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ON THE OSCILLATION OF SOLUTIONS OF FIRST ORDER
DIFFERENTIAL EQUATIONS WITH RETARDED
ARGUMENTS

M. K. GRAMMATIKOPOULOS, R. KOPLATADZE, AND I. P. STAVROULAKIS

Abstract. For the differential equation
u'(t) + ) pityulni(t)) =0,
i=1

where p; € Lijpe(Ry; Ry), 7 € C(Ry; Ry), 7(t) < tfort e RT, , liT () =
— 400

+o00 (i =1,...,m), optimal integral conditions for the oscillation of all solu-

tions are established.
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1. INTRODUCTION

Consider the differential equation
u(t)+ > pilt)u(ri(t)) =0, (1.1)
i=1

where p; € Lioe(Ry; Ry), 7 € C(Ry; Ry), 1i(t) < tfort € Ry, 1tlier 7;(t) = 400

(t=1,...,m).

The first systematic study for the oscillation of all solutions of equation (1.1)
for the case of constant coefficients and constant delays was made by Myshkis
[18]. Since then a number of papers have been devoted to this subject. For the
case m=1 the reader is referred to the papers [2-7, 10, 12-14, 16, 18], while for
the case m > 1 to [1, 6, 9, 11, 15, 17]. The difficulties connected with the study
of specific properties of solutions of delay differential equations are emphasized
in the monograph by Hale [8]. In [12] the following statement is proved.

Theorem 1.1. Let m =1,
t

. 1
I%Lnjilof / p1(s)ds > o
T1(t)
Then equation (1.1) is oscillatory.
In the case m > 1 there are some difficulties in finding optimal conditions for
the oscillation of solutions of (1.1). In the present paper we make an attempt
at carrying out in this direction. Several sufficient oscillation conditions for the
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case of several delays are contained in [1, 9, 15, 17]. It is to be pointed out that
the technique used in [17] cannot be applied for equation (1.1).

2. FORMULATION OF THE MAIN RESULTS

Throughout the paper we will assume that p; : Ry — Ry (i = 1,...,m)
are locally integrable functions, 7; : Ry — R, (i = 1,...,m) are continuous
functions, and

pi(t) >0, 7i(t) <t for t € Ry, tli+m 7(t) =400 (i=1,...,m). (2.1)

Let a € Ry. Denote ag = inf {7.(t) : t > a}, 7(t) = min {r;(t) : i = 1,...,m}.

Definition 2.1. A continuous function u : [ag, +00) — R is called a proper
solution of equation (1.1) in [a, 4+00) if it is absolutely continuous in each finite
segment contained in [a,+00) and satisfies (1.1) almost everywhere on [a, +00)
and sup {|u(s)| : s >t} > 0 for t > ay.

Definition 2.2. A proper solution of equation (1.1) is said to be oscillatory
if it has a sequence of zeros tending to infinity; otherwise it is said to be non-
oscillatory.

Definition 2.3. Equation (1.1) is said to be oscillatory if its every proper
solution is oscillatory.

Theorem 2.1. Let condition (2.1) hold, for somei € {1,...,m},

t

I%Lnigof / pi(s)ds > 0, (2.2)
7i(t)
t
limsup/ﬁ(s)ds < 400 (2.3)
t—+o00 o)
and
t
inf lggjgofexp A/}‘)(s)ds
0
oo is)
XZ/pi(s)eXp —A/;‘)(f)df)ds A€ (0,00) p > 1, (2.4)
=13 0
where

p(t) = Zpi(t), o(t) = inf {7.(s) : s >t > 0},

— (2.5)
To(t) =min{r;(t) :i=1,...,m}.

Then equation (1.1) is oscillatory.
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Remark 2.1. Condition (2.3) is not an essential restriction because if for some
ie{l,...,m},
t

lim sup / pi(s)ds > 1,
t——+o0
Ti(t)
then equation (1.1) is oscillatory (see, e.g., [13]).

Theorem 2.2. Let conditions (2.2), (2.3) be fulfilled, p(t) > 0 for sufficiently

large t, and
t

lngrinf / p(s)ds=a; >0 (i=1,...,m). (2.6)

Ti (t)

If, moreover, for some ty € R,
inf d Syrai inf 1§: (t)e** | - X e (0,+00) p > 1 (2.7)
inf ¢ —vraiinf [ — (e | - , +00 : .
A t=to \ p(t) i:lp
then equation (1.1) is oscillatory.

Theorem 2.3. Let conditions (2.2), (2.3), (2.6) be fulfilled, and p(t) > 0 for
sufficiently large t. Let, moreover, for some ty € R,

. 1 & 1
vrtazlttnf (% ;aipi(t)> > o (2.8)

Then equation (1.1) is oscillatory.
Theorem 2.4. If conditions (2.2), (2.3), (2.6) are fulfilled, and

1

min{o; :i=1,...,m} > —, (2.9)
e
then equation (1.1) is oscillatory.
Theorem 2.5. Let 7(t) (i =1,...,m) be nondecreasing,
[ 100 =p®) ] dt < 400 (i =1.m) (2:10)
0
t
lierinf pi(s)ds=0;>0 (i=1,...,m) (2.11)
Ti(t)
and
1 A€ (0 > 1. 2.12
min ; ) (0, +00) (2.12)

Then equation (1.1) is oscillatory.
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Theorem 2.6. Let conditions (2.10), (2.11) hold, and
= 1
> B> = (2.13)
i=1

Then equation (1.1) is oscillatory.

Remark 2.2. It is obvious that Theorem 2.6 coincides with Theorem 1.1 for
the case m = 1.

3. AUXILIARY STATEMENTS

Lemma 3.1. Let p : R, — Ry, be a summable function in every finite
segment, T : R, — R, be a continuous and nondecreasing function, and

tli+m 7(t) = +o0. If, moreover,

t

lgmjnf/p(s)ds >0 (3.1)

7(t)
and u : [ag, +00) — (0,4+00) is a solution of the equation
u'(t) + p(t)u(r(t) =0, (3.2)
then there exists A > 0 such that

t

lim u(t) { exp )\/p(s)ds = 400. (3.3)

t——+00
0

Proof. First we will show that

ur(t) _ -

lim sup < +00

t——+o00 U(t)
By virtue of (3.1) there are ¢ > 0 and ¢, € Ry such that
t
/p(s)ds > ¢ for t > ty.
7(t)
Thus for any t > ¢, there exists t* > ¢ such that

p(s)ds = E, p(s)ds > ¢ (3.5)
¢ : 7(t*) ’

Without loss of generality we can assume that w(7(¢)) > 0 for ¢t > ty. In view
of (3.5) from (3.2) we have
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and
t

et > [ ps)utr(s)ds = Sulro)
T(t*)

The last two inequalities result in u(t) > (c?/4)u(7(t)). This, in view of the
arbitrariness of ¢, means that (3.4) is valid. Thus from (3.2) we get

t

u(t) = u(ty) exp —/p(s)ugz—(s))ds > u(ty) exp —%/p(s)ds ) (3.6)

to to

On the other hand, from (3.1) it obviously follows that

+o0

[ o s

to

Therefore, according to (3.6), there exists A > 0 such that (3.3) is satisfied. O

Lemma 3.2. Let (3.1) be fulfilled, p,q : Ry — R, be summable functions in
every finite segment, 1,7y : R — R, be continuous functions,

lim 7(t) =lim¢ — 4o07y(t) = 400,
fmoo (3.7)
at) > plt), () <T() <t for ¢34
If, moreover, v : [ty, +00) — (0,400) is a solution of the inequality

V'(t) +q(t)v(mo(t) <0, (3-8)
then equation (3.2) has a solution u : [t1,+00) — (0,400) satisfying the condi-
tion

0 <u(t) <wv(t) for t>t, (3.9)
where t1 > tg 1s a sufficiently large number.
Proof. Let v : [tg, +00) — (0,4+00) be a solution of inequality (3.8). By (3.1)
and (3.7) there is t; > o such that v(mo(t)) > 0 for ¢ > ¢; and

t

/p(s)ds >0 for t>t. (3.10)
7(t)
From (3.8) we have

—+00

o(t) > /q(s)v(T(s))ds for t> . (3.11)

t
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Denote t; = inf{7(¢) : t > ¢;} and consider the sequence of functions w; :
[t5,4+00) — [0,400) (1 =1,2,3,...) defined by the following equalities:

ur(t) = o(t) for t>17,

J;foop(s)uil(T(s))ds for t >t

ui(t) = (i=2,3,...). (312

v(t) —wv(ty) +ui(ty) for tf <t <ty

On account of the last inequality of (3.7) and conditions (3.10), (3.11) it is clear
that 0 < w;(t) < w1 (t) < o(t) (1 =2,3,...) for t > ¢;. Thus 0 < u(t) < v(t)
for t > t1, where u(t) = lim; o u;(t). Let us show that u(t) > 0 for t > t;.
Otherwise there is ty > tysuch that w(t) = 0 for ¢ > t, and wu(t) > 0 for
t € [ti,t2). Denote by U the set of points ¢ satisfying 7(t) = to, and put
t. = min U. Evidently t, > to. Therefore, by (3.10) and (3.12), we get

u(ty) = /p(s)u(r(s))ds > / p(s)u(r(s))ds > 0.
to T(t*)

The obtained contradiction proves that u(t) > 0 for ¢ > t;. Consequently we
have 0 < u(t) < wv(t) for t > t;. O

Lemma 3.3. Let condition (2.1) hold, for somei € {1,...,m},
¢

lim inf / pi(s)ds > 0, (3.13)

t—+o00
Ti(t)
and u : [tg, +00) — (0,400) be a positive solution of equation (1.1). Then there
exists X > 0 such that
t

tli+m u(t) exp )\/pi(s)ds = +o00. (3.14)
0

Proof. Tt is obvious that u is a solution of the differential inequality
' (t) + pi()u(r(t)) <0 for t>ty,

where t; > ty is a sufficiently large number. Thus, taking into account (3.13)
and Lemmas 3.1, 3.2, there exists A > 0 such that (3.14) is fulfilled. O

Lemma 3.4. Let ty € Ry, ¢, € C([to, +00); (0,400)), ¢ (t) be non-in-
creasing and

lim ¢(t) = +o0, lgmjnfw(t)@(t) =0,

t—+00
where @(t) = inf {p(s) : s >t > to.} Then there exists an increasing sequence
of points {t.},°5 such that t), T +oo as k T +oo and

—_~—

p(tr) = @(te), V(E)@(t) = V(t)P(te) for to <t <ty
For the proof of Lemma 3.4 see [11, Lemma 7.1].
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4. PROOF OF THE MAIN RESULTS

Proof of Theorem 2.1. Assume the contrary. Let equation (1.1) have a non-
oscillatory proper solution w : [tg, +00) — (0,+00). According to condition
(2.2) and Lemma 3.3, there exists A > 0 such that

t

lim wu(t)exp A/To(s)ds = +o00, (4.1)

t——+o0
0

where the function p(t) is defined by the first equality of (2.5).

Denote by A the set of all A satisfying condition (4.1), and put Ay = inf A.
Since u(t) is non-increasing, in view of (4.1) it is obvious that Ay > 0. By the
definition of Ay and condition (2.4), there exist € > 0 and A* > \q such that

t m 7i(§)
lir_rg?of exp | A /_ Z/ ) exp —A/}_j(s)ds d§
0 =1 0
> (1 +5)e(1+M) : (4.2)
Jim_u(t)exp | X / B(E)dE | = 400, (4.3)

0

liminfexp | (A" —¢) [ p(§)dE | =0, (4.4)

t——+o0

S —

where

— Tim sup / (4.5)

t——+o0

o(t)
Due to (4.3) and (4.4) it is clear that the functions ¢ and ¢ satisfy the conditions
of Lemma 3.4 where
a(t) t
o) = ule®)exp (X [ plods | o) =exp (= [ p)is
0 0

and the function o(t) is defined by the last two equalities of (2.5). Therefore,
by Lemma 3.4, there exists an increasing sequence of points {tk},jj such that

o(tr) exp —e/ﬁ(s)ds) < @(t) exp —E/ﬁ(s)ds for to <t <ty, (4.6)

0 0
o(tk)

o(ty) = u(o(ty)) exp [ A* /ﬁ(s)ds : (4.7)

0
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If we take into account the definition of the function o () (see condition (2.5)),
it becomes clear that

75 (8)
pi(t) = inf {u (1:i(s)) exp ()\* ) }
> inf{ (o(s)) exp ()\*

Thus from (1.1) we get

o\ o\
D
oY
7%
N——
|
H/—/
I
S}
=
I
=
2

u(o(t) = 3 Bt exp ( / m)ds)

X f exp (6/Sf3(€)d£) pi(s) exp ( A" 75)1‘?(6)616)

o(tk) 0

+o00o
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m t s +o0 7i(§)
x> [ ep|e [ pE)ds | d | pi€)exp | =N | D& | dér)dg
S oo froe)efriom o]
m ty 400 7i(s)
= o(tx) Xp | — p(s)d i(s)exp | =A™ [ D(§)dE | ds.
sok;ep 6/p88/psep /p s

[e=]

O'(tk) O'(tk)

By (4.7), for sufficiently large k£ we obtain

m o(t) +o0 7i(s)
e_(HM)EZeXp \* /p(g)dﬁ /pi(s) exp | =\ /ﬁ(g)dﬁ ds <1
=1 0 o(ty) 0

Consequently,

t

m T
iminfexp (A [ 5(©de | 3 [ mits)exo [ <x [ pie)de | as < 000,
i=1 t

t——+o0
0 0

This contradicts inequality (4.2) and the proof of the theorem is complete. [

Proof of Theorem 2.2. It suffices to show that conditions (2.6) and (2.7) imply
inequality (2.4). Indeed, by (2.6) and (2.7) there exist € > 0 and t; > t, such

that
t

/ﬁ(s)ds>ai—sf0rt2t1 (i=1,...,m) (4.8)
Ti(t)
and for any A € (0, 400),

1 m
B(t) > )M = (L4 e)d for t>1y. (4.9)
=1

According to (4.8) and (4.9), for any A € (0, +00) we find

m 7i(8)

exp A/tﬁ(é’)ds gympi(S)eXp —A/ﬁ(ﬁ)df ds

0
t +oom S
> exp (A [p(s)ds | [ Somisere e | [ o6 | ds
0 ;=1 0
t —+o0 S

>MN1+¢e)exp | A [ p(s)ds exp | =\ [ p(&)dE | p(s)ds
[roe) [\
=1+4¢ for t>t.

Therefore condition (2.4) holds and the proof of the theorem is complete. [
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Proof of Theorem 2.3. From (2.8), using the inequality e® > ez, clearly follows
(2.7). This completes the proof. O

Proof of Theorem 2.4. It is enough to show that (2.9) yields (2.4). Indeed,
according to (2.9) there exist t; € R, and € > 0 such that
/ 1
/ﬁ(s)ds >ttt (i=1,...,m).
e

Ti(t)

Thus for any A € (0,400) we have

t Ti(s)

exp A/ﬁ(é‘)ds i?pi(S)exp —A/z‘?(f)df ds

0

t +00 7i(s)
> o (A [p(s)ds | [ oo | -3 [ peie | as
0 ¢ 0
Sel4er
e
Consequently, (2.4) is satisfied. O

Proof of Theorem 2.5. Below we will assume that

t

limsup/pi(s)dsg 1 (i=1,...,m).

t——+o00
7i(t)

Otherwise it is easy to show that (1.1) is oscillatory. Thus, by virtue of (2.10),
condition (2.3) is satisfied. Therefore it is enough to show that inequality (2.4)
holds. Due to (2.11) and (2.12) there exist ¢; € Ry and € € (0, 3;) such that

¢
/pi(s)ds>ﬁi—6 fort >t; (i=1,...,m) (4.10)
7i(t)
and for any A € (0, 400),

™ (BN

> > 1l+e (4.11)

i=1

Put
7i(8)
/ q,(&)d&’ for s >t >t

t

pi(t) — pi(t) = q;(t),n(t,s) = exp —)\Z
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(t=1,...,m) and

t

B(EA) = exp (A 5 )Z / pis exp( 72(5)@) ds

0

According to (4.10), (4.11), for any A € (0,400) we have

W(t, \) = exp (Ai/q&s))ds) exp (Am/pl(s)d5>

0

m T m 7i(8) 7i(8)
X )+ X A xp | —A (€)dg | d
22:1:/ pl e p ( Z / ) exp ( m / P1 ) S

> exp ()\m/tpl(s)ds) /mp1 s) exp (/\m TZ/(S)pl(f)df) n(t, s)ds
— exp (Am/tpl(s)ds) /g;|qi(s)|n(t, s)
X exp (Am/spl(ﬁ)df) exp [ Am /S pi(€)de | ds.

7i(8)

Therefore, if we take into account the condition lim 7(¢,s) = 1, then by (2.3)

t——+o00

and (2.10) we obtain for any A € (0, +00),

¢
lim infy (¢, A) > hm+1nf exp ()\m/pl(s)ds)

t——+o0
0

m +oo s
X mpy(s)exp | =Am [ pi(€)de | P ds

+oo
—limsupekm(HM)/Z|%(f)|n(taf)df

t——+oo

= lim inf exp (Am / pi(s ) / mpy(s) exp ( Am / pl(é)dé)
0

0

=1

6(@ &)
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Consequently, according to (4.11) inequality (4.2) evidently holds. The proof is
complete. 0

The validity of Theorem 2.6 easily follows from Theorem 2.5 if we take into
consideration the inequality e > ex.

Remark 4.1. As it is noted in the Introduction, several sufficient conditions
for the oscillation of equation (1.1) for 7;(¢) =t — 7 (i = 1,...,m), where 7,
(1 =1,...,m) are positive constants, are established in [1,15,17], while a non-
integral condition is given in [9] for 7;(t) = t — T;(t), where T; are continuous
and positive-valued functions on [0,00). However, as the following example
indicates, even in the case of constant coefficients and constant delays none of
the conditions in the said papers [1,9,15,17] is satisfied, while the conditions of
Theorem 2.5 are satisfied.

Example 4.1. Consider the equation
W) +ult—71)+ult—(1/e—1)) =0, (4.12)

where 7 € (0,%),7 # 1/2e. It is easy to see that none of the conditions in
[1,9,15,17] is satisfied. However we will show that the conditions of Theorem
2.5 are satisfied. To this end it suffices to show the validity of the inequality

e ez
ming | — + A€ (0,00) p > 1. (4.13)
A A
Since

eTA e(%—T))\
min{T:)\G(O,oo)}:Te, min S A€ (0,00) p=1—r7e

—T)A

1
e<€

and the functions %, attain their minima at different points, it is clear
that (4.13) is valid. According to Theorem 2.5 all solutions of equation (4.12)
oscillate.
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