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A improvement of Becker’s condition
of univalence

Mugur Acu

Abstract

Let A be the class of all analytic functions f in the unit disc U = U(0, 1) normed
with the conditions f(0) = 0, f'(0) = 1. In this paper we give a sufficient condition
for univalence which generalize the well known Becker’s criterion of univalence.
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1 Introduction

Let A be the class of functions f, which are analytic in the unit disc
U={z¢cC:|z| <1}, with f(0) =0, f(0)=1.

In this paper we shall find, using the theory of Lowner chains, a sufficient
condition for univalence of a class of functions which generalize Becker’s
univalence criterion.

A function L(z,t), z € U, t > 0 is called a Lowner chain, or a subordi-
nation chain if L(z,t) is analytic and univalent in U for all positive ¢ and,
forall s,t with0 <s <t, L(z,s) < L(z,t) (by ” <7 we denote the relation
of subordination). In addition, L(z,t) must be continuosly differentiable
on [0,00] for all z € U.
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2 Preliminaries

Let 0 <7 <1 and U, the disc of the complex plane {z € C: |z| < r}.

Theorem 2.1 (Pommerenke)([4]). Let ro € (0,1 and let
L(z,t) = a1(t) - z + as(t) - 22 + -+, a1(t) # 0, be analytic in U,, for
all t > 0, locally absolutely continuos in [0, 00) locally uniform with respect
to Uy, . For almost allt > 0 suppose

OL(z,t) O0L(z,t)
(1) G = p(z,t) 5 0 %€ Up,

where p(z,t) is analytic in U and Re p(z,t) > 0,z € U,t > 0. If
la1(t)| — oo fort — oo and {Z(lz(tt))} forms a normal family in U,,, then,
for each t € [0,00), L(z,t) has an analytic and univalent extension to the

whole disc, and is, consequently, a Lowner chain.

Theorem 2.2 (Becker)([1],/2]). If f € A and

<1forallzeU

o el

then f is univalent in U.

3 Main results

Theorem 3.1 Let f,g.h € A and let o, B,y be complexr numbers with
o + 18] + 7[> 0. If

(3) la+ B+ <1
2 N A A C N (O BEAC) .
@ |l (et B+ + (1-12P) ( o T h(2)> <1,z€U

then the function

(5)  Fapn(z) = [(1 fa+B+7)- /O Fou) - g°(u) mww“]m

s analytic and univalent in U.
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Proof. The functions hi(u) = W — 1 g utag w4

ho(u) = %‘) =1+b-utby-u?+---, hz(u) = @ =1+c-utcy-ul4---
are analytic in U and hy(0) = hy(0) = h3(0) = 1. Then, we can choose
ro, 0 <19 <1 so that all these functions do not vanish in U,,. In this case
we denote by h*, h%, k%, the uniform branches of [hy (u)], of [ho(u)]” , and
of [h3(u)]”, respectively, which are analytic in U,, and
hi(0) = h3(0) = h%(0) = 1. Let hy(u) = hi(u) - hi(u) - hi(u) and

—t

(6hs(u) =(1+a+6+7) /Oe ’ hy(u) - u I dy = (e_ﬁz)HOHFﬁJw 4.

It is clear that, if z € U,,, then e 'z € U,,, and, from the analycity of hy
in U,,, we have that hs(z,t) is also analytic in U,, for all ¢ > 0 and:

(7) hs(z, 1) = (e772) T (2, £) where
(8) he(z,t) =1+ ---

If we put

(9) h7(z,t) = he(z,t) + (th — 1) - hy (e_tz)

we have that h;(0,t) = e # 0 for all ¢ > 0. Then, we can choose
r1, 0 <r; <rgso that hy does not vanish in U,, (¢ > 0).

Now, denote by hg(z,t) the uniform branch of [lw(z,t)]m, which is
analytic in U,, and hg(0,t) = emra+77 . It follows that the function

(10) L(z,t) = e 'z - hg(z,1)
is analytic in U,, and L(0,t) = 0 for all £ > 0. It also clear that

et hg(0,t) = eTFat ! Now, we can formally write (using (6), (7), (8),

(9), (10)):

1
et TFatBTy

L(z,t) = [(1 +tatf+y)- / F(w) - 9P () B (w) du + (€2 — 1) etz [ (e7'2) g (e7M2) - hY (e ) =
0
(11)
1—(a+B+y) .
=elF¥@FB+y) "z 4 =a1(t) -2+ .

1—(a+p+7) )
From (3) we have that Re oty > 0 and then:
1—(a+B+7) . . P, 1=(a+6+7)
e TH@+B+) t’ = lim " e ) = 0o .
t—00

tlim la1(t)| = tlim
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L(zt)
al(t)
uniformly bounded in U .

is analytic in U,, for all £ > 0 and then, it follows that {i(lz(t?} is

L(zt)
al(t)

Applying Montel’s theorem, we have that { } forms a normal family

in Ur. Using (9) and (10) we have:

O0L(z,t) 4 [ 1 —a—6-— Ohy(z,t)
0

= - . a+B+y .
(12) —% T llratfiq (a2, 1)) Teesms

- (h7(z,t))1+aiﬁ+w}
Because h7(0,t) = e* # 0, we consider an uniform branch of (hz(z, t))%

which is analytic in U,,, where ry, 0 < 13 < 7 is chosen so that the above-
: : . . —2t-(a+B+7)
mentioned uniform branch, which takes in (0,¢) the value e +e+5%7 " does

not vanish in U,,. It is also clear that 9hi(z1) §g analytic in U,,, and then,

ot
it follows that 8L§f’t) is also. Then L(z,t) is locally absolutely continuous.

Let

.. OL(z,t)

(13) p(z,t) = 8L(:?,Zt)

ot

In order to prove that p(z,t) has an analytic extension with positive real

part in U, for all ¢ > 0, it is sufficient to prove that the function:

p(Z,t) —1
14 t) = —"+F—
is analytic in U for t > 0 and
(15) lw(z,t)| <1

for all z € U and t > 0. Using (14), after simple calculations we obtain:
1
et - hi(e~tz)ha(e"t2)hs(e tz
+(e? —1) - [af'(e*tz)hg(e*tz)hg(e’tz) + B89 (e7t2)hi (e 2)hg(etz) + 'yh,(e’tz)hl(e’tz)hg(e’tz)}
e?t - hy(e~tz)ha(e t2)hs(e~tz)

(16) w(z,t) = [(a+ B+7) hi(e "2)ha(e " 2)hs(e™"2)]

)+

Because hi, hy and hs do not vanish in U,, and are analytic, it follows
that w(z,t) is also analytic in the same disc, for all £ > 0 . Then, w(z,1)
has an analytic extension in U denoted also by w(z,t).
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For t = 0, |w(z,0)| = |a+ B+ <1 from (3). Let now ¢ > 0. In this
case w(z,t) is analytic in U because |e 'z| < e < 1 for all z € U. Then

(17) (w(z,t)] < mazp, = |w(z,t)| = ‘w(ew,t)‘ with 0 real.
To prove (15) it is sufficient that:
(18) ’w(ew,t)‘ <1 forallt>0.

Note u = e~'- €, uw e U. Then |u| = ¢! and from (16) we obtain:

(19) |w(e,t)| =

ul? (@t B4 ) + (1 ful?) - [a“f W) yprol (“’]

fw) 9(u) h(w)

and inequality (18) becomes:

(20) <1.

@ et T R

Because u € U, relation (4) implies (20). Combining (17), (18), (19)
and (20), it follows that |w(z,t)| < 1 for all z € U and ¢ > 0. Applying
Theorem 2.1, we have that L(z,t) is a Lowner chain and, then the function
L(z,0) = F, g~(2), defined by (5), is analytic and univalent in U.

[l (84 ) + (1 [ul?) [a“f (W) | puo (W) uh (“)]

Remark 3.1 From Theorem 3.1, with 3+ ~v = —«a and h = g we have:
If f,g € A and « is a complex number, o # 0, and

for all z € U, then the function

f(2) 9(2)
(22) F(z)= [ [f(“)] du

1 analytic and univalent i U.

(21)

After simple calculations, we have that condition (21) is equivalent to:
1—z) -
(1= 1eP) -

It follows that condition (23) implies the univalence of F'. This is Becker’s
criterion of univalence (see Theorem 2.2). Then Theorem 3.1 is a gener-

<1.

(23)

alization of Becker’s criterion of univalence.

Remark 3.2 [t's easy to see that for v =0 in Theorem 3.1 we obtain the
results from [3].
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4 Some particular cases

Corollary 4.1 If f € A and «,03,7, are complex numbers,
la| + 5] + |y| > 0, satisfying:

(24) |Oz+ﬁ+’y|<1
(25) 22 (et B+ (1= 4?) - |(@+8)- jf(()) - (Zf,((j)) + 1) <1
then the function

z R
(26) Fapr(2)=|(a+B+7v+1): / FEEB @) - uY - [f (w)] du}

0

s analytic and univalent in U.

Proof. Let h(z) = zf (2) € A and g(z) = f(z). By applying Theorem 3.1
we obtain the assertion.

Corollary 4.2 If f € A and «,0,7v, are compler numbers,
| + 8] + || > 0, satisfying:

(27) la+p+7] <1
2 (a 1) e @ NEO
(28) 22 (a+ B+ + (1— =) [ e aRaCER (f,(z) +1> ’§1
then the function
T

(29) Fo,p~(2) =

(atB+y+1)- / @)t [ @) du}
0
15 analytic and univalent tn U.

Proof. Let g(z) = h(z) = zf (z) € A. By applying Theorem 3.1 we obtain
the assertion.

Corollary 4.3 If f € A and c € U satisfying:

)

(30) 702)

<1

2P et (1= [2]) e

then the function

(31) F(z) = |(c+1)- [ fC(u)duy*ll

s analytic and univalent in U.
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Proof. Let g(z) = h(z) = f(z) € A. By applying Theorem 3.1 , with
a + 3+ v = ¢, we obtain the assertion.
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