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ON THE SOLVABILITY OF A SPATIAL PROBLEM OF
DARBOUX TYPE FOR THE WAVE EQUATION

S. KHARIBEGASHVILI

ABSTRACT. The question of the correct formulation of one spatial
problem of Darboux type for the wave equation has been investigated.
The correct formulation of that problem in the Sobolev space has been
proved for surfaces having a quite definite orientation on which are
given the boundary value conditions of the problem of Darboux type.

In the space of variables x1,z2,t we consider the wave equation

Pu  0%u  O%u
Hu = o2 0x?  Or3 E (1)

where F' is the known and u is the unknown function.

Denote by Dy : 0 < z9 <t,0 <t < tg, the domain lying in a half-space
t > 0 bounded by a time-type plane surface Sy : zo = 0, 0 < ¢t < tp, a
characteristic surface S; : t —xz2 = 0, 0 < t < tg, of equation (1), and a
plane t = tg.

Consider the problem of Darboux type formulated as follows: find in
the domain Dy the solution u(x1,xs,t) of equation (1) by the following
boundary conditions:

“|51 =h (2)
and

ou

% S - 0» (3)

where f1 is a given real function and % is the derivative with respect to
the outer normal to Sp.

Note that in the case where Sy is either a characteristic surface So
t+ax, =0,0 <t <tyor a plane surface Sy : kt + 20 = 0, 0 < t < tg,
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|k] < 1 of timetype, the problem (1)-(3) in which the boundary condition
(3) is replaced by the condition

ulg, = f2 (4)

is studied in [1-4]. Other multidimensional analogues of the Darboux prob-
lem are considered in [5-7].

Denote by C2°(D,.) the space of functions in the class C°°(D ) having
bounded supports, i.e.,

CX(Dy) ={ue C™(Dy) : diamsuppu < +oo}.

The spaces C2°(S;), i = 0,1,2, are defined in a similar manner.

It is known that the spaces C®°(D.), C>(S;), i = 0,1,2, are dense
everywhere in the Sobolev spaces WX (D), Wk(S;),i=0,1,2, where k > 0
is integer [8].

Lemma 1. For any u € W3(D. ), satisfying the homogeneous boundary
condition (3), the a priori estimate

lullwipy) < CUIAlIwzs) + 1FLany)) (5)

is valid, where f1 = u|s,, F = Ou, and C is a positive constant not depend-
mng on u.

Proof. Denote by D_ : —t < x5 <0, 0 <t < tg, the domain symmetric to
D, with respect to the plane zo =0 and by D : —t < x9 <, 0 <t < tp,
the domain which is the union of the domains D and D_ with a part of a
plane surface zo =0, 0 < t < tg.

It is easy to verify that if one continue evenly the function satisfying the
boundary condition (3), then the function ug obtained in D

u(x17x27t)7 x2 2 07

uop(21,22,t) = { (6)

u(xy, —xa,t), 2 <0

will belong to the class W2 (D). According to the results in [3], the function
ug € W2(D) satisfies the following a priori estimate:

luollwzpy < Clfillwasy) + 1fellwasy) + 1F0lla (o)) (7)
where f; = ugls,, i = 1,2, Fp = Oug, and Sy : t + 22 =0,0 <t <tp, isa
part of a boundary of D, appearing in the boundary condition (4).

It remains only to note that in virtue of (6) in the estimate (7)
luollwy oy = 2llullwap,),  If2llwisy = Ifillwas:)s
I Follz.py = 2I1F||Lypyy- O

Below we shall prove the following
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Lemma 2. For any f; € C(S;) and F € CX(D.) satisfying the con-
ditions
o*F
onk s,

the problem (1)—(3) can be solved uniquely in the class C°(D.).

=0, k=1,3,5,..., (8)

If one continues evenly the function F € C2°(D) in D_, then in virtue
of (8) the function Fp obtained in D

r ( t) F($1,$2,t), T2 Z Oa
T1,%a,t) =
O\ T2 F(.Z‘l,—l‘g,t), re <0

will belong to the class C>°(D). Denote by fo the function defined on
So i t+x9=0,0<1t<ty, by the equality

folg, = folar, a2, —x2) = fi(@1, —w2, —22) = filg, - 9)

Consider now in D the problem of determining the solution wg(x1,z2,t)
of the equation

2 2 2
8u0 auOiauO:Fo (10)

Oug = —
=T T 912 042

belonging to the class C>°(D) by the boundary conditions

uolg = fi, i=1,2. (11)

Note that the integral representation for regular solutions of the problem
(10),(11) is obtained in [3]. On the basis of this representation the conclu-
sion on the solvability of the problem in the class C2°(D) is made without
proof. To prove the conclusion completely, below we shall reduce the spatial
problem (10),(11) to the plane Goursat problem with a parameter. For the
solution of the problem, necessary estimates depending on the parameter
will be obtained.

If ug is a solution of the problem (10),(11) of the class C°(D), then after
the Fourier transform with respect to the variable z1, equation (10) and the
boundary conditions (11) take the form

v v,
o2 o2 + v =9, (12)
o, =g, =12, (13)

where

i .
’U()\7$2,t):E / uo(x17x27t)e_””1’\dx1
oo
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is the Fourier transform of the function wg(z1,x2,t) and @, gq,ge is the
Fourier transform of the functions Fy, f1, fo with respect to xy. Here ¢; :
t—20=0,0<t<ty, ¥ly :t+z=0,0<t <ty are segments of rays
lying in the plane of variables x5, ¢ and coming from the origin O(0,0).

Thus after the Fourier transform with respect to z; the spatial problem
(10),(11) is reduced to the plane Goursat problem (12),(13) with a param-
eter A in the domain Dy : —t < x9 < t, 0 < t < tg, of the plane of variables
ZTo, t.

Remark 1. If ug(x1,x2,t) is the solution of problem (10),(11) of the class
C2°(D), then v(\, z2,t) will be the solution of the problem (12),(13) of the
class C>°(Dy) which at the same time according to Paley~Wiener theorem is
an entire analytic function with respect to A satisfying the following growth
condition: for an integer N > 0 there is a constant Ky such that [8,9]

[o(A,25,1%)] < Ky (1 + [A2)~Nedltm A, (14)

where

d=d(z3,t°) = max |1];
(21,23,t9)Esupp uo

moreover, as the constant Ky one can take the value [9]

0 40 1 PN 0 40
Ky = Kn(25,t") = — ‘(1— @> uo(x1,xg,t°)| dry.
1

According to the same theorem, if v(\, z2,t) belongs to the class C°°(Dy)
with respect to the variables x5, t for fixed A, while with respect to A it is an
entire analytic function satisfying the estimate (14) for some d = const > 0,
then the function wg(x1,x2,t), being the inverse Fourier transform of the
function v(\, x2,t), belongs to the class C2°(D).

According to our assumptions, estimates analogous to (14) are valid for
the functions ®, g1, g which belong respectively to the classes C°°(Dy),
C>®(ty), C*(¢3) and are entire analytic functions with respect to .

In the new variables

1 1
€:§(t+$2), 7725(75—3?2), (15)

retaining the same notations for the functions v, ®, g;, the problem (12),(13)
takes the form

0%v

232

’U|’y_ = Yi, i = 172 (17)

+ M\ = @, (16)
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Here the solution v = v(A, &, 7) of equation (16) is considered in the domain
Qo of the plane of variables £, n being the image of the domain Dy for linear
transform (15), and 7; being the image of ¢; for the same transform. Obvi-
ously, the domain Q is a triangle OP; P, witha vertices O(0,0), Py (to,0),
Pg (0, to) and

11 :n=0, 0<&<ty, 1 :§=0, 0<n<t
are the sides of OP;, OP;.
As is well known, under the assumptions with respect to the functions

®, g; the problem (16),(17) has a unique solution of the class C*°(Qg) which
can be represented in the form [10]

1S
R(0,0:£,m)g1(\,0) — /aR”Of’7 L\ o) do
0

n
_/3R(07T;£,n) T dr+
or

+
o\m o

n
do / R(o,7:¢,0)®(\, 0, 7) dr, (18)
0

where gl()‘7£) = U()"§>O)’ 0< 5 < to, 92(>"77) = U()‘?Ovn)a 0< n < to
are the Goursat data for v and R(&1,71;&,n) are the Riemann functions for
equation (16).

The Riemann function R(&1,71;&,m) for equation (16), as is known, can
be expressed in terms of the Bessel function Zy of zero order as [11]

R(&,m;6m) =Zo(2X0/(E—&)(n—m)). (19)

Remark 2. Since the Bessel function Zy(z) of the complex argument z is
an entire analytic function, the formula (18) in virtue of the equality (19)
gives the solution of equation (16) satisfying the Goursat data

’U(A7§70) = 91(5); 0< § < to,

20
o(N0,7) = ga(n), 0 <1< to. (20)

The solution is an entire analytic function with respect to the complex
parameter A.
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From the known representation of the Bessel function [12]

To(z) =

1 s
— / exp(iz sin 0) df (21)
2m

we can easily get that

Ty(2) = fQi /cos2 6 exp(iz sin @) db,
m
whence

dZo(2A/vx) _&
T

7 / cos? @ exp(i2\y/vz sin @) db. (22)
x

—T

Now, from (19),(21) and (22) we immediately get the following equalities
and estimates

R(&,0;¢,m) = R(0,m;€,m) = 1,
R(0,0;£,1) < exp(2¢/€n|Im A|) < exp(2to| Im A|),
OR(o,0
‘%‘ < 2|\ Pnexp(24/€n | Tm A|) < 2|\ to exp(2to| Im A]),

’5 (0,7;¢,1m)

= ‘ < 2|2 exp(2y/€n | Tm \|) < 2|A[2to exp(2to| Im A|),

|R(o,7;€,m)| < exp(2/&n | Im A|) < exp(2to] Im AJ).

From this, without loss of generality and assuming the the estimate (14)
with respect to A and the same constants Ky and d are valid in virtue of
our assumptions for the functions ®, g1, g2, for the solution v(X,&,n) of the
problem (16),(17) representable in the form of (18)m we obtain the following
estimates:

[o(N, &) < Jgr (N ]+ g2(A m)| + g1 (A, 0) exp(2to| Tm A|) +

+2|)\|2toexp(2to|lm)\\)/\gl()\,a)|da+
n

—|—2|)\|2toexp(2t0\1m/\\)/\gg()\,r)|d7'—|—
0

U]
do | |®(\, o,7)|dT <
0

+ exp(2to| Im Al)

O\m
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< 2Kn (14 [A?) 7N exp(d| Tm A|) +

+ exp(2to| Tm A|) K n (1 + [A*) ™ exp(d| Tm \|) +

+ 2| A2t exp(2to| Tm A )EK n (1 + |A[2) "N exp(d| Tm \|) +

+ 2|\ to exp(2to| Tm A K n (1 + |A[?) ™ exp(d| Im A|) +

+ exp(2to] Im A|)én Ky (1 + |A*) ™ exp(d| Im Al) <

< Ry_a(1+ AN exp(d] Tm A, (23)

Here

Kn_1= 345Ky, d=2t)+d,
d= max |z1], I =suppFpUsupp fiUsupp fa,

(z1,x2,t)ET
Ky =5, max max |p(z1,25,1")| dz
R Z e R
lz1|<d
82 N 62 N
— 1—7) Fo, 2:(1—7) T
o= ( ozz) fo ¥ 5az) i

In virtue of the estimate (23), the function v(\, €, n) according to the
Paley—Wiener theorem, turning to the original variables x,t, by the for-
mula (15) will be the Fourier transform of a function ug(x1, z2,t) of the class
C2°(D); moreover, in virtue of (12),(13) the function ug(z1, 22,t) € C°(D)
will be the solution of the problem (10),(11). Let us show now that the
restriction of that function to the domain D, i.e., u = ug|p, , is the so-
lution of the problem (1)—(3) of the class C>*(D,). To this end let us
prove that the function wg(z1,22,t) is even with respect to xzo. Because
the function Fj is even with respect to zo and the functions f; and fo
are connected by the equality (9), we can easily verify that the function
u(ry,x2,t) = wuo(xy, —x2,t) is also the solution of the problem (10),(11)
of the class C>°(D). But in virtue of a priori estimate (7) the problem
(10),(11) cannot have more than one solution of the above-mentioned class.
Therefore u(xy, xa,t) = ug(z1,x2,t), i.e., the solution ug(z1, x2,t) of equa-
tion (10) is an even function with respect to 5. From this it immediately
follows that %| = 0, i.e., the boundary condition (3) is fulfilled for

u = ug|p,. Thus the function v = wug|p, € C° (D) is the solution of
the problem (1)-(3). The uniqueness of the solution follows from a priori
estimate (5). O

) =0

Definition. Let f; € W} (S1), F € La(D4). The function u € W3 (D)
will be called a strong solution of the problem (1)-(3) of the class Wy, if
there exists a sequence u,, € C2°(D ) such that % , =0, up — win the

S
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space W3 (D) and Ou — F' in the space La(Dy), i.e., for n — oo
lun = ullwzpyy =0, [[Bun — Fllz,py) — 0,
lunls, = fillwacs,)y — 0
We have the following

Theorem 1. For any fi € W3 (S1), F € La(Dy) there exists a unique
strong solution u of the problem (1)—~(3) of the class Wy for which the esti-
mate (5) is valid.

Proof. Tt is known that the space C§°(Dy) C C>(D,) of infinitely differen-
tiable finite functions in D is everywhere dense in Lo (D, ), while the space
C2°(Sy) is dense in W3 (S7). Therefore there exist sequences F,, € C§°(D.)
and fi, € C2°(S7) such that

Tim |F = Fullzyo,) = lim i = finllwics,) =0 (24)

Since the functions F), € C§° (D, ) satisfy the conditions (8), according to
Lemma 2 there exists a sequence u, € C°(D4) of solutions of the problem
(1)*(3) for F = Fn, fl == fln-

In virtue of the inequality (5) we have

[l — Um||W21(D+) < C(Hfln - f1m||W21(S1) +
+ |1Fn = FnllLany))- (25)

It follows from (24) and (25) that the sequence of functions w,, is funda-
mental in the space W3 (D, ). Therefore because the space W3 (D) is com-
plete, there exists a function u € W3 (D) such that % 5o = 05 un = u
in Wi (Dy), Ou, — F in La(Dy) and uy,|s, — f1 in Wa(Sy) for n — oo.
Hence the function u is a strong solution of the problem (1)—(3) of the class
W4. The uniqueness of the strong solution of the problem (1)—(3) of the
class W follows from the inequality (5). O

Consider now the case where in equation (1) we have the lowest terms
Lu = 0Ou + auy, + bug, + cuy + du = F, (26)

where the coefficients a, b, ¢, and d are the given bounded measurable func-
tions in the domain D .
In the space W4 (D, ) let us introduce an equivalent norm

||u||%+’1’7 = / e (u+u? + uil + ui,z)dgcdt7 ~ >0,
Dy

depending on the parameter . The norms ||F||p, o,y and || f1]|s,,1, in the
spaces La(Dy) and W4 (S7) are introduced analogously.
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Arguments similar to those given in [4] allow us to prove the validity of
the following

Lemma 3. For any u € Wa (D) satisfying the boundary condition (3),
the a priori estimate

C
lullps 1y < —=(Ifillsiay + [1F N4 0, (27)
+5 4 ﬁ( 1,47 + ’Y)
holds, where fi = u|s,, FF = Ou, and the positive constant C' does not
depend on u and the parameter ~.

In virtue of the estimate (27), the lowest term of the above-introduced
equivalent norms of spaces Lo(Dy ), W2 (Dy), W4 (S1) in equation (26) for
sufficiently large parameter v give arbitrarily small perturbations which on
the basis of Theorem 1 and the results of [4] allow us to prove that the
problems (26),(2),(3) are uniquely solvable in the class W, .

The following theorem holds.

Theorem 2. For any f1 € Ws(S1), F € Ly(Sy) there exists a unique
strong solution u of the problem (26), (2), (3) of the class W3 for which the
estimate (5) s valid.
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