

A(l):a:x0<x1<...<:€M:b,A(2):C:yg<y1<...<yN:d
with:

b—a d—c
A k= (Y1 —y;) = N

These partitions define a grid for D denoted by:

h = (.CZZZ'_H — SCZ) =
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Ay = AL x AG?) ={(Tpm,yn) :0<Mm < M;0<n<N}.

Set

I(gl) = [xo, 71] ,],(nl) = |Tm, Tma1] ,m=1,2,..., M — 1;
IéQ) = [v0, y1] ,LSQ) = 1Y, Yns1] ,n=1,2,.... N — 1.

and let I, , be the two-dimensional rectangles defined by

L = IV x I®m =0,1,...,M —1;

We shall use the following polynomial spline functions finite element
space:

SIS?) (Apn) ={v: 0|1, = Unn € Ppg, 0 <m<M—-1,0<n<N-1}

where P, , denotes the space of real polynomials of degree p in x and
degree ¢ in y. For simplicity, we shall write this spline subspace by Sz(ijl).
The superscript (—1) in the notation of spline finite element space empha-
size that spline spaces Séfql) is not a subspace of C' (D), i.e. the segments
of splines are not continuous connected.

Now, the spline Galerkin method is the following:

Find u"* € S]Sj?q_l such that

(3) (uhk,v) = (Kuhk,v) + (f,v),Yv € S;j?qfl

where (e, ®) denotes the usual inner product in Ly (D).

If P denotes the orthogonal projection of Lo (D) onto Sz()j? 41, then the
spline Galerkin method (3) can be equivalently rewritten: Find
ut e Sjgj?q_l such that

(4) u"™ = PKu" + Pf.
The iterated Galerkin spline solution, @™

Galerkin spline solution u* is given by:

, corresponding to the above
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(5) u" (x,y) = (Ku) (2,y) + f (2,9) , (z,y) € D.

For the iterated Galerkin solution @ it is easy to show that:

(6) (I-KP)u" = f
and that

(7) Pt = .

To give an explicit formula for Pu we denote the inner product in the
real Hilbert space Lo [0, 1] as usual by

1

(u,v) = /u(t)v(t) dt.
0
Let g, ©1, @9, ... be the sequence of orthogonal polynomials associated

with the above inner product, i.e. ¢; is a polynomial of degree ¢ and

Let Ly (t) =1 and

1 d o,
Lith) = oy (¢

the Legendre polynomials of degree 7. Then the orthogonal polynomial

—1)',i>1

p; are related to the Legendre polynomials L; by

i (1) = V20 + 1L (2t — 1).

Now set U, (s) :=+/2j + 1L; (25 — 1).
Defining the piecewise functions

1 T—Toy,
©im (a:) = \/_ESOZ ( h ) EURS [xmaxm—kl]
O’ T < [CL, b] \ [xm7 mm—kl]
1 —In
\Ifjn (y) = TE\P] (y k‘y ) Y € [ynayn-l-l]
0’ T e [67 d] \ [ym ynJrl]
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then the functions

{oim () U ()} (0<i<p—1,0<m<M-1,0<j<qg—1

and 0 <n < N — 1) form an orthogonal basis of the spline space S](;Bq_l.

Therefore

~1 ¢-1 M—1N-1
(8) (Pu) (, (@im W jn; 1) Pim () Wjn (y) -

J m=0 n

2

”B
»Q

I
o
Il
o
Il
o

i
The solution processes for equation (3) leads to an algebraic nonlinear
system in which each coefficient of the system is a definite integral. Because
the integrals occurring in (3) and (5) cannot be obtained in general exactly,
these integrals have to be approximated by suitable quadrature formulas.
When the quadrature formulas are given, the method is called the discrete
spline Galerkin method. We shall introduce such a discrete method.
Let ¢i, ¢a, ..., ¢p—1 be the Gauss knots in the interval ]0, 1].

The following Gauss quadrature formula

1
p—1
) [ ot~ Y wge) = R ()
0 i=0
with 0 < ¢y < ¢; < ... < ¢p—1 < 1is an interpolatory quadrature rule
which is exact for all polynomials of degree 2p — 1, but not exact for any
polynomials of degree 2p or higher.
Let xp; =2y +ch (m=0,1,...M —1;i=0,1,....,p —1).

From (9) we obtain the following composite quadrature rule:

b M—1p-1

(10) / ~ h wzg xzm — Rh( )

m=0 1

’U

I
=

Similarly, if d;, j = 0,1,...¢ — 1 are the Gauss points in |0, 1], then the

interpolatory quadrature rule
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(11) /g(t)dt ~ k ‘ W;g (Ynj) = Sk (9)

where v, j =y, +d;jk,n=20,1,..,.N—-1,7=0,1,...,¢g — 1.
We define a discrete integral operator K by

M-1 —1 g1
((%’hku x y = hk wzij LyY, Tmyis Yn,j, U (xm,iayn,j)>'

m=0 n

=
5

|
=
Il
=

) 7=0

Using (10) and (11) we define a discrete semidefinite inner product:

M— —1 p—1 g—1

= hk wzwjf xmuyn])g(xm,hyn,j)afag S O(D)
m=0 n=0 =0 ;=0

>_|

(13)
We introduce now a discrete analog of the orthogonal projection oper-
ator P, denoted by () and defined as follows:
For u € C' (D), define z := Qu to be the unique element in S 1 1 that
satisfies:

(14) (2, @)y, = (1, P
It is clear that @ : C' (D) — Z()j?q_l is a projection operator.

By effective calculating of Qu we obtain:

p—1 ¢g—1 M—1 N-1

(15) (Qu) (z,y) = Z Z Z Pim W jn, u u) Pim (T )qjjn (y) -

1=0 7=0 m=0 n=0
Using now the projection operator (), the discrete Galerkin method for

solving the equation (2) is defined as follows:
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Find 2" € S]gj?qfl such that

(16) ([ — Qth) th = Qf

The iterated discrete spline Galerkin solution z"*

, corresponding to dis-
crete spline Galerkin solution 2™ is given by

(17) 2 (2,y) = (Kmz") (2,9) + f (2,9), (z,y) € D.

For the iterated discrete spline Galerkin solution of (17) we have

thkj — (Qthth + Qg) — th.
Substituting it back in (17) we obtain that z"* satisfies

(18) ([ — Qth) 7 = f.
As a spline approximating solution of the problem (2) we shall consider
hk

the iterated spline Galerkin solution z"".

3 The estimation of the error

First we need the asymptotic error expansion of the discrete orthogonal
projection Qu.

Theorem 1. Let 7 > max (p,q) be an integer and let v € C™ (D).
Then, for any (x,y) € |zm,Tmii] X [Yn,Ynsa[, m = 0,1,.... M — 1,
n=20,1,...., N — 1 we have:

p—lr—p
19y Q)= 5 T ) 8, () o ()

+O (hr—l—l T kr—&-l)

Dy (1) := > wilca) wi (1) (CQM,T) and
« 0 6:0
q—1 qg—1
ds—6)"
U, (r) = U, (dg) 0, (0) L
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Proof. Let (z,y) € |zm, Tmi1] X [Yn, Yns1[- From (13) and recalling the
definitions of ¢y, and ¥;, we have:

(w, QimWin), = W Wi (co) Vj (dg) u (xm + cah, yn + dgk) .
0

Q
I
o
T

Let x = x,, + 7h and y = y,, + 0k, then , using Taylor‘s theorem and
writing it as polynomials in A and k we obtain:

p—1g—1
(i Wiy = 3, 5% waagi () By (d) o+ (e = 7) oy + (= 0) ) =
rTTH W
=> 2 Wk u) (z, y) <Z Wapi (Ca) (CQMT)> '

pn=0v=0 a=0 )
q—1 Y

- (z W, (dg) ) ) +O (4 ).
B=0

Substituting the above expression into (15) we have:

Q) (r.0) = 35 5wk o) (55 ) 28 )

p=0v= a=01
i, (dg—0)"
: qu’j(dﬁ)‘lﬁ(@)ﬁT =

= 3T R (@,9) @, (5522) W, (552) + O (1 4 47)
pu=0v=
and the theorem is proved.
Noting that ¢;, i = 0,1,...,p — 1 are Gauss point in the interval |0, 1],
the quadrature rule (9) is an interpolation quadrature rule and we have:

By (1) = 3 3 i (ca) i (1) LT =
(20) 1p1 T
=Of_:0<pz(€)s0i(f) dé,p <p

But using the Cristoffel-Darboux identity we have
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p—1
ap-1 p(§) Yp1(7T) — p-1(§) p (7
(21) Z@i(ﬁ)%pi(T): p—1 p() P P ) p()
: ap E—T1
where a,, is the leading coefficient of the polynomial ¢,. Because ¢y, 1, ...
are orthogonal polynomials, it is easy to see that ®,(r7) = 0 for
1 <p<p-—1andsimilarly ¥, (1) =0for 1 <ov <qg-—1.

From Theorem 1 we have the following corollary.

Corollary 1. Let r > max (p,q) be an integer and let v € C" (D).
Then, for any (x,y) € |zm,Tmii] X [Yn,Ynsa[, m = 0,1,.... M — 1,
n=20,1,...., N — 1 we have:

Q- Dul@y) = 3 Wt (2,5) @, (252) + 3 k) (2,9) @, (52) +

H=p v=q
+ Tz: TZ h#k“u(u v) (x y) <I) (x—,fm) v, (y_kyn) +0 (hr-i-l + k,r—i—l)
p=p v=q

where @, (7) and U, (0) are defined in Theorem 1.
Lemma 1.Fori=0,1,...,7and j =0,1,...,7—1let V;; € C"*"77 (D)

and let be V (z,y) := )] z_: WKV (z,y) .
i=0 j=0
Then, for any (x,y) € |zm, Tme1] X [Yn, Yns1[, m = 0,1, M — 1,
n=20,1,...,N — 1 holds:

QV (.’L‘, y) = VO,O (.’L’, y) + Z Z hlkjvz,j (.CIZ', Y, - wma Y _]{:yn> + O (hr+1 + kr+1)

where Vo (z,y,1, s) ;=0 for i £ 0 and j # 0 and

Vi (@,9,t,5) = zzv ) (2,y) D, (£) U, (s)

Proof. From Theorem 1 we have for any (x,y) € |Tm, Tmt1| X [Yn, Ynt1]:

QV (x,y) = ZZWJQVW(Q??JHZZW]

1=0j= 1=0 5=

(22) TR oy )
Z Z WECV 5 (2, y) -

.(I)M (:E h:cm) \I]’U (y k;yn) +0 (hrJrl + kr+1)

and writing (22) as polynomials in h and k it follows:
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cwmw=i§wﬂzszvum

1=035=0 p=0v=

0, (562 W0 (52) £ O (01 440,

Now, if Vo (z, y,t s) :=0for i # 0 and j # 0 and
Vi,j(xvy7t78): Z ZV 1, — U(x y)(I) (t)\IJU(S)

pn=0v=
we obtain Lemma 1.

Lemma 2. (Euler-McLaurin summation formula). Let f € C™ (D)
and 7,0 with 0 <7 <1,0<6<1. Then

M-1N-1
Bk S S f (o 7hoy, + 0F) = ;zw (1) B; (6)-
p=0 v= i=0j

[ @), L, O (W R

where B; are Bernoulli polynomials and

@%Qﬂ

d
[f(_L_l) (LE y)]x a,y=c * ff x y dl’dy,

@]ty = f (0od) = f(bye) = f(a,d) + f(a,0).
Lemma 3. Let f € C"" (D). Then we have the following cubature

formula:

M-1N-1p-1g—1

RhSk( )—hk’ Z Z Z szwjf(xmuyn])

m=0 n=0 =0 j=

= Z i ]Zf'] ( )S (B]) . [f(l—l,j—l) (x’y)]zja,y:c +0 (hr—l—l T kr—&-l) .

Now, let come to discuss the error expansing problem. We first consider
linear two-dimensional Fredholm integral equation of the second kind:

(23) u(x,y)://K(x,y,t,s,)u(t,s)dtds+f(x,y),(x,y)ED

which may be written in the operator form as
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(24)  w=Ku+f,(Ku)(x,y) = //K(:U,y,t,s,)u(t, s) dtds.

Theorem 2. Suppose that K € C"™ (D x D), f € C™ (D) and that,
the hypothesis of Lemma 1 are satisfied. Then, for any (z,y) € D we have:

roT=i . it bd
(Kn@V) (0) = 3 5 b {R(B»S(B-) [ K (2,0,1,5,) Voo (1,9)]
i=07=0 =a,s=c
L P9 Bo(eu)Bs(ds
(25) £35Sy, Pl

a=0 =0 p=0v=0
otpB—2 V. '
. [WK (x7y7t78?)vi_a)j_/8 (t7s7 C;“dv):| t=a,s=c +
+O (W1 4 k7).

Proof. According to the definition (12) of Kj; we have:

M-1N-1p-1g-1

gy EmQV)(@y) =ik 2 5 52 3wy, K (@9, T o)

QV (T yn,v)

Using Lemma 1 we find

QV (xm,ua yn,v) = %,0 (l'm,m yn,v) +

3 S WV (@ Yns € o) + O (7L + K7L
i=0j=0

Substituting this expression into (26) and using Lemmas 2 and 3 we
have:
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M-1N-1p-1g-1

(thQV) (377 y) = hk Z Z Z Z wuva (:U7 Ys T yn,v) )

m= O n=0 u=0v=0

r—i —1g-1 M-1N-1
‘/00 (SUm,,u: Yn, v) + Z Z hiki Z z wuwyhk Z Z K (56, Yy Ton s yn,v) .
=0j=0 11=0 v=0 m=0 n=0
e ror—iv
'vl}j (xm,/m Yn,vs Cus dv) + O (hH—l + kr—H) + Z Z h'k’-
i=0 =0
i+ bd
S (B; i
. {R(Bi?j!(BJ) [at?fg;lK (2,9, t,5,) Voo (L, 3)} n
t=a,s=c
1570 S A5 vl M e )
M= 0Ov= a=0 ﬂ 0 a.ﬁ.

bd

' [ataaifgs;—ll( (33, y,t,s, ) vi,j (t, S, Cus dv)} } + O (hr+1 + errl)

t=a,s=c
Writing the above expression as polynomials in A and k& we obtain the
Theorem 2.
Now we choose Vi (x,y) = u* (z,y) (the exact solution of equation (23))
and
Vij (i #0,j #0) to satisfy the following linear Fredholm integral equa-

tions:
b d
(x,y)—ffK z,y,t,8) Vi (t,s)dtds =
bd
RBlSBJ ]
_ K Z_?j( ) [at?fa;l[{(a: y,t,s) Voo (t,s) . S:C+

(27) ’ J op=lal c,)Bg(d,

£35Sy, Pt

a=0 =0 u=0v=

8o¢+,(3 2

' {W K (2,y,t,8) Vieajp (t,5, ¢4y do) —
— (I =sgn(a+p0)) Vij(t, 3))]?262,820.

From Theorem 2 we have:

(28)  Vi(z,y) — (KuQV) (v,y) = f(z,y) + O (A + &)

Theorem 3. Let K € C""1 (D x D), f € C"™ (D) and u* be the
exact solution of (23). Then, for sufficiently large M and N, the difference
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between the iterated discrete spline Galerkin solution z"* and u* can be

written as:

(5] 5]
(29)  FM(a,y) —uw(wy) = Y WP Vaio(a,y) + ) K Vo (y) +

1=p J=q

[5]—a 5]
- Rk Va0j (,y) + O (R + K (2,y) € D

i=p j=p

where V; ; (i # 0, j # 0) satisfy the equation (27).
Proof. Let denote by n (z,y) :== V (x,y) — 2" (z,y) for any (z,y) € D.
Substracting (18) from (28) we get:

(30) (I = K@) (x,y) = O (W + k1)

The operator series Kjp() converge uniformly to K as h — 0 and
k — 0. Because (I — K)™" exists and is uniformly bounded, it follows that
(I — thQ)fl exist and are uniformly bounded for all sufficiently small
value h and k. So we have:

r r—1i

Z" (2,7) Z Z WKV (z,y)+0 (W + k) (z,y) € D

1=0 j5=0

Thus, to complete the proof, it is easily to verify that V;; (z,y) = 0
if 7isodd ori < 2p—1, jis odd or j < 2¢q — 1. Now, coming back to
the two-dimensional nonlinear Fredholm integral equation (1), we choose
Woo (z,y) = u* (x,y) (the exact solution of (1)) and W;; (i # 0, or j # 0)
the functions to satisfy the following linear Fredholm integral equations:
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b d
Wij(x,y) — [ [ Ku(x,y,t,s,u*(t,s))dtds =

N bd
R(B;)S Bj i+j—2
=& i?jl( ! {at?—lasa‘—lK("’U y,t,s, Voo (¢, 3))} +

t=a,s=c
(31) | plad __ Ba(cu)Bgs(d,
+ E § E E ’LUM —N)'ﬁ'ﬁ( )

a=0 [4=0 p=0v=
a+(B—2 JE—
' [8252‘1855—1 (KU (x7 Yy, t,s,u’ (t> S)) ) Wi—a,j—ﬁ (tv S5 Cuy dv) -
b d
o (1 o Sgn (CY + B)) M/ZJ (t7 S) _ E_a,j—ﬂ ('CC7 y7 t? S? g: n))]t:avszc

where Wo (7,9, t, 3) =0fori#0,o0r j#0,
Wii(z,y,t,s) = Z Z W) (zy) - @, (t) U, (s) and

p=0v=0

Fij(x,y,t,8,&m) = 5 5 (&) K (z,y,t,5,u" (t,5)) -

( D> ﬁwan,mt,s,f,m)

a1t ap=i B...0p=j n=1

For the two-dimensional nonlinear Fredholm integral equation (1), si-
milarly to Theorem 3 we obtain the following essential results.

Theorem 4. Let suppose that » > max(p,q) is an integer number,
K € C™ (D x D), f € O™ (D) and u* is the exact solution of (1). If z"*
is the iterated spline discrete Galerkin solution, then for sufficiently large
M and N we have the following error expression:

5] 5]
2 (2,y) = (2,y) = 30 W Waig (2,y) + 30 kK Waa; (z,y) +
1=p J=q
[5]-a 5]
+ > > WPk W9 (z,y) + O (R + k™) (z,y) € D
i=p j=q
where W ; (i # 0 or j # 0) satisfy the equation (31).
From the expression of the error given by the above Theorem, it follows
directly that the iterated spline discrete Galerkin method possesses very
good convergence properties.
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4 Numerical example

Consider the following nonlinear Fredholm integral equation [9]

11
:Ofofﬁ—y(lthJrs) 2 (t, s)dtds+(1++) L
(2,9) € 0,1] % [0,1]
. - . 1
whose exact solution is: u* (z,y) = e

The exact solution u* will be approximated by iterated spline discrete
Galerkin method in the spline space S 1 .1 with p =g =1, i.e. the spline
approximating space Sé’?)l) is the piecewise constant finite element space.

We choose uniform partition with M = N = 1,2,4,8,16,32 and with
h:k:%, Ty + c1hy Yn1 = Yp + dih; (0 <m,n < N —1) with
clzdlzé,wlzwlzl.

Tm1 =

The resulting nonlinear algebraic systems have been solved by a New-

ton method. Denoting by z'* the approx1mat1ng spline solution, by u*

the exact solution, by egv) = max{u (z,9) — 2" (z,9) |: (2,y) € D} the

o0
log, N)

obtained using the Theorem 4 the results contained in the following table:

errors, and by o) := an estimate of a convergence order we have

N eg\?) a0 eg) a() eg) a(2)
1 [6.124 x 1072 | 1.540 | 7.686 x 1073 | 3.133 | 4.250 x 10~* | 4.810
2 12.103 x 1072 | 1.831 | 8.779 x 107* | 3.671 | 1.512 x 10~° | 5.685
41593 %1073 | 1.951|6.910 x 107° | 3.912 | 2.945 x 10~" | 5.868
8 | 1.535 x 1072 | 1.988 | 4.595 x 1076 | 3.981 | 5.06 x 107

16 | 3.87 x 107* | 1.998 | 2.941 x 10~

32| 9.71 x 107°
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