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On a second-order nonlinear differential
subordination I

Gheorghe Oros and Georgia Irina Oros

Abstract

We find conditions on the complex-valued functions A, B,C, D
and F in the unit disc U such that the differential inequality

Re [A(2)2%p"(2) + B(2)2p/(2) + C(2)p*(2) + D(2)p(2) + E(2)] > 0

implies Re p(z) > 0, where p(z) = 1 + pp2" + pup12" ™t + ... is

analytic in U.
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1 Introduction and preliminaries

In [1] chapter IV the authors have analyzed a second-order linear dif-

ferential subordination

A(2)2p"(2) + B(2)2p'(2) + C(2)p(2) + D(2) < h(2),

where A, B, C, D and h are complex-valued functions. A more general ver-

sion of (1) is given by:

A(2)2(2) + B(2)2p'(2) + C(2)p(=) + D(2) € 2,
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where (2 C C.
In this paper we shall extend this problem by considering a second-order

nonlinear differential subordination given by

(3) A(2)2""(2) + B(2)2p'(2) + C(2)p*(2) + D(2)p(2) + E(2) < h(2).
A more general version of (3) is given by:

(4)  A(2)2°"(2) + B(2)2p(2) + C(2)p*(2) + D(2)p(2) + E(2) € Q,

where (2 C C.

Conditions on the complex-valued functions A, B, C, D, ' and h will be
determined so that the differential subordinations given by (3) and (4) will
have dominants and even best dominants.

We let H[U] denote the class of holomorphic functions in the unit disc

U={z€C: |z| <1}
For a € C and n € N* we let
Hla,n] = {f € H[U], f(2) =a+a,2" +a, 2" +..., 2€U}
and
A, ={f €HIU], f(2) =2+ apn1 2" + apy22"? +..., 2€ U}

with .Al - A
We let () denote the class of functions ¢ that are holomorphic and in-
jective in U \ E(q), where

Blo) = {c € au: ma(s) = oo

and furthermore ¢'(¢) # 0 for ¢ € OU \ E(q), where E(q) is called exception
set.
In order to prove the new results we shall use the following:
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Definition. [1, Definition 2.3.a. p. 27] Let 2 be a set in C, ¢ € @ and
n be a positive integer. The class of admissible functions ¥, [(2, ¢], consists
of those functions v : C* x U — C that satisfy the admissibility condition:

(5) Y(r,s,t;2) € Q
whenever r = ¢(¢), s = m({q'((),
Re 2 +1> mRe [Cj((g + 1} :

zeU,(e€edU\ E(q) and m > n.

We write W[, q] as W[, ¢].

In the special case when € is a simply connected domain, Q2 # C, and h
is conformal mapping of U onto §2 we denote this class by ¥, [k, q].

fQ=A={weC: Rew > 0}, ¢q(2) = 11_? q € Q, satisfies
q(U) = A, q(0) =1, E(q) = {1}, the class of admissible functions ¥,[€2, q]
is denoted by ¥, [2, 1] = ¥, {1}, the condition of admissibility (5) becomes

(A4) V(pi, o, p+visz) € Q,

when p,o,u,v € R, 0 < —%(1+p2), c+pu<0,zeU,and n > 1.
Lemma B. [1, Theorem 2.3.i p. 35] Let ¢p € V,,{1}. If p € H[1,n] and

Re [(p(z), zp/(2), 2°p"(2); 2)] > 0

then
Re p(z) > 0.

More general forms of this lemma can be found in [1] p. 35.

In this paper we shall analyze the case when
1
Q=A={weC: Rew >0}, and h(z) =q(z) = 1—_Fz,z€U.
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2 Main results

Theorem. Let n be a positive integer and A(z) = A > 0. Suppose that
the functions B,C, D, E : U — C satisfy

(6{ Re B(z) > ARe [nB(z) +2C(z)] > nA
[Im D(z)]> < Re [nB(z) +2C(z) — nA| - Re [nB(z) — 2E(z) — nA|.

If p € H[1,n] and if
(7)  Re [A2%"(2) + B(2)2p'(2) + C(2)p*(2) + D(2)p(2) + E(2)] > 0

then
Re p(z) >0, zeU.

Proof. We let r = p(z), s = 2p/(2), 2%p"(z) =t, z € U, r,s,t € C. If we
let 1 : C* x U — C be given by

(8) U(r,s,t;2) = At + B(2)s + C(2)r* + D(2)r + E(2),

then the conclusion of the theorem will follow from Lemma B.
For p,o,u,v € R, 0 < —g(l +p%), 0 +p <0and z € U, by using (6)

we obtain
Re ¥(pi, o, p+vi; z) = Re [A(u+vi)+oB(2)+(pi)*C(2)+D(2)pi+ E(2)] =
= Ap+ oRe B(z) — p*Re C(z) — pIm D(z) + Re E(z) <
< —Ao +oRe B(z) — p*Re C(2) — pIm D(z) + Re E(z) <
< —%[Re (nB(2)42C())—n Al —Tm D(z)p—%Re nB(2)—nA—2E(2)] < 0.

Hence, the function ¢ given by (8) verifies the admissibility condition
(A). Since h(0) = %(1,0,0,0) we have that ¢» € ¥, {1}. By using Lemma B
we have that Re p(z) > 0. O

For C(z) = 0 we obtain Theorem 4.1.a [1] p. 188.

If A(z) = A >0, E(z) = —C(2) then we obtain the following:



On a second-order nonlinear differential subordination I 17

Corollary. Let n be a positive integer. Suppose that the functions
B,C,D :U — C satisfy:

{ Re B(z) > A
IIm D(z2)| < Re [nB(z) +2C(z) — nA]

If p € H[1,n| and if
Re {A2°p"(2) + B(2)2p'(2) + C(2)[p*(2) — 1] + D(2)p(2)| > 0
then

Re p(z) >0, zeU.

If A= 0 and C(z) = 0, then Corollary reduces to a particular form of
Corollary 4.1.a.1 [1, p. 189].
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