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ON OSCILLATION OF SOLUTIONS OF SECOND-ORDER
SYSTEMS OF DEVIATED DIFFERENTIAL EQUATIONS

N. PARTSVANIA

ABSTRACT. Sufficient conditions are found for the oscillation of proper
solutions of the system of differential equations

10 = fi(tua(ri(®), - wn (T (1), u2(01(1)), - - uz(om (2)),
uh(t) = f2 (tur(r1(8)), -y wr (T (1), w2 (01 (1)), - - uz(om (2)),

where f; : R+ x R®™ — R (i = 1,2) satisfy the local Carathéodory

conditions and ¢;,7; : R+ — R (i = 1,...,m) are continuous func-

tions such that o;(t) < tfort € Ry, lim o;(t) =400, lim 7(t) =
t— 400 t——+o00

u

400 (i=1,...,m).

INTRODUCTION

The problem of oscillation of solutions of second-order ordinary diffe-
rential equations has been studied well enough. A number of papers were
devoted to an analogous problem for deviated differential equations and
systems of ordinary differential equations (see [2]-[6]). As to systems of de-
viated differential equations, for them the problem of oscillation of solutions
has not been studied enough. In the present paper, we give the results for
systems of differential equations, which generalize some well-known state-
ments for second-order differential equations.

Consider the system of differential equations

ui(t) = fi1 (t,ul(ﬁ(t)), et (T (0), ua (o1 (8)), - - -y u2(om(t))),
uy(t) = fa(t, ur(m1(t)), - ur (T (1)), ua (a1 (1)), - - - uz(om(t))),

where f; : Ry x R?™ — R (i = 1,2) satisfy the local Carathéodory con-
ditions and o;,7; : Ry — R (i = 1,...,m) are continuous functions such

(0.1)
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that

Uz(t) S t for t¢ € R+7 thg_n Ul(t) — _1_00’
— 100
(0.2)

Definition 0.1. Let ¢ € Ri. A continuous vector-function (up,us)
defined on [ag,+oo[ (where ap = min[min{ iilf 7(t) 1 = 1,...,m},
t>to

min{gl;f oi(t) i =1,...,m}]) is said to be a proper solution of system
Zto

(0.1) in [to, +oof if it is absolutely continuous on each finite segment con-
tained in [tg, +00[, satisfies (0.1) almost everywhere in [tg, +o0o[, and

sup{\ul(s)| + |uz(s)|: s> t} >0 for t€ [tg,+oof.

Definition 0.2. A proper solution (uj,us) of system (0.1) is said to be
weakly oscillatory if either u; or us has a sequence of zeros tending to infinity.
This solution is said to be oscillatory if both u; and us have sequences of
zeros tending to infinity. If there exists to € Ry such that wuy(t)ua(t) # 0
for t € [tg, +00[, then (u1,us) is said to be nonoscillatory.

Throughout the paper the following notation will be used:
() =min{t, 7(t): i=1,...,m}, o.(t)=min{o;(t): i=1,...,},
o(t)=inf{o.(s): s>t}, o*(t)=max{o;(t): i=1,...,m}.
8 1. AUXILIARY STATEMENTS

In this section, we consider the system of differential inequalities

)

ui (1) signus(t) > Y pi(t)|us(04(t))
=1 (1.1)

)

ub(t) signuy (t) < — Z @i (t) Jur (7:(t))
i=1
where p;,¢; € Lioe(Ry;Ry) (¢ = 1,...,m) and 05,73 : Ry — R (i =
1,...,m) are continuous functions satisfying (0.2).
Lemma 1.1. Let (u1,us) be a nonoscillatory solution of (1.1) and
h(+00) = 400, (1.2)

where

W) = / B(s)ds, B(t) =3 pilt): (1.3)
0 =1
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Then there exists t* € Ry such that

u(t)ug(t) >0 for te[t*, +oof. (1.4)
If, moreover,
+oo
/ g(t)h(t)dt = 400, (1.5)
0

where H is defined by (1.3) and

at) = >_ai(t), (1.6)
then
tlgrnoo |ug(t)] = +o0. (1.7)

Proof. Suppose that (ug,us) does not satisfy (1.4). Then there exists tg €
R, such that

up(t)ua(t) <0 for ¢ € [ty,+o0f. (1.8)

By (1.8) we have from (1.1)

lui (1) < *Zpi(t)|u2(0'i(t))|, (1.9)
lua(t)]" > Zqi(tﬂul(n(t))’ for t € [ty, +oo] . (1.10)

Thus by (1.10) from (1.9) we have

t

lur (B)] < |uy(t1)] — c/ﬁ(s)ds for t e [t1,+o0[,

where t1 € |tg, +00[ is a sufficiently large number and

c= min{te[glr}jfroo[ |uQ(0i(t))} ti=1,... ,m} > 0.

By (1.2) the latter inequality implies |uq(t)] — —o0 as t — 4o00. The
contradiction obtained proves (1.4).
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Now prove that (1.5) implies (1.7). Since (1.4) is satisfied, from (1.1) we
find

m
lus (t) Z |U2 ot |

=t (1.11)
lua(t)]" < —Zqi(t)’ul(n(t))‘ for ¢ e [t*, +oo.

Since |uq(t)| is a nondecreasing function, by virtue of (0.2) there exist
to € [t*, +oo[ and a €]0, 400 such that

’u1(7'i(t))‘ >a for t€[ty,+oo[ (i=1,...,m),
whence by (1.11) we get
lua(t)'R(t) < —aq(t)h(t) for t € [ta, +oo.

Integrating from ¢ to t, we obtain

t

s () (t) — Jus (t2) | (t2) + / F(s)h(s)ds <

ta
t

< [ 5s)luats)lds,

ta

Taking into account (0.2) and the fact that |us(t)] is a decreasing function,
from the latter inequality we have

/sz (5)|ua(oi(s |d3>/ s)|uz(s)|ds >
=1

to
t

> a/i]v(s)h(s)ds — |ug(t2)|h(ts). (1.12)

ta
From (1.11) we find

lur (B)] > Jui(t2)| + /Zpi(s)|u2(ai(s))|ds for t € [ta,4+o00[,

which by virtue of (1.5), (1.12) implies that (1.7) is valid. O
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Lemma 1.2. If

o0 +oo

/ p(s)ds > 0, / G(s)ds >0 for te Ry, (1.13)
t t
where p and q are defined by (1.3) and (1.6), respectively, then every weakly

oscillatory solution of (1.1) is oscillatory.

Proof. Let (u1,us2) be a weakly oscillatory solution of (1.1), and suppose
that this solution is not oscillatory. Without loss of generality it can be
assumed that there exists an increasing sequence of points {¢;} tending to
400 such that

w(ty) =0 (k=1,2,...),

_ (1.14)
uz(o;(t)) >0 for te€[ty,4o0] (i=1,...,m).

On account of (1.13), (1.14), there is k € N such that

te m

/Zpi(s)uz(ﬂi(s))ds > 0.

t1

On the other hand, by (1.14) from (1.1) we have

0> /Zpi(s)ug(ai(s))ds > 0.
ioi=1

The contradiction obtained proves the validity of the lemma. [

8§ 2. OSCILLATORY SOLUTIONS

Theorem 2.1. Let

m
fl(t7xla"'axﬁhyla'"aym)Signyl > sz(t)|yz|,
=1

. - (2.1)
fQ(ta'/I;h s Tmy Y1y e e 7ym) 511 T S - qu(t”‘rl'
i=1
for te Ry, xx; >0, yiy; >0 (i=1,...,m),
where p;, ¢; € Lioe(Ry; Ry) (i =1,...,m), and conditions (1.2), (1.5), and

+oo

/ > G Oh(ri(1)de = +00 (2.2)
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be fulfilled. Let, moreover, there exist g > 0 and a nondecreasing function
d: Ry — R such that 6(t) > o0.(t), and for any X € [0,1]

(o (1))

/ RGNS pils) / Zqz £))deds >

o i=1 oils) !
> (1 ((t)h*e(8(t)  for t € [to, +oo , (2.3)

where tg € Ry and h is defined by (1.3). Then every proper solution of (0.1)
18 oscillatory.

Proof. Let (uy,us) be a proper solution of (0.1). By virtue of (2.1) it will
be a solution of (1.1) as well. Suppose that this solution is not oscillatory.
By (1.2) and (2.2) it is obvious that all the conditions of Lemma 1.2 are
fulfilled. Thus (u,us) is nonoscillatory. Therefore by virtue of condition
(1.5) and Lemma 1.1 one can find ty € R4 such that

up(t)ua(t) >0 for ¢ € [ty,+oo[, (2.4)
and
tggloo |uq(t)] = +oo. (2.5)

By (2.4) we have from (1.1)

PAG) Z: t)uz (o3 (t))],
lua (t)]" < —Zqi(t)‘ul(n(t))’ for ¢ € [ty, +oo] .

From these inequalities we get

t +oo .
|'LL1 | > i Ul(TZ(g)) d{ds (27)
/ ;p (/ > o) |
for ¢ € [t1,+o0],

where t; € [tg, +00[ is a sufficiently large number.
Denote by S the set of all A € R, satisfying

|ur (1))

() — 400 as t— 4oo. (2.8)
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By (2.5), it is obvious that 0 € S. Let Ao = sup S. Suppose that Ao > 1.
By virtue of (2.8) there exists t € [to, +0o[ such that

lui (7i(t))| > h(7;(t)) for te€ [t,+oo] (i=1,...,m).
Thus on account of (2.2) we find from (2.6)

t m

Juz(t)] < fua(B)] — /ZQi(S)h(Ti(S))dS — =00 as t— 4o

The contradiction obtained proves that Ag € [0,1]. Then by (2.3) there
exist A, € [0, o] N[0, 1] and ¢y € Ry such that

e ((1))

m +OO m
RN Yol [ (r€)deds >
o i=1 oi(s) =1
> WM (1,.(G(t))h0(6(t)) for t € [tg, +o00], (2.9)
and
. u )] lur ()]
Jim ) = +00, ti%o AT~ 0. (2.10)

Introduce the notation

p(t) = inf = (ru(s)un (ra(s)] = 5 = 8. (2.11)

By (0.2) and (2.10) it is clear that

o(t) T +o0 as t 71 +oo, (2.12)
i (@) (6(0) =0, (2.13)

Define the sets S; (i = 1,2) in the following manner:

t €81+ @(a(t)h==(5(t)) < @(a(s))h="(0(s))
for s € [to,t],
_ |ua(r(e(®)))]
h=(r. (0 (1)) -
It is clear that by (2.12) and (2.13), sup S; = 400 (i = 1,2). Show that

te Sy == p(F(t))

sup 51 N Sy = 4o00l. (2.14)

! Analogous discussions for nth order equations are given in [4], [5].
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Indeed, if we assume that ¢z € S; and ¢2 & So, by (2.11) and (2.12) there
exists t3 > to such that

~iy (e (a(t3)))]
L)0(0'(753)) - h)‘*(’r*(g(tg)) ’ (215)
p(o(t)) = ¢(a(tz)) for t e [ty ts].

On the other hand, since t5 € S; and J is nondecreasing, we have
o(a(t3))h™50(0(t3)) < w(a(s))h™0(6(s)) for s € [to,ts]. (2.16)

Therefore from (2.15), (2.16) it follows that t3 € Sy N S3. By the above
reasoning we easily ascertain that (2.14) is fulfilled. Thus there exists an
increasing sequence of points {¢;} such that

lim ¢, = +oo,

k—+oo
(G (te))h =0 (8(tr)) < p(F(s))h==°(8(s)) for s € [to,tx], (2.17)
p(a(ts) = W (k=1,2,...).

On the other hand, it is obvious that

lui (73(t))]

@(t)gm for ¢ € [tg,+oo] (1=1,...,m).

Thus on account of (0.2), (2.12), (2.17), for sufficiently large k we have from
(2.7)

|ur (72 (G ()| =

nGw) too
> [ e [ L et mcs >
t i=1 oi(s) =1
7-(o(tr)) +20

hoo = ai(s) =1
> (o (te))h™=0(5(tr)) X
(o (tr)) .

+OO m
<[ rGE ) [ aOn (e)dsds

=1 oi(s) =1

-~
[
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whence we obtain

(o (tr)) m

+oo .
R0 Yol [ Yl (r©)deds <
=1 O'i(S) =1
< WM (1 (G (tR))) R0 (8(ty)) for k> ko,

where kg is a sufficiently large number. But the latter inequality contradicts
(2.9). The contradiction obtained proves the validity of the theorem. O

Theorem 2.2. Let conditions (1.2), (1.5), (2.1), and (2.2) be fulfilled.
Let, moreover,

- h(r(0(1)))
| — = >0 2.18
‘e h(D) (2.18)
and there exist € €]0,1[ such that for any X € [0,1],

T o,

O WGP (2.19)
or(t) =1
fOT’ te [t0,+00[ )

where tog € Ry and h is defined by (1.3). Then every proper solution of (0.1)
is oscillatory.

Proof. By virtue of Theorem 2.1, to prove the theorem it is sufficient to
show that (2.19) implies (2.3) with (t) = ¢.
Indeed, choose g9 > 0 such that
Ate
A+ &g

¥ >1 for Ae0,1], (2.20)

where v = lim m
7 toteo B

On account of (1.2) and (2.18)—(2.20) we obtain
BN EE)E () X

. (a(1)) m +oo
x / B () pils) / S G (M (r(6)) deds >
=1 a_i(s) =1
(o (t))
> (A+ )~ (n G (H)h=0 (1) / B(s)heo =1 (s)ds =

(e}
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Ate - ~ —€o Ate =~
= * * >
T EO)R O G ) 2
Ate
> 2T 4051 f *, 400
_A+507 >1 for tet*, oo,

where t* €]tg, +00[ is a sufficiently large number. Therefore (2.3) is ful-
filled. O

Remark. In a certain sense, condition (2.19) is optimal. If we assume
€ = 0, then, in general, Theorem 2.2 is not valid.

Theorem 2.3. Let conditions (1.2), (1.5), (2.1), (2.2), and (2.18) be
fulfilled. Let, moreover,

h(t)

1450 h(o* (1))

and there exist € €]0, 1] such that for any A € [0, 1],

=a>0 (2.21)

+oo .
o) | ;Qi(f){h(&g))]/\dﬁ>0zA_1()\(1—)\)+€) (2.22)

for t € [to,+oo[,

where to € Ry and h is defined by (1.3). Then every proper solution of (0.1)
is oscillatory.

Proof. By virtue of Theorem 2.2, to prove the theorem it is sufficient to
show that (2.21) and (2.22) imply (2.19).
Indeed, on account of (1.2), (2.21), and (2.22) we have

/iqi(S)hA(n(S))dS—
or(t) =1
i o T (€)1
= K1) / hh(s)d/Zqi(f)[ hzg) ] dg

o*(t) s

+oo
hlf)\(t)

h(7:(£))
h

A
o)

+oo
— O ) [ S alo)

o*(t) i=1

+oo
A0 [ i) [ Y a]

o* () s

B (€))7
W) s 2
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}H+ M) ymﬁ(s)m—z’(s)ds> >

o*(t)

20N+ (a1 4 0 [h(git()t))]l_x) &

(*(t))

2(A(1—A)+5)(1+%)=A+

>
1—)\6_)\+€

for ¢ € [ty,+oo[,

where t, € |tg, +o0o[ is a sufficiently large number, and p is defined by (1.3).
Therefore (2.19) is fulfilled. O

Corollary 2.1. Let conditions (1.2), (2.1), (2.2), (2.18), and (2.21) be
fulfilled. Let, moreover,

C0)

Jm = =08 >0, (2.23)
and
+o0 e
i () / (s)ds > o™ i {(ﬁ) AL — )\)},
t
where h, q, and « are defined by (1.3), (1.6), and (2.21), respectively, and
B=min{B3;: i=1,...,m}. (2.24)

Then every proper solution of (0.1) is oscillatory.

Corollary 2.2. Let conditions (1.2), (2.1), (2.2), (2.18), (2.21), and
(2.23) be fulfilled. Let, moreover, o = 3 and

+oo

1
lim At q(s)ds > — ,
Jim. <)/q<> »

where h, q, o, and B are defined by (1.3), (1.6), (2.21), and (2.23), (2.24),

respectively. Then every proper solution of (0.1) is oscillatory.
Corollary 2.3. Let p,q € Lioe(R4; Ry),
h(400) = 400,

and

lim A (1) / g(s)ds >

t——+oo
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where

Then every proper solution of the system

i (t) = p(t)uz(t),
uy(t) = —q(t)us(t)
is oscillatory.

Corollary 2.3 immediately implies Hille’s well-known theorem for second-
order ordinary linear differential equations (see [1]).
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