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ON PROJECTIVE METHODS OF APPROXIMATE
SOLUTION OF SINGULAR INTEGRAL EQUATIONS

A. JISHKARIANI* AND G. KHVEDELIDZE

ABSTRACT. The estimate for the rate of convergence of approximate
projective methods with one iteration is established for one class of
singular integral equations. The Bubnov-Galerkin and collocation
methods are investigated.

INTRODUCTION

Let us consider an operator equation of second kind [1]
u—Tu=f weE fekE, (1)

where FE is a Banach space and T : F — F is a linear bounded operator.
Let the sequences of closed subspaces {E,}, E, C E, and of the cor-
responding projectors {P,} be given so that D(P,) C E, E, C D(P,),
P,(D(P,)) = E,, TE C D(P,), f € D(P,), n = 1,2,..., where D(P,)
denotes the domain of definition of P,.
Applying the Galerkin method to equation (1), we obtain an approximate
equation [1]

Up — PyTu, = Pof, up € E,. (2)

It is known [1] that if the operator I — T is continuously invertible, and
[P T — 0 for n — oo, where P = I — P, then for sufficiently large n
the approximating equation (2) has a unique solution u,,, and the estimate

lu = wnll = O(|P™ul)

is valid.
Assume that we have found an approximate solution u,, of equation (2).
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Take one iteration (see [2])
Up = Tu, + f. (3)

The element @,, € E, being the approximate solution of equation (1) by
the Galerkin method, satisfies the equation

Up — T Ppiiy, = f. (4)
From (1) and (4) we have
(I —TP,)(u—y,) =TP™u.

If the operator I —T is continuously invertible, and ||TP™|| — 0 for n —

00, then for sufficiently large n there exists the inverse bounded operator
(I — TP,)~!. Therefore

[ — T || < (1 = TP) - [TP™Mull, n > ng. (5)
Since
|TP™ || < | TP™]| [Py,

the rate of convergence ||u — u, || compared to ||u — u,|| can be increased by
means of a good estimate ||TP™||.

In the present paper we consider in the weighted space a singular integral
equation of the form

Su+ Ku=f, (6)

where Su = %fil "t(t);lt —1 < z < 1, is a singular integral operator, and

Ku=1 f_ll K (x,t)u(t)dt is an integral operator of the Fredholm type (see
3], [4)).

For the singular integral equation (6) we may have three index values:
»=-1,0,1.

Our aim is to derive, for (6), an estimate of the convergence rate of
the projective Bubnov—Galerkin and collocation methods with one iteration
when Chebyshev-Jacobi polynomials are taken as a coordinate system.

Note that the results described below are also valid with required modi-
fications for the singular integral equation of second kind

(a+bS+ K)u=f,

where @ and b are real numbers, a? 4 b% > 0.
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8 1. THE BUBNOV—CGALERKIN METHOD WITH ONE ITERATION

1.1. Index » = 1. We take a weighted space Ls ,[—1, 1], where the weight
p=p1 = (12?2 The scalar product [u,v] = filpluv dz. For the
index s = 1 we have the additional condition

/ u(t)dt = p, (7)

where p is a given real number.

The operator S is bounded in Ly , (see [4]). We require of the kernel
K(z,t) that the operator K be completely continuous in Ly ,. The ho-
mogeneous equation Su = 0 in the space Lo , has a nontrivial solution
w=(1-2%)"Y2,

In the space Lo , the following two systems of functions are orthonormal-
ized and complete:

(1) ou(z) = (1= 22)" V2T (z), k=0,1,...,

~ 1y1/2 ~ 2\1/2
Ty = (i) TO7 Tk+1 = (i) Tk+1a k= 0,1,...,
m m

where Ty, k= 0,1,..., are the Chebyshev polynomials of first kind, and
1/2
(2) ¢k+1($) = <2> Uk(lﬂ), k:Oala"'a

where Uy, k= 0,1,..., are the Chebyshev polynomials of second kind.
Denote ® = u — pr ! (1 —x2)~1/2. Then problem (6)—(7) can be written

in the form (see [5])

SO+ Kd=fi, ®eLf) fi€ Ly, (8)
1

/@@ﬁ:& )

-1

where f1 = f —pr 'K(1 —t?)"Y2 Ly, = ng ® Lgﬁ), is the orthogonal
decomposition, LS}, is the linear span of the function g = (1 —xz)_1/2, and
Lg’)) is its orthogonal complement. In the sequel, under .S we shall mean its
restriction on ng. Then S(Lg’))) =Ly, and S7Y(Ly,) = Lg’)}.

The relations

S@k:wk; k=1,2,..., (10)
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(see [6]) are valid. An approximate solution of equation (8) is sought in the

form
q)n = Z APk
k=1

Owing to (10), the algebraic system composed of the conditions
[Sq)n+Kq)n—f1,¢Z}:07 i:1,27...,n,

yields
a’z+zak[K@k7wl]:[f17wl]a 7/:1,2,771 (11)
k=1

It is known [5] that if there exists the inverse operator (I + KS—1)~1
mapping Lo , onto itself, then for sufficiently large n the algebraic system
(11) has a unique solution (a1, as, ..., a,), and the sequence of approximate
solutions

Up = (bn +p7T71(]. - x2)*1/2
converges to the exact solution v in the metric of the space Lo ,. Similar

results are valid for » = —1, 0.
With the help of the orthoprojector P, which maps Lj , onto the linear

span of the functions 1, ...,1, we can rewrite the algebraic system (11)
as
wy + P, KS Yw, = P, f1, w,=S®, = Zakwk. (12)
k=1

From the initial equation (8) we have
w+KS'w=f, we€Ly, fi€Lly, w=S5P. (13)

Equation (12) is the Bubnov—Galerkin approximation for (13).
As in [2], let us introduce the iteration

Wy = —KS 'w, + fi = —K®, + fi. (14)
where w,, satisfies the equation
Wy = —KS™'P,w, + fi.
For n > ny we obtain

lw — @, < CIEST PO - ||P™Mw.
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Let CT)" = S~ 1w,. To find E)n, it is necessary to calculate the integral

1
_42\-1/2 ~
S1@, = (1-t%) /<1 _ m2)1/2’wn($)d$.
T t—x
-1

We have

lu =T ]| =@ = Snll =157 (w — @) || = [lw — ]| <

<C|KSTIPM - | PPl
where @, = ®,, +pr (1 — 22)"1/2,

Theorem 1. If there exists the inverse operator (I + KS~1)~1 map-
ping Lo , onto itself, and the conditions w™ e Lipy;a, 0 < a <1, and
KW(z,t) € Lipyy o, 0 < ag < 1, Vo € [—1,1], are fulfilled for the deriva-
tives, then the estimate

Ju =] = O~ )= (1)
s valid.

Proof. We have

n

in = E [wvwk]wb
k=1
1

1P w|? = /(1 — %) (w — Pyw)’de =

-1

1 n
= /(1 - x2)1/2(w — Z[w,wk]wk)st <

k=1
1
< /(1 ) 2w = Por)de < 2w = Paca?,
—1

where P,,_1 is the polynomial of the best uniform approximation.
By Jackson’s theorem [7] we have

C(w)

[w=Pp-1llc < (n—1ymra

n>1,

with a constant C(w) depending on w and its derivatives, i.e., |P™w]| =
O(n—(m+a))_
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Furthermore,
IKST PO = (K573 o il = 1KY [o.vnlonl? =
k=n-+1 k=n-+1
> 2
| DY RG]
k=n+1
> 1/2 > 1/2
S%H{ S o) xS (Kn,ei)’} P <
k=n-+1 k=n+1
2 o
< B fa-an (30 (K, outn))ie =
1 k=n+1
lol? | =
_ I _..2\1/2 _g2\-1/2m 2 _
5 _/1(1 z2) (k—zm(K(M)’(l )72 (1)) de
2 L 0 N =R 2
_ ”Z! /(1 x2)1/2Hk_Z+1 [K(x,t),Tk(t)]Lw_lTk(t)' I
-1 =n s
e . N 2
| ¥ Eeofw), T =
k=n-+1 i 2,p71
1 o0
— fa-ee( Y K. D], Do) d-
k=n-+1 o

k=0

1 n
= /(1 — t2)1/2([((gg,t) - Z (K (z,t), fk(t)}Lz’P,lTk(t))zdt <
-1 =

1
2
< /(1 — )2 (K () — Pola, 1)) dt < W(E; (K(m,t))) ,
21
where x is a parameter, P, (z,¢) is the polynomial of the best uniform ap-
proximation with respect to ¢, and E. (K (x,t)) the corresponding deviation
|K(z,t) = Pu(z,t)| < B (K(2,t), —1<wmzt<l

If Kt(l)(:t,t) € Lipy;, a1, 0 < a; <1V € [-1,1], and is continuous with
respect to  in [—1,1], then (see [8, Ch.XIV, §4])

El(K(z,t) = O(n_(l'““)).
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Furthermore,

1

—1p(n),,||2 W o 23\1/2 t 2, _

|KS~ P™My|” < — (1—2*)'2n(EL(K(x,t))) do =
-1

Thus ||[KS™'P™|| = O(n~(+)).
Finally, we get

lu = @] < | KS™HPOw]| <
< ”KS—lp(n)H . ||P(n)w|| _ O(n_(m+a)_(l+a1)), 0O

For the approximate solution u,, we have
lu — uy| < C||P(n)w|| _ O(nf(m+o¢))’

while for one iteration w,, performed over u,, when | = m, a1 = «, we obtain
the estimate
[u = T || = O(n =207 ),

1.2. Index s = —1. The operator S is bounded in the weighted space
Lo ,[—1,1], where p = py = (1 — 2)~1/2 (see [4]). We require of the kernel
K (z,t) that the operator K be completely continuous in L ,. The equation
Su = 0 in Ly , has the zero solution only, while the equation S*u = 0 has
the nonzero solution u = 1.

If in the weighted space Ls , the equation Su + Ku = f has a solution
u, then [Ku — f,1] = 0. This condition will be fulfilled if K(Lr, ) 1 1 and
[f,1] = 0, which can be achieved by specific transform [9].

In the space Ly, the following two systems of functions are complete and
orthonormal:

92\ 1/2
(1) orar (@) = (;) Up(z), k=0,1,...,
where Uy, k = 0,1,... are Chebyshev polynomials of second kind, and
2
2) U (@) = _(;)Tkﬂ(ag), k=0,1,...,

where Ty11, Kk =0,1,... are Chebyshev polynomials of first kind.
Relations

Scpk:w/m k=1,2,...
(see [6]) are valid.
An approximate solution is again sought in the form

n
Up = E APk
k=1
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The Bubnov-Galerkin method results in the algebraic system

az+zak[K@k7wl]:[f7wl]7 2217277’”‘ (15)

k=1

Denote w, = Su,, = Y _; arthi. Then using the orthoprojector P,, map-
ping Lj , onto the linear span of the functions 11,2, ...,v, the algebraic
system (15) can be rewritten as

wy, + P,KS™ w, = P, f. (16)

Let the approximate solution w, be found.
Taking one iteration

’IEn = —KS_lwn+f = _Kun +f7

1 — $2)1/2 o
we find that @, = S~'w,, = % f,ll(l _ x2)—1/2w-
™ _

Theorem 2. If there exists the inverse operator (I + KS~1)~! mapping
Lgi)) onto itself, and the conditions w™ € Lipy; o, 0 < o < 1, Kt(l)(ac,t) €
Lipy, a1, 0 < aq <1, Va € [=1,1], are fulfilled for the derivatives, then the
estimate

= ) = O (0=t

s valid.

This theorem as well as Theorem 3 which will be formulated in the next
subsection can be proved similarly to Theorem 1.

1.3. Index s = 0. Here we may have two cases:
(l)a:—%,ﬂ:%and (2)01:%,ﬁ:—%.
Let us consider the first case. The second one is considered analogously.
The operator S is bounded in the weighted space L ,[—1,1] with the

weight p = p3 = (1 — x)"/2(1 4+ 2)~/2 [4]. We require of the kernel K (z,1)

that the operator K be completely continuous in Lo ,[—1,1]. In the space

Ly , the equations Su = 0 and S*u = 0 have only trivial solution u = 0,

S(Ls,,) = L3 ,, where S is the unitary operator.

We have the equation

Su+ Ku = f, (RS Lg,p, f € Lz’p. (17)

In L, , we take two complete and orthonormal systems of functions (see
[10]):
(1) or = cp(1— 2)Y2(1 4 2)~/2pM>7 Y2 01,

9

co=m, Cp= (/7,,(6_1/2’1/2))71/27 k=1,2,...,
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p(-1/21/2) _ p(1/2,-1/2) _ 2'(k+1/2)T(k + 3/2)
¢ ¢ CIESVICIER

where Pé1/2’71/2), k=0,1,..., are the Jacobi polynomials;

(@) = —ap V),
The relations

Sgok:wk, k':(),l,... (18)

(see [6]) are valid.
We seek an approximate solution of equation (17) in the form

n
Uy = E APk -
k=1

With regard to (18) the Bubnov—Galerkin method
[Sun+Kun_fa¢Z]:0a i:O717"'7n7
yields the algebraic system

aﬂrzak[KS@kﬂM:[fﬂ/)z] 2:0317377’, (19)

k=0

which, by means of the orthoprojector P, mapping L , onto the linear span

of the functions g, 1, ...,%,, can be written in the form
wn + P, KS 'w, = P, f, w, = Su, = Zakwk. (20)
k=0

Let the approximate solution w,, be found.
Taking one iteration

'[En = _stl,wn +f: 7Kun+fa

we find
1 1/2 1 — _1/2 ~ d
U, = S~ \w, = (I+)2(1—-¢) /(1 —x)l/Q(l +m)*1/2w,
m t—ux
-1
Then

lu = @nll = 157 (w — @) | = |w — @l < CIIEST P | PO,
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Theorem 3. If there exists the inverse operator (I + KS~1)~! mapping
L., onto itself, and the conditions w™ € Lipy; o, 0 < a < 1, Kt(l)(:v,t) €
Lipy, a1, 0 < ag <1, Va € [—1,1], are fulfilled for the derivatives, then the
estimate

= ) = O 0=t

is valid.

8 2. METHOD OF COLLOCATION WITH ONE ITERATION

Using the collocation method, let us now consider the solution of equation
(6). Assume that the kernel K(z,t) and f(z) are continuous functions.

2.1. Index » = 1. As in Subsection 1.1 we seek an approximate solution
of problem (8)—(9) in the form

n
®, = Z akPk-
k=1

By the collocation method the residual S®,, + K®,, — f1 (f1 is introduced
above by (8)) at discrete points will be equated to zero,

[S®, + K®, — fils, =0, j=1,2,...,n.

This, owing to (10), results in the algebraic system

n

> artu(x;) + > an(Ker) () = fi(z;), j=1.2,...,n.  (21)
k=1

k=1

As is known [11], if there exists the operator (I + KS~1)~! mapping
L, , onto itself, and as the collocation nodes are taken the roots of the
Chebyshev polynomials of the second kind U, then for sufficiently large n
the algebraic system (21) has a unique solution, and the process converges
in the space Ly ,. Analogous results are valid for the index s = —1,0.

Let us take the space of continuous functions C[—1,1].

Let IT,, be the projector defined by the Lagrange interpolation polynomial
II,v = L,v. With the help of this projector the algebraic system (21) can
be rewritten in the form

W, + Hn—leilwn - Hn—1f17 Wn € Lgilfz’

where Lgflp) is the linear span of functions 1, ¥, ..., ¥, (¢ is a polynomial

of degree k —1).
Let the approximate solution w,, be found.
As in the Bubnov—Galerkin method we take one iteration

Wy, = _KS_lwn +fi=—-K®,+ fi.
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where w,, satisfies the equation
Wy, + KS™H, 110, = fi. (22)

By means of (13) and (22) we obtain

w— Wy + KS™'w— KS™', w0, + KS™ ', — KS™ w, =0,

(I+KS™ Y (w—w,)=-KS"'0" Vg, 1Y =71_1,_,

w— W, =—(I+KSHIKSTI Y (—K¢, + f1),
lw =@l < C(IESTI VK| - [ @] + [ KS7 Y 1)),
For sufficiently large n we have [11]
wy, = (I +1L, 1 KS™") 'y fi,

[@nll = 157 wa || < Ol s £,
I, 1fi — fi, for n—oo, Vfi €C[-1,1],

i.e., ||®,] are uniformly bounded owing to the Erdés—Turan [10] and Ba-
nach—Steinhaus [8] theorems. Therefore

lw — @, < C(IKST I VK] + [ KS I f]]).
We find that

1
b =S5 '@ — l(l _ t2)71/2/ (1- z2)1/2ﬁn(z)d:c
n — n — .
m

t—x
-1
Then
[ =]l = |® = Bp | = ST (w — W) || = [[w — Wy || <
< C(IKST VK| + [|[KS~ MY fy)), (23)

where @, = ®,, +pr (1 — 22)1/2,
It is known [12] that

I Dy(t) = w(t)d™u(t), Vo e C[-1,1],

where w(t) = [, (t — t;) and §™uv(t) is the divided difference of the
continuous function v(t). If the roots of the Chebyshev polynomial of second
kind U, are taken as interpolation nodes, then (see [13])

-0 (5) sy (@0 = (2) "),

Denote K (z,t) = (1 — t2)~ V2K (z,1).
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Theorem 4. If there exists the inverse operator (I + KS~1)~! mapping
Ly, p = p1, onto itself, the roots of the second kind Chebyshev polynomial
U, are taken as collocation nodes, (SKi(x,t))™ € Lp,a, 0 < a < 1,
Vo € [-1,1], and the divided differences of all orders of the functions fi(x)

and Ky (z,t) with respect to x are uniformly bounded ¥t € [—1,1], then the
estimate

1 1
— i, = 0<7 . 7)
lu—u H on (n— 1)m+ta
s valid.

Proof. Let us estimate the norms on the right-hand side of inequality (23).
We have

||KS_1H("_1)KUHL2P - Hl K(z,t),
ST (K ( )| ‘*H V=)7K (),
S*1H<”*1><1 —r >1/2< = 72 V(K (w,7), ()| =

- L85, 1) o] -

| [sEi@.0, MO @7, 0] -
T im0, et -

&595(”)1(1(50’7)’”(7)]“ B

= 75(3)" e
()"
1 1/2 1
=20)
1 /m\1/2 1
= 7(5) on
‘ ( )1/ 1 PPN (¢, 7)S K (, t)H x [T (®)] I H =
<

Hvll( )1/2 1
2

Under the conditions of the theorem

[0 K (2, 7) S K (1), PU VT, (1)]o(7)] H B

(PO D80 K (8, 7) S K (a,1), Da(0)0(7)] | <

(PP D8 Ky (¢, 7)S K1 (1), Un ()] % [lu(7)]] H =

PODS0 K (8, 1) SE ()|

(6™ Ky (t,7)SKy (2,1))™ € Lipy,a, 0<a <1, Va,7e[-1,1].
By Jackson’s theorem (see [7], [8])

e, 2mTe M

n—1) s(n)
HP 5 Kl(t T)SKl Z, t H n_ 1)m+a
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where ¢/, = 12%("‘7“)?

Therefore we obtain

1 1
SN —of . L
|ES IV K| 0(2n (n_l)mm). (24)

Furthermore,

1
IS D filln,, = —[I(K (), S~V )| =

- 2(5)" s, T -
) Lo i, P80 -
>1/2 1

i
1 o5 10,01 |

(52
2 2n

Under the conditions of the theorem

[p(”*l)é(”)flsKl (z,t), ﬁn(t)] H <

— /N
N oy

1N N =N e

HP<"*1>5<">flsKl(x,t)H H

IA
8-

(m)
(5(”)f15K1(x,t)) €Lipy;a, 0<a<1, Veel[-1,1].

Therefore we have ||P~Ds™ £, SK (x,t)|| < %7
1 1
Ks-mong | —o(L Ly .
H h o (n—1)mta (25)

With the help of the obtained estimates (24) and (25), from (23) we
finally get
1 1
| = 0(7 : 7)
ull = (55 o= yra)- O

Remark 1. Under the conditions of the theorem we obtain for the ap-
proximate solution u,, that
12 U, (¢
Ju =] < D = o 2) | el 500 | <
1

C1 n C N . 1/2
< oelTa3 w0l = H{ [ - eaoe e} <
21
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1

C ~ 1/2
< grloule{ [a-eyroima -

-1

& n 7 ¢ n c n
= g6 wlle x Ua(t)| = 516wl = S0 (f1 - K@)l =

= e - 2,00 <
< (1% frlle + e a0, 20 <

< —(na Y fille + 2| 118 K0 o] ]|, <

Cy

< S e + 2] 16K (1)) < 52

2.2. Index » = —1. Introduce the subspace Cy[—1,1] C C[-1,1]; v €

Co[~1,1] if [v,1] = 0. C™[~1,1] C C[~1,1] is a linear span of polynomials
Yo, %1, ..., ¥n. The projector can be determined as follows [11]:

II,v=L,v— a(()n)d)o,

where L,v € C(")[ 1,1] is the Lagrange polynomial and aén) is the coefhi-

cient of the Fourier series expansion a( ") = = [L,v, ).
Again, as in Subsection 1.2, we seek an approximate solution in the form

n
=S an
k=1
We compose the algebraic system by the condition

Hn(Sun + Kup — f) =0,

which results in

agtho + > artr(r;) + Y ax(Kpp)(x;) = f(x), §=0,1,...,n.

k=1 k=1

Using the projector, we can rewrite this algebraic system as
-1, _ (n)
wy + [, KS™ w, =11, f, wneLz)p,

where Lgfp) is the linear span of the system of functions g, %1, ..., ¥,.
Let the approximate solution w,, be found. Taking one iteration

Nn = _KS71w7L +f = —Ku, +fa
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we find

_42\1/2 ~
Up =S~ 'w, = 7<1 ) /(1 — x2)_1/27wn(x)dx.
0 t—x
S1

Denote K (z,t) = (1 — t2)'/2K(z,t).

Theorem 5. If there erists the inverse operator (I + KS™1)~! mapping

L(QT;, p = pa2, onto itself, the roots of the Chebyshev polynomial of the first

kind Ty,11 are taken as collocation nodes, (SK;(x,t))™ € Lipy, o, 0<a <1,
Vx € [—1,1], and the divided differences of all orders of the functions f(x)
and K (z,t) with respect to x are uniformly bounded ¥t € [—1,1], then the

estimate . .
|u— || = 0(27 ‘ W)
s valid.

This theorem as well as the next one can be proved similarly to Theo-
rem 4.

Remark 2. As in Subsection 2.1, under the conditions of the theorem we
obtain |
= wall = O(55 )

2.3. Index s = 0. As in Subsection 1.3, an approximate solution is again

sought in the form
n
Up = Z APk
k=1

Equating the residuals to zero at the points z1,...,z, we obtain
[Sun—FKun—f]w_ =0 5=0,1,...,n,
J

which yields the algebraic system

n

Zakwk(:ﬂj) + Zak(KSOk)(xj) = f(xj)v ] = 07 13 cee, N
k=0

k=0

Just as for the index » = 1 we can rewrite this system as

Wy + I, KS™ wy, =, f, w, € LYY,

where Lgfp) is the linear span of functions )y, ..., ¥,.
Let the approximate solution w,, be found.

Taking one iteration

W = —KS™ wy, + f = —Ku, + f
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we find

Up = S7tw, =
™ t—x

(14821 —t)~1/2 /1(1 B 1‘)1/2(1 N $)71/2 ﬁn(x)dz'
e
Denote Kj(x,t) = (1+)Y2(1 — )72 K (a,t).

Theorem 6. If there exists the inverse operator (I +KS~1)~! mapping

1

10
Lo ,, p = p3, onto itself, the roots of the Jacobi polynomial P,(Li’l 2) are taken

as collocation nodes, (SKy(z,t))™ € L : pya, 0 < a < 1, Vo € [-1,1],
and the divided differences of all orders of the functions f(x) and Kq(z,t)
with respect to x are uniformly bounded ¥t € [—1,1], then the estimate

Ju =Tl =057 -~ )

27 nm-i—a
is valid.

Remark 3. Under the conditions of the theorem
1
= wall = O(55 )

Remark 4. If we require only that w(™ & Lipy; a, 0 < a < 1, then for
the collocation method for all values of the index » = 1,0,—1 we obtain
the same order of convergence

In n
Ju—un| = O(W)
for an approximate solution u,, in the respective weighted spaces.

Indeed, for any v € C[—1,1] we have II(™y = I P("y where TI™ =
I-T1I,, P = [—P,, where II,, is the Lagrange interpolation operator, and
P, is the orthoprojector with respect to polynomials Ty, T4, ..., T,. If the
nodes in the interpolation Lagrange polynomial are taken with respect to
the weight, then L,, : C'— Ly , are bounded by the Erdés-Turan theorem.
Therefore (see [13])

lu = wnllL,, < CIT™ulz,, < Ci|[PMulc =

:O< In ") (I, = L,,).

nm+o¢

As an example of the application of the above methods in the case of the
index s = —1, let us consider the equation

1 1
l / u(t)dt n l /(msts + x7t7)u(t)dt _
T
21 21

t—x

3
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— (%)1/2(1278& — 3225 4+ 482% — 1822 + 1)

with the exact solution
9\ 1/2
u(z) = pe(z) = (—) (322° — 322° + 62)(1 — 22)"/?,
T

where {¢r(z)}, K =0,1,...,is the orthonormal system of functions in L ,, .
We find the fifth approximation

5 1/2
us(e) = Y aar@). eule) = (2)70 - )20 (@),
k=1

where Up_1(x), k = 1,2,..., are the Chebyshev polynomials of the second
kind.

Computations are carried out to within 10=7. wus(z) and s (x) are cal-
culated.

In the case of the Bubnov-Galerkin method we have

|Aus|| = 1,0001151, ||A%s| = 0,0151855,
[|[Aus | [ Aus||
I [[ull

~ 100, 01%,

~1,52%

for an absolute and a relative error, respectively, while in the case of the
collocation method we obtain
[[Aus|| = 1,0002931, ||Aus| = 0,0159781,

||AU5|| ||AE5H
[[ul [[ul

~ 100, 03%, ~1,60%.
The result is the expected one for uz(x), since in our example the function
() is the exact solution.
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