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ON STRUCTURE OF SOLUTIONS OF A SYSTEM OF
FOUR DIFFERENTIAL INEQUALITIES

MIROSLAV BARTUSEK

ABSTRACT. The aim of the paper is to study a global structure of
solutions of four differential inequalities

aiyi(Byir1 >0, yip1(t) =0=y;(t) =0, i=1,2,3,4,
a; € {—1, 1},a1a2a3a4 =—1

with respect to their zeros. The structure of an oscillatory solution is
described, and the number of points with trivial Cauchy conditions is
investigated.

1. INTRODUCTION

The aim of this paper is to investigate the global structure with respect
to zeros of solutions of the system of differential inequalities

;Y (t)yit1 > 0,

1
Yir1(t) =0=yi(t) =0, i€ Ny, t€J, @)

where J = (a,b), —co <a<b< oo, ys =y1, Ny =1{1,2,3,4}
a; € {-1,1}, ajasagay=-—1. (2)

y = (Y1, Y2, Y3, ya) is called a solution of (1) if y; : J — R, R = (—00,00) is
locally absolutely continuous and (1) holds for all ¢ € J such that y, exists.
Let us mention two special cases of (1) which are often studied; see, for
example, [1-4] (and the references therein).
(a) A system of four differential equations

y; = filt,y1,92,y3,y4), @ € Ny,
a;fi(t,r1, T2, 23, 24)Ti41 > 0, (3)
Tit1 = 0= fi(t,x1,29,23,24) =0 on D, i€ Ny,
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where (2) holds, x5 = x1, f; : D = R®> — R fulfills the local Carathéodory
conditions, ¢ € Ny.
(b) A fourth-order differential equation with quasiderivatives

L4.’L‘<t) = f(t?LOI?L1$>L2$7L3:E) P

flt,x1, 20,23, x4)x1 <0, f(¢,0,29,23,24) =0,

(4)

where f : RS — R fulfills the local Carathéodory conditions, a; : R — R is
continuous and positive, j = 0,1,2,3,4, and L,z is the jth quasiderivative
of x: Lox = ag(t)x, Lix = a;(t)(Li—1z), i € Ny.

By the use of the standard transformation we can see that (4) is a special
case of (3): y; = Lj_1xz, j € Ny,

I Yi+1
yz lL,:(t)’

In [1] the structure of oscillatory solutions (defined in the usual sense)
was studied for the fourth-order differential equation (4), a; = 1. It was
shown that two different types of them can exist and their structure was
described. For example, for every type the zeros of a solution y and its
derivatives y(, i = 1,2, 3 are uniquely ordered. This information allows a
more profound study of the asymptotic behavior. In [2] it was shown that
the zeros of components of a solution of (1) (under further assumptions) are
simple in some neighborhood of their cluster point (the zero 7 of y;, i € Ny,
is simple if y;11(7) # 0 holds).

In the present paper the above-mentioned results are generalized for (1).

. 1
1 = 1,2,3, yéll = mf(ﬁ,yl,yg,yg) . (5)

Notation. Let y be a solution of (1). Put Y7 = y1, Yo = ayys,
Y3 = ananys, Ya = araeasys, Yigar = Yi, Yivak = Yi, 0 € Nay k € Z =
{...,=1,0,1,...}.

Definition 1. Let y : (a,b) — R* be a solution of (1). Then y is called
trivial if y;(¢) = 0 in (a,b), ¢ € N4. Let ¢ be a point such that ¢ € (a,b),
yi(c) =0, i € Ny, holds. Then c is called a Z-point of y.

Definition 2. Let y : (a,b) — R* be a solution of (1). Then y has
Property W if for every i € Ny

(a) there exists at most one maximal bounded interval J C (a,b) such
that either

Yi(t) = yir1(t) = yira(t) = 0,yi43(t) #0, te€J,
or
Yi(t) = yir2(t) = 0,441 (H)yirs(t) #0, t€J;
(b) there exist at most two maximal bounded intervals J,J; C (a,b),
JNJy =0 such that y;(t) = yi11(t) = 0, yir2(t)yir3(t) # 0 in J U J;.
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For the study of the structure of solutions of (1) we define the following
types. Let y : J = (a,b) — R*.

Type I(s,s): For given s € ZU {—o0}, § € ZU {00}, § > s — 1 there
exist s;,5; and the sequences {ti}, {ti}, k € {s;,s;i+1,...,5;}, i € Ny such
that sy =s,8, =38, s; € {81 —1,81}, S > Sj—1, S; € {51 —1,51}, S < Sj+1,

j=2,3,4, 55 = 51 holds and for all admissible k we have

th < Ty <ty <Tp <t} <Tp <7 <T} <ty <
Si
Yi(t) =0 for telty,f],Yi(t)#0 for teJ— It
k:si

Y;(t)Yi(t) >0 for te (f,t]),
<0 for te(t,th 1), j=2,3,4, i€ Ny.

Moreover, for i € Ny, ed = —1, where ¢(d) is the sign of Y; in some left
(right) neighborhood of ¢} (fi). If s = —oco (5 = o), then limg_ ot = a
(limy— 00 ti = b) holds.

Type II(s,s): For given s € ZU {—o0}, § € ZU {0}, § > s — 1 there
exist s;, 5; and the sequences {ti}, {ti}, k € {s;,s;+1,...,5;}, i € Ny such

that s1 =s,51 =35, € {s1—1,s1}, 8 <sj-1,5, € {81 —1,51}, 5 < s5_1,
j =2,3,4, and for all admissible k

thor SThoy < ST < ST <ty < <), <1,
S;
Yi(t)=0 for te€ [ty B, Yi(t) #0 for teJ— [t Tl
k:si
()Y (OYA(t) >0 for t€ (fh_y,tp)

<0 for te(f,th), j=23,4, i€ Ny,
hold. Moreover, if i € Ny, e¢d = —1, where ¢ (d) is the sign of Y; in some left

(right) neighborhood of #, (f}). If s = —00(5 = o0), then limy oot} = a
(limg— 00 t}, = b) holds.

Type III. There exist j € Ny, 7 € {—1,1} such that
TY;(t) >0, 71¢;Yj1a(t) >0, teld, i=1,2,3,

|Y;+x| is nondecreasing, |Y;i3| is nonincreasing on J, k = 0,1,2, where
cp=1for j=1,23, ¢ =—1forj=4,co=1for j =1,2, co = —1 for
j=3,4,c3=1for j=1,c3=—1for j=2,3,4.
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Type IV. There exist j € Ny, 7 € {—1,1} such that
TY(t) >0, 7eVigi(t) >0, telJ i=1,23,

|Y;| is nondecreasing, |Y;4| is nonincreasing in J, k = 1,2, 3, where ¢; =1
for j=1,2,3, ¢ =—1for j=4,co=1for j =3,4, co = —1for j =1,2,
cs=1for j=1,c3=—1for j =23,4.

Type V. There exist j € Ny, 7 € {—1,1} such that
Y; =0, 7Y;41(t) >0, 7cYjq3(t) >0, sign Yjyo(t) is
constant in J where ¢ =1 for j = 3,4, c= —1for j =1,2.
Type VI. y =0 in J.

Remark 1. The solutions of either Type I(s,00) or II(s,00) are called
oscillatory. The solutions of Type III, IV, V are usually called nonoscillatory.

Definition 3. Let y : (a,b) — R* and let A;, i = 0,1,...,5s be one of
Types I - VL. y is successively of Types Ay, As,..., A, if numbers g, ..., 7,
exist such that a =79 <7 < --- <7, =band y is of Type A; on (1-1,7;),
j=1,2,...,s. At the same time, if y is of Type A in (7,7), then Type A
is missing.

2. MAIN RESULTS

Theorem 1. Lety : J = (a,b) — R*, —00 < a < b < oo be a solution
of (1).

(i) Let Z-points of y not exist in J. Then numbers s, 3, v, T exist such
that s, r € ZU{—o0}, 5, 7 € Z U {oo} and y is successively of Types 1V,
IT (s,5), V, I (r,7), Il on J; if r = —co0 (5 = +00), then Types IV, II, V
(Types V, I, III) are missing, if ¥ = oo (s = —00), then Type II1 ( Type IV)
is massing. Moreover, y has Property W.

(ii) Let y have the only Z-point T in J. Then

(a) y is either of Type 1(s,00) or of Type 1I(s,00) in some left neigh-
borhood of T, where s € Z is a suitable number;

(b) y is either of Type I(—o0,s) or of Type 1I(—o0,s) in some right
neighborhood of T, where s € Z is a suitable number.

(iii) Let T, 11, a < 7 < 11 < b be Z-points of y and let no Z-point of y
exist in (7,71). Then y is either of Type 1(—oo,0) or of Type 11(—o0, o)
or numbers s, r exist such that s, r € Z and y is successively of Types
II(—o0,s), V, I(r,00) in (7,71). In the last case Types 1, II are always
present.

Remark 2. Let ¢ € Ny. Consider (1) with an extra condition

oy (t)yir1(t) >0 for y1(t) #0.



SOLUTIONS OF DIFFERENTIAL INEQUALITIES 229

Let y be a solution of this problem, y : J = (a,b) — R* a < b. If y is
either of Type I or II, then ti = i for all admissible k. If y is either of
Type III or IV or V, then the relation

Yyir1 720 onl =194, #0 onl
holds. Note that in the case of the system (3) an extra condition
a;fi(t, o1, 2,23, 24) T340 >0 for @41 #0

is added. The following theorem gives some conditions under which a non-
trivial solution of (3) has no Z-points.

Theorem 2. Let ¢ > 0, £ > 0, K > 0, andy : J = (a,b) — R*
be a nontrivial solution of (3). Let nonnegative functions a; € Liy.(R),
gi € C°(]|0,¢]), i € Ny exist such that g; is nondecreasing, g;(0) =0,

filt,z1, . ma)| S ai(t) gi(|wisa]) on Rx[—ee]!, i€ Ny (6)

and

91(892(893(£94(2)))) < Kz, z€[0,¢], (7)

hold, where x4;4; = x;, 1 € Z, j € Ny. Then y has no Z-point in J and the
statement (i) of Theorem 1 holds.

Remark 3.
1. Theorem 2 generalizes the well-known condition for the nonexistence of
Z-points of a nontrivial solution:

4
e>0, |filt,wr,...,20) < d(t) Y |,
1=1

t € R, ‘.’ti‘SE, i€N4, d€Lloc(R)

(i.e., the Lipschitz condition for y = 0; for (4), a; = 1 see [3]).
2. The condition (7) cannot be replaced by

0> 0, g1(592(8g3(E04(2)))) < K='7°, z € [0,¢]. ®)

In [4] where sufficient conditions are given for the existence of a solution of
(3) with a Z-point (when studying singular solutions of the 1st kind), the
inequality (8) is fulfilled but (7) is not.

3. Let k € Ny. Then (7) can be replaced by

9k (Egk+1(Egr+2(Egrt3(2)))) < Kz, z €0,¢],

where gar+; = g5, J € N4, k € N. The proof is similar.
The last part is devoted to equation (4). It is proved that for every
solution x at most one maximal interval exists on which «x is trivial.
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Theorem 3. Let x : J = (a,b) — R be a nontrivial solution of (4) and
lety; = Li—1x, i € Ny, y = (yi)i—y-

(i) Let the number ¢ > 0 and a nonnegative function d € Liy.(R) exist
such that

|f(t, 21, 20, k3, 24)| < d(t)|21| for tER, |z <e, i€ Ny

Then the statement (i) of Theorem 1 holds.

(ii) Let a; € CY(R), j = 1,2, e C?(R). Then either the statement (i)
of Theorem 1 holds or numbers s € ZU{—oo}, r € ZU{oo} exist such that
y is successively of Types IV, Il(s, 00), VI, I(—oo,r), III in J; if s = —oc0
(r = 00), then Type IV (Type 111) is missing; if Type 1 (II) is missing, then
Type 11 (IV) is missing, too.

(iil) y has Property W.

Remark 4. Let y have a Z-point. Then the intervals from the definition
of Property W do not exist.

3. PROOF OF THE MAIN RESULTS
We start with some lemmas.

Lemma 1. Let y be a solution of (1) defined on the interval I.
(a) Let j € {2,3,4} and Y;(t) > 0 (< 0) on I. Then Y;_1 is nonde-
creasing (nonincreasing) in I.
(b) If Y1 > 0 (Y1 <0) on I, then Yy is nonincreasing (nondecreasing)
in I
(c) Let j € Ny, Yj(t) =0 on I. Then Y;_y is constant in I.
Proof. (a) Let j = 2, Ya(t) = a1y2(t) = 0 on 1. As by (1) a1y (t)y2(t) = 0
we have yj = Y/ > 0 for almost all ¢ € I. In the other cases the proof is
similar.
(b) Let Y1 > 01in I. By (1) auyjyr > 0 holds. Then, according to (2)

Y{(t) = aranasy)(t) = —aay)(t)yi(t) < 0.
The case (c) is a consequence of (a), (b). O

Remark 5. The conclusions about the monotonicity in the definitions of
Types ITI-V follow directly from Lemma 1.

Lemma 2. Let y I = [t1,t2] — R* be a solution of (1), i € Ny, Yi(t1) =
Yir1(t) =0, Yipa(t) #0 on I. Then either

Y;=Y,,1=0 on I (9)

or there exists a number T € [t1,t2) such that Yi(t) = Yiz1 = 0 in [t1, 7]
and ¢ Yiy1(t)Yiga(t) > 0 in (7,t2] hold, where c=1 (¢ = —1) fori=1,2,4
(i=3).
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Proof. Suppose that (9) is not valid and ¢ = 1, Y3(¢t) > 0 on I. Then
by Lemma 1 the function Y5 is nondecreasing, Yo > 0 in I, and Y; is
nondecreasing, Y7 > 0 in I, too. From this and according to Lemma 1(c)
there exists 7 € [t1,t2) such that

Y1=Y,=0 on [t,7], (10)
Y2(t) +YE(t) >0 on (7,t). (11)

Suppose that ¥5(¢) = 0 in some right neighborhood I of 7. Then by (1) we
have y{(t) = 0 for almost all ¢ € I; and according to (10) y1(¢t) = Y1(t) =0
on I. This contradiction to (11) proves the statement for ¢ = 1. For the
other 7 the proof is similar. [J

Proof of Theorem 1. (i) Let to € J be an arbitrary number. Divide all
possible initial conditions at t € J into 32 cases:

1° YWYi>0, V;Ya>0, i=2,3, 17° Y;=Y,=0, Y3Yy >0
2° V1Y, >0, Y V;<0, i=23, 18 Y;=Y,=0, Y3V < 0
3% YV <0, Y3V3>0, i=1,2 19° Y;=Y;=0, YoV > 0

4° VY, <0, YiYa<0, i=3,4, 20° Y,=Yz=0, YaY; < 0
5° VY3 <0, YY3<0, i=24, 21° Y,=Y,=0, YaYs > 0
6° ViY3<0, Ya¥s>0, i=1,4, 22° Y,=Y3=0, YaYs < 0
T YYa<0, YaVa<O0, i=1,4, 23° Yy=Yz=0, Y1V > 0
8 YiYa<0, Yo¥Vyi>0, i=1,3, 24° Yo=Y3=0, YiYy >0
9° Y1 =0, Y,V <0, =23, 25° Y,=Y;=0, YiY; >0
10° Y;=0, YV, <0, i=3.4, 26° Ya—=Y,=0, Y,Ys < 0
11° Y;Yy >0, Yo=0, i=1,3, 27° Yy=Y,—=0, Y,Ys > 0
12° VY, <0, Ya=0, i=1,3, 28° Yz=Y,=0, YiYs < 0
13° V1Y; >0, Y3=0, =24, 20° Yi=Yo=Yz=0, Y;#£0
14° V1Y, <0, Y3=0, =24, 30° YVi=Ys=Yy=0, Yo#0
15° VY3 <0, Yi=0, i=1,2, 31° Yi=Yo=Yy=0, Y3#0
16° V1Y, <0, Ya=0,  i=2,3, 32° Yo=Ys=Y,=0, Y; #£0.

Note that the last case Y; = 0, ¢ € Ny, is impossible in view of the
assumptions of the theorem. Sometimes, if, for example, 1° is valid at ¢ we
shall write 1°(7).

We shall investigate how the initial conditions vary when ¢ increases in
[to, ). First note that for Ji C [to,b), y is of

Type III in J; iff one of the cases 1° — 4° holds in Jy;
Type IV in J; iff one of the cases 5° — 8° holds in Jy; (12)
Type V in J; iff one of the cases 9° — 32° holds in J;

(see Remark 5, too).
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Consider y in Jy = [tg,b), b < b. Let j, k € {1,2,...,32°}. The symbol
j°(to) — k°(t1) denotes that either j° holds in J; (and y is one of Types
ITT-V according to (12)) or t1, t2 € Jy, tg < ta < t; exist such that j° holds
in [tg,t2), k° holds in (¢2, t1] and either j° or k° is valid at t5. Generally, the
notation 5°(tg) — {k3,...,k2}(t1) denotes that j°(tg) — k2 (t1) is valid for
suitable e € {1,...,s}. The following relations can be proved for y defined
in [t()v b)

1°(to) — 2°(t1),2°(to) — 3°(t1),3°(to) — 4°(t1),4°(to) — 1°(t1),
5°(to) — {6°,13°,15°,18°,19°,23°,26°, 27°,29°, 32°}(t1),
6°(to) — {7°,9°,16°,20°,21°,23°,26°, 28°,30°, 32°}(t1),
7°(to) — {8°,10°,11°,17°,20°, 21°, 23°, 26°, 28°, 30°, 32° }(t1),
8°(to) — {5°,12°,14°,18°,19°,22°,24° 25°,29°, 31°}(t1),
9°(to) — {2°,20°}(t1), 10°(to) — {3°,17°}(t1),
11°(t0) — {1°,25°}(t1), 12° (o) — {2°,24°}(¢1),
13°(to) — {1°,27°}(t1), 14°(to) — {4°,19°}(t1),
15°(to) — {3° 26°}(t1), 16°(to) — {4°,21°}(t1),
17°(to) — 1°(t1),18°(to) — {2°,9°,29°}(t1), (13)
9°(to) — {1°,13°}(t1),20°(to) — {3°,10°}(t1),
21°(tg) — 2°(t1),22°(to) — {3°,15°,31°}(t1),
(to) )
(to)
(to)
9°(to)
1°(to)

[t

23°(to) — {1°,11°,32°}(t1), 24° (to) — 4°(t4
25°(tg) — {2°,12°}(12), 26°(to) — {4°, 16°}(12),

27°(to) — 3°(t1), 28°(to) — {4°,14°,30°}(t1),

9°(to) — {1°,17°}(t1),30°(t0) — {3°,27°}(t1),

1°(tg) — {2°,21°}(t1), 32° (tg) — {4°,24°}(12), 11 € (£o,b).

)

OJ[\D

We prove only the validity of
18°(tg) — {2°,9°,29°}(¢1) . (14)

The other relations can be proved similarly. Thus suppose for simplicity
that
Yi(to) = Ya(to) =0, Ya(to) >0, Yi(to) <0

holds. Then, according to Lemma 1, Y5 is nonincreasing in some right neigh-
borhood of ty and Y7, Y5 are nondecreasing, Y, nonincreasing until Y5 > 0.
From this and according to Lemma 2 one of the following possibilities is
valid:
(i) i=Y2=0,Y5 >0, Y, <O0in [ty,b) (i.e., y is of Type V);
(ii) 1,t1 € (to,b) exists such that Y1 =Y, =0, Yy <0 in [to, t1],
Y3(t) > 0 in [to,t1), Y3(t1) =0 (i.e., 29° holds at t1);
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(iii) ¢1,t1 € (to,b) exists such that Y1 =Y, =0, Y5 > 0,Y; < 01in [to, t1],
Y7 =0, Y2 > 0 in some right neighborhood Js of ¢; (i.e., 9° holds
in JQ)

(iv) t1,t1 € (to,b) exists such that Y1 = Y5 = 0, Y3 > 0,Y; < 0 on
[to,t1], Y1 =0, Yo > 0, Y3 > 0, Y3 < 0 in some right neighborhood
Jo of t1 (i.e., 2° holds in J3).

From this we can conclude that (14) holds. Further, note that if the cases
1°,2°,3°,4° are repeated, 1° — 2° — 3° — 4° — 1°, we get just the solution
of Type I; in the case 5° — 6° — 7° — 8° — 5° we get Type II.

Let y be either of Type I(s, 00) or of Type I1(s,00) on the interval [to, b),
b < b. We prove by an indirect method that b = b. Suppose that b < b.
As y is oscillatory, y;(b) = 0, i € N, is valid and b is a Z-point of y. The
contradiction to the assumptions of the theorem proves that b = b.

The statement of the theorem for the interval [tg, b) follows from this and
from (13). The statement in (a, tg] can be proved similarly, or the fact that
to is arbitrary can be used.

(i) (a) If 7,7 € J, is a Z-point of y, then y;(7) = 0, ¢ € Ny and the only
types which can fulfill these conditions are I(s, c0), II(s,00), s € Z. Thus
the statement follows from (i). The case (b) can be proved similarly.

(iii) The statement follows directly from (i), (ii). O

Proof of Remark 2. Tt can be proved similarly to Lemma 1 that the following
two statements hold:
(a) If ¢ € {2,3,4}, Y;(¢t) > 0 (< 0) in I, then Y;_; is increasing (de-
creasing) in I.
(b) If Y1(¢) > 0 (< 0) in I, then Y; is decreasing (increasing) in L.

The statement of the remark follows from this. O

Proof of Theorem 2. On the contrary, suppose that a Z-point 7 € J exists.
Without loss of generality we can suppose that 7 is such that a right neigh-
borhood of 7 exists in which y is not trivial (for a left neighborhood the
proof is similar).

As y;(7) =0, i € Ny, an interval J; = [7,7 + J], § > 0 exists such that

|yz(t)| SE,tEJl, 1€ Ny. (15)
Let €1, 91 and Jo = [r,7 + 01] be such that 0 <e; <&, 0<d; <4

a1 K <1, & max i(s) <e
1 <1 1 0<ese g]( ) =<y
JENg

a (D) dt <eq.
%Ng/%() <e
J2
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Then by the use of (6), (15) we have for t € Jy and i € Ny
¢
(O] < [ 15EnO.p@)]de <

< / a;(t)dtgi(maxy;41(s)])

J2

From this, by the use of (16) we get
()] < e10i ) _ iEeN,. 17
max [y;(s)] < exgi(max|yis1(s)l), i€ Ny (17)

Denote v = ma}x|y1(s)|. As y is not trivial in Jy and ¢;(0) = 0, it follows
seJao

from (17) that v > 0 must be valid.
Further, according to (7), (16), and (17) we have

[IA

v < e1g1(e192(6193(194(v)))) < €191(E92(893(Ega(v))))
<gKv<v.

The contradiction proves the theorem. [

Proof of Theorem 3. (i) The statement is a consequence of Theorem 2
and (5).

(i) Let 7 € J be a Z-point such that no Z-point exists in some right
neighborhood Jy of 7.

Then according to Theorem 1, (ii) there exists a right neighborhood J5 of
7, Ja C Jy such that y is either of Type I(—o0, s) or of Type II(—o0, s), s €
{Z, 00} in Jo. We prove by an indirect method that Type II is impossible.
Thus, suppose that y is of Type II (—o0, s) in J. Let a > 7, a € Js.

Put

F = Ayayr + Byays + Cy3 + Dyrys + Eyayz + G, (18)
where
At) = / [ B Jdvds. B() a() 45,
vas = —
(s) ) az(v) ’ a(t) ’

2(t) / E(v) dv _ax(t) (ag(t))’ "

agv 2

«

1 E(v)

as(s) J az(v)

dvds,

3
'3
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[e3%

D(t):/ EQ) B = (=1 +0)

az(v)

[N
Q
—~
o~
~
Il
\
—
—~
~
~—

The number ¢ > 0 is chosen in a manner such that

o —ah(t) | a()
&0 =505 + e 2
o B E() ag(w d(Has(t)  as(t) as(t)
CO+ 35 = 20w * lap 2050 -eoed) <
I E(s) as (t) 1 [ E@)
Xt/”(S) ds——(a (t)( (t))) / (S)S/QQ(U) dvds >0,

t € Js, holds, where J3, J3 = [7,t], T <t < «, is a suitable interval.
From this

B E
= Aviyy + ~ys + (O s + Gy
and according to (4), (5), (19) and y;(7) =0, @ € N4, we have

F'(t)y>0, F()>0 on J;. (20)

Further, let 3, 8 € (7,t), be an arbitrary zero of y,. Then according to the
definition of Type IT and (18) we have

Alt) <0, D(t)>0, G(t)<0 on (r,),
ya(B)y1(B) >0, wyi(B)ys(B) <0.

Thus F(8) < 0 and the contradiction to (20) proves that y is of Type I
(=00, ) in J.

Let 7 € J be a Z-point such that no Z-point exists in some left neigh-
borhood of 7. Then we can prove similarly that y is of Type II (s, 00),
s € {Z,—o0}, in some left neighborhood of 7. Also, the transformation of
the independent variable can be used for x = 7 — .

The above-mentioned results and Theorem 1, (i) show that there exists at
most one maximal interval of Z-points and the statement is a consequence
of Theorem 1, (i).

(iii) The intervals mentioned in the definition of Property W may occur
only in Type V. Thus the statement follows from the case (ii). O

Proof of Remark 4. This can be done similarly to that of Theorem 3, (iii).
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