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On the fine spectra of some averaging
operators

Amelia Bucur

Abstract

The aim of this text is the study of the fine spectra for a class
of Cesaro generalized operators, Rhaly operators, when those are

defined on the spaces [P, p > 1.
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The averaging operators A are determined by relations

inf f(x) < A(f) < sup f(2) |

zeX zeX

VieF={f]|f:X—R} where @ # X CR.
A(f) is the mean of f for the operator A.
For a = (a,) € s, Rhaly operator R, : s — s

(Rof)(n) = an Z f(i), neN,

for every f = (f(n))nen € s = {g = (9(n))nen : g(n) € C}.
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In this case, Rhaly operator R, determines and is determined by an

infinite matrix, lower triangular, noted also with R,:

Qo 0 0
a; ap 0

ag Q2 Q2

An  Gp  Gp Qn

The space s may by replaced with the spaces of sequences P(p > 1);

lp:{fES:Z]f(n)|p<oo}.

The dual of an Rhaly operator R, : [’ — [? is the operator R} : 1?9 — [9,

where ¢ is the conjugated index of p, to which is associated by the infinite

matrix:
ap ap Qo ap,
| 0 @ @ an
(. _ _
0 0 @ an,

n+1
1

(n+1)?

1
For a:( ) € s one obtains the discrete Cesaro operator
neN

and for a = (

) , with z € C, one obtains the z-Cesaro operator.
neN
n
Dn . .
If a, = R with pg > 0, p, > 0 and P, = Zpk, Rhaly operator R, is an
" k=0
example of operator called weighted mean matrices.
G. Leibowitz [2] studies the algebraic - topological structure for the set of
the Rhaly operators, continuity and compactness of these operators, defined
on the spaces [P, p > 1. Also, he investigate the continuity of these operators

when they are defined an the spaces of sequence ¢y and [*°.
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H. C. Rhaly [5] studies the spectrum and point spectrum for R, : I — [°.

In a recent book ”Weighted mean operator”, K. G. Grosse-Erdmann
studies the spectra for weighted mean matrices (in 1998).

In this text I present some results concerning the spectra of
R, : " —I? (p> 1), where:

p(R,,1P) = {\ € C: A — R, is bijective and (A — R,)™! is continuous};

o(Ra, 1) = C\p( Ry I7);

0p(Ra,1P) ={A € C : A — R, is not injective}

0(Ry,1P) = {A € C : Al — R, is injective, is not surjective and
(M = R,)(I7) = I}

0r(Rq,1P) = {\ € C : A — R, is injective, and (A\I — R,)(IP) # I}.

A Rhaly operator R, : [P — [P (p > 1) is correctly defined if the sequence
((n + 1)a,) is bounded and R, is continuous.

Let S = {a, : n € N},

Theorem 1.
a) If (n+ 1)a,) is bounded, then R, € B(I?)for any p > 1 and

[Rall <

b 7 Sup |(n+ 1)a,]|.

b) If lim (n+ 1)a, =0, then R, is compact in [P for any p > 1.

n—oo

c) If lim |(n+ 1)a,| = oo, then R, isn’t continuous, ¥ p > 1.

Proof. In the article [4].
Lemma 1. Let R, be a Rhaly matriz (a € s), C = X — R,, such that
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¢jj 70 V j € N. Then C~! has the entries:

VjeN

Gij =
)\ — aj
Cij:O Vi,jEN, Z<]
e -1
Cij = Cjrj = N lajy, [H()\ - ak)] VreN'; i,7eN, di=j+r.
k=j
(1)
Proof. The method of the mathematical induction is used.
To calculate the entries c;; are used determinants of some matrices lower

triangular with entries of diagonal A — ay, k # j.

Obviously cgy has form .
Supposing that for j € N*, 00;8, Cit, ---, Gi,i—1 have the specified form, can
be prove that entries ¢;110,Cit11, ..., Cit1,; are gived by the specified rela-
tions, too.
The condition ¢;+1,;(A — a;) + ¢it1,i+1(—air1) = 0 implies

Qiy1

C; P = .
TN —a) (A — i)

The condition

Citt,im1( A — ai—1) + cip1,i(—ai) + cipri41(—aip1) = 0 =

s i = @i _ G Gig1 1
A—a;q A—aGi1 A= Qi
[T —ax)
k=i
implies
Ay

Cit+li—1 = ()\ . Cli—l)()‘ — (LZ)()\ — ai—l—l).
From the equality

Cit1im2(A — ai—2) + Ciy1i-1(—ai—1) + civ1i(—ai) + cir1i01(—ai41) =0
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result that

o A _1Qi11
i+1,i—2 ()\ _ ai,g)()\ _ aifl)()\ — ai)()\ — CL¢+1)

+

1 a;it1(A — ai-1) 4
(A= ai—2)(A = ai-1)(A — @) (A = a;11)

aip1(A — a;i—1) (X — a;)

+ e
(A = ai—2)(A = a;i-1) (A — @) (A = a;11)
)\2ai+1
= , too.
(A = ai—2)(A = ai-1) (A — @) (A = ai11)
In the same way are found the expressions for ¢; 11,3, Cit1,i—4, -, Cit11,

Ci4+1,0-
Theorem 2. Consider R, as an operator on P, p > 1, such that

((n+ 1)ay) is bounded. Then,
>1).

Proof. From the hypothesis the sequence (|a,|) is bounded. So, Im;,

keN )\—(lk

(R, 17) C {)\ : max

ms € R, such that: m; < |a,| <ms ¥n € N.
Let A € C* with max

< 1. my is choose such that |A| # |ma.

keN — ag
For ¢ =0,
00 1 i -1 i -1
i—1 1 —2
Z\cm =m+w |ai [H|A—ak| + A2l [H|)\—ak\ 4+t
5=0 k=0 k=1
N T el | A
A%as A— < . .
+A%as] kl_[z’—1| ay| _‘)\’_|m2| vl +— +ot
- T =al  J]IA—axl
k=0 k=1

AP 1 | A2 1

_ 2 1y _ 4. _
A=Tme| " R D=l —al

i
H A — ag| keN

k=i—1

—+

A
A — ag
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So C € B(l?), Vp > 1. Result that for A with the property that
A
‘ <1, X € p(R,, 7).

Theorem 3. Let R, be a Rhaly matriz with a = (a,,) a sequence of real

numbers such that ((n + 1)a,) is bounded. Then, for any p > 1:
o(R,, 1) D {/\ eC: ‘)\ - gsup(n + 1an|| < gsup(n + 1)|an|} Us.

Proof. The sequence (]a,|) being a real sequence can be defined lim sup |a,,|
and liminf |a,|. Is noted with 6 = limsup |a,| and § = liminf |a,|. Then,

obviously that |A —d| < |A|.

1 @y 1
—_ r=1y _ %yl . * .
’CU|7‘)\’ ’a/]+T’j+r - |>\‘2 G a ) reN , =7+

IT1X— al Ir-=

k=j k=j J
jl—a—;\§1<:>yl+ak<a+w)|g1<:>(1+aka)2+azﬁ2g1, where
1
But,

0
‘1—X‘§1@(1+5a)2+5262§1:>

2 2
= dN € N, VnZN:(1+asupai) + 32 (supai) <1

i>n i>n

Results that (14 aay)?+ %2 < 1 Vk € N. Tt is obtained that for i > N,

7 T a
S el = S s a2 £ ),
pard = 1A

where |m4| is a non - null lower limit of sequence (|a,|). So C' & B(I?),

Vp > 1.
If, A\ = an, n € N, det (Al — R,) = 0. Results that in this cases A is

from o(R,, [P).
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Theorem 4. For any Rhaly matrixz with a € s, a, # 0 Vn € N and
((n+ 1)]ay|) is bounded, 0 € fr o(R,, "), p > 1.

Proof. From the theorem of the consistence of the spectre,
(R, ?) # @. Supposing that 0 &€ fr (R, (?), results that 0 € int o(R,, ?)
and o(R,, ") € V(0).

= 3 >0, [—¢,¢] Co(Ry,IP) = ¢ € 0(Ry, 7)), e > 0.

Considering the operator C' = eI — R,, C~! has the entries:

1
Cjj = — VJGN cij:() Vi,jGN, 1<
g Q

. -1

J+r

Cij = Ci—l—r,j = )\Tflajw [H(€ — ak)] VT S N* ) ’L,j S N y 1= j —+ 7.
k=r

It can be choose 1 < ¢ such that max °1 < 1. Then ¢ € p(R,,?)

heN |£1 — ay

(from theorem 2) and for ¢ — 0 it is obtained that 0 > 1, what is false.
= 0¢€ fr o(R,,?).

Theorem 5. Let R, be a Rhaly operator such that the sequence

((n+ 1)ay,) is bounded, with positive numbers. If X\ € o(R,,I?) and X € S,
then A € o.(Rq,[P).

Proof. We must proof that:

a) A — R, is injective

b) (A — R,)(I?) = I? (& A — R is injective)

c) (M — R,)™" isn’t continuous (< A — R} isn’t surjective)
a) A ¢ S implies that Al — R, is injective operator

b) It is proved that the equation (A — R})f = 0 hasn’t solution f € 19,

f non-null
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oo

From (A —a,)f(n) — Z arf(k) =0 Vn € N it is obtained the recur-
k=n+1

rent relation:
2 1) = .
&) fn+1) = 32— f(n)

Results the equalities

)\nJrl
f(n+1)= f(0), n > 1.

AN—an)(A—ap_1)...(A — ap)
Supposing that f(0) # 0 (f(0) =0 = f = 0), it can be written

R U3

‘f(n+1)
fn)

So Z |f(n)]? is divergente, that mean that equation (A — R:)f =0
hasn’t solution f € 19, f #£ 0

c) It will be proof that the operator A\I — R’ isn’t surjective, that mean

the equation (A — R})f = g hasn’t solution f € (9 for any g.

Let f € 9. We consider the equation (Al — R})f =g, f € s. It can be
choose f(0) = f(1) = 0 (this option is good for calculation). We obtained:

Af(n) = g(n) = g(0) = > arf(k) =

(3) fln) =" (9(%) —9(0) — icu:f(@) Vn > 2.

k=1
The equation 3 can be written as a system with the form f = Bg, where
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B has the entries:
oo = —A71 by =0 boe = A1

bn,n—l = _an—l/\_Q n>3

k-1
1+ Z(—l)r ( Z aﬂ&iz---(lir) AWFD] ;

n—k<i1<...<ip<n

1+Z ( > aﬂaig...air> )\’"] :

2<i1<...<ip<n—1

—1
bn,nfk =-A Qp—1

n>k+2 by,=

n > 2.
(4)

o0
It remains to proove that sup Z |brm |? isn’t finite.
n=m
For m =0,

i B = i A9 |1+
n=2 n=2

q

i(_ly < Z ailai2...aiT> AT

2<i1 <....<ir<n—1

For m =1, Y |bu|* = 0.

n=2
For m = 2,
D L e D R D e L N P L
n=m-+2 n=m-+2

q
AT T = (AT ma 1A+

n—m—

m—1
+ Z (—1)T< Z ailaig...air> )\ (r+1)

r=1 m<i <...<tnp<n

q

00 n—m—1
+’)\71‘q| ma|? + Z + Z (-1 ( ’m1’r> A~HD] > ’)\—1‘2+
n=m-+2 r=1 m<i1<...<tp<n
[ee] n—m—1 q
e ol 3 ("3 = o e -
n=m-+?2 r=1

where 0 < |my| < |a,|, for all n.
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From criterion of the ratio,

n—m—1
( (n—m — 1)|m1|r> A0 g

r=1

00 q

>

n=m-+2

is divergente, so sup Z |bm|? isn’t finite. AI — R isn’t surjective implies

n=m

A€ 0c(Rg, 7).

Theorem 6. Let R, be a Rhaly operator with a; # a; for i # j and the
sequence ((n+ 1)ay,) is bounded. If A = a,, n € N* then A € 0,(R,,[?), and
A =ag € 0,(Ry, IP).

Proof. We must proof that:

a) M — R, is injective
b) (A — R,)(l7) # IP.

Let j > 1 arbitrary fixed.
a) It is prove that (\] — R,)f =0, felP= f=0

(AI—RG):o:ianf(k) = (A —a)f(k), n>i

If A\ = aj we obtain:

n—1
aj—an:aan(k) ., n>.
k=0

o [e.e] 1 1 P
So, P < oo a;lf - —] < oo.
o S <o P E[ -1 <
Let m < —1 be a lower limit for the sequence (a,). Then
D Dl P [P TP DY ISR )
a; - — a; — a; — 0.
J p— Ant1 Ay, o ! n—j (0% ! n—=j m
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n—1
If 3a,, = 0, n > j, aj—an:aan(k:)éaj:Oé)\:O, but from
k=0

theorem 4, 0 € 0,(R,, [P), p > 1. So we can calculate in hypothesis that
a, # 0, Vn > j. = the operator A\I — R, isn’t injective.

b) Obviously a;I—R; isn’t injective, so (Al — R,)(I?) = (a;1 — R,)(IP) #
P, V5 € N, what remains for prooving because \ € o,.(R,,[?).

Supposing that A = ag, the operator (A — R,)(eg) = 0, 9 = (1,0,0,...),

is this situation the operator A\l — R, isn’t injective, too = A € 0,(R,, 7).

Theorem 7. Let R, be a Rhaly operator with the property that the se-
quence of its main diagonal elements doesn’t have distinct elements, doesn’t
have an infinity of equal terms, and the sequence ((n+ 1)a,) is bounded. If
A=a,,n €N, then \ € 0,(R,IP).

Proof. The restriction for A implies the fact that aren’t put in discution
the entries null of diagonal.

Let a; # 0 a element that apeares more then two times on diagonal of R,
and k,r € N the biggest, and the smallest integer for which a; = a; = a,.
Then, the equation (A — R,)f = 0 has a solution f € s, f # 0. Remains
to study if the property is true in [P.

Let I = {n > rla,41 = 0}. card {n > r|a,;1} is finite, because in
the principal diagonal of matrix R, isn’t an infinite number of entries equal

between them.

Then,
MNP =" IfmPr+ > 1fn)P,
n=0 n>jnél n>jnel
and
. Q5 P
lim -1 #0,
n—oo an+1

such that f & [P.

So, the operator A\ — R, is injective.
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b) Obviously Al — R} isn’t injective.
¢) The operator a;I — R} isn’t surjective. For n > j, f = Bg, where B

are the entries
b =0 k>n n>j53+1
1 .

bn,nfl = _anfl)\_2 n > ] +2

k-1
1+ Z(_l)r < Z ailaiQ-'-az‘r> )\_(Hl)] ,m>j+3
r=1

n—k<i;<..<ip<n

n—2
(-1)T ( Z (lilaig...CLW) ajT] , n 2 j + 1.
r=1 2<i1 <. <ip<n—1

-1
bn,n—k: = _aj Ap—k

(]

If 7 =0and |my| <las| < |mgy| Vn €N,

[e'e) [e'e) n—2
1 T T
Z |bn, | > Z a_‘ 14 Z (—1) ( Z ailaiZ---air) P
n=j+1 n=j+1'"7 r=1 2<i1 <...<ip<n—1
r impar
00 1 n—2 |m ’r
> — |1+ —1)" :
2 Tl |2 OV 2l
n=j+1 » Tmpar 2<i1 <. <ipr<n—1
1 — |
1, .
> —— |1+ —-1)" -1

— 00(j — 00). So, the operator a;I — R} isn’t surjective.
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