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ON THE NUMBER OF REPRESENTATIONS OF
INTEGERS BY QUADRATIC FORMS IN TWELVE
VARIABLES

G. LOMADZE

ABSTRACT. A way of finding exact explicit formulas for the number of
representations of positive integers by quadratic forms in 12 variables
with integral coefficients is suggested.

INTRODUCTION

In [1] we derived a formula for the sum of singular series corresponding
to the number of representations of positive integers by a positive primitive
quadratic form

f=a1(x] +23) + az(23 + 23) + as(z? + 23) +
+ ag(a? + 23) + as(xd + 239) + ag(ai; + 275) (1)

with integral coefficients a1, as, ..., ag-

In [2, 3], several classes of entire modular forms of weight 6 are con-
structed for the congruence group I'g(4N) with Fourier coefficients in a
simple arithmetical sense, which allows one sometimes to obtain explicit
exact formulas for the number of representations of positive integers by
quadratic forms of type (1).

In the present paper we have obtained such formulas for the forms

fr=a? 4+ 2t + 20 + 22y,

fo=ai 4+ +ag+2aF+ - +aly),

f3 =2 + a3 +2(23 + - +2y),

fo=af+ a4+ 2(xg + 23o) + 4aty +aly).
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Namely, we prove the following formulas:

(D) r(n; f1) = 4os(u) — 8 Z i = 32222 if n=1 (mod 2),

23 txdtd(zi+ad)=2n
2tx1,2fx2,x1>0,22>0

—1
= 12805(u) + 56 Z (m)xllEQmeél

m%+x§+x§+xi=2n
2fxy,...,2fx4,21 >0, ;x4 >0
if n=2 (mod 4),
72

=37 (2°=Y55 + TYos(u) if n=0 (mod 4);

(1) 7r(n; f2) = o5(u) — 6 > x] — 3zias —

22 txd+d(zi+ad)=2n
2txy1,2{x2,21>0,22>0

—1
- E (7)3319623?3904
T1XT2X3T4

:vf+z§+z§+a:ﬁ:4n
2{xy,...,24x4,21 >0, ;x4 >0

if n=1 (mod 2),

-1
= 320’5(U) + 40 Z (m)$1$2$3$4

m%+m§+w§+mi:2n
2fxy,...,20x4,21 >0, ;x4 >0

if n=2 (mod 4),

24
=3 (2°=V41 4+ 21)o5(u) if n=0 (mod 4);

(III) r(n; f3) = i%(u) -2 Z x} — 3xjas —

m?+m§+4(z§+zi):2n
2txy,2txo,2x1>0,22>0

-1
E (7)331962333334
T1X2X3T4

m?+z§+m§+zi:4n
2{11,...,2f14,11 >0, ,24>0

if n=1 (mod 2),

= 805(u) + 16 Z (_71)1’@2%3%4

L1T2T3L4

= =

xf+w§+ax§+wi:2n
2{xy,...,2tx4,21 >0, ,@4>0

if n=2 (mod 4),
2

=3 (25715 + 21)o5(u) if n=0 (mod 4);
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(V) #(n f2) = o5(u) + 15 )3 (- oo,

T1X2X3T4
zf+x§+z§+xi:4n
2tzy,...,24x4,21 >0, x4 >0

if n=1 (mod 4),
-1
=o5(u) + 15 Z (7)391%2%304 -

T1T2X3L4
w%+m§+m§+mi:4n
2tzy,..., 244,21 >0, ,x4>0

— 256 > x} — 32223 +

2(mf+z§)+x§+mi:2n
2txy,...,2tws,21 >0, ,24>0

+8 Z i — 32222 if n=3 (mod 4),

wf+x§+4(m§+wi):2n
2tz ,2txo,x1>0,22>0

= 3205(u) — 56 > at — 32222 —

x?+m§+4(m§+ri):n
2fx1,2fx2,21>0,22>0

-1
— 28 (7)30 Tox3T
Z e 122L3T4

xf+z§+x§+xi:2n
2tx1,...,2twa,21 >0, ,24>0

if n=2 (mod 4),

-1
102405(“) + 568 Z <m).’1)1$2$3$4
14243

xf+z§+x§+xi:n
2tx1,...,2fxa,21 >0, ,x4>0

if n=4 (mod 8),

8
=57 (2°=23967 + 63)05(u) if n =0 (mod 8).

1. SoME KNOWN RESULTS

1.1. In the present paper N, a, k, n, q, r denote positive integers; b, u,
v are odd positive integers; p is a prime number; ¢, g, h, j, m, o, 8, 7y, 0
are integers; 7 is the imaginary unit; z, 7 are complex variables (Im 7 > 0);
e(z) = exp2miz; Q = e(7); (%) is the generalized Jacobi symbol; Y and
hmodgq

S denote sums in which h runs through the complete and the reduced
hmodgq
residue system modulo ¢, respectively; o5(u) is the sum of the fifth powers

of positive divisors of u.
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Let
Ygn(z|T3¢, N) =

_ Z (71)h(mfc)/Ne($ (m + g)QT)e«m + g),z), (1.1)

m=c (mod N)

hence

an =\ m—c n
Vgn(z|T5¢, N) = (i) Z (=1)hm=/N (9m 4 g)™ x

oz" m=c (mod N)
1 9\? g
xe(ﬁ<m—|— 5) T)(a((m—i— i)z) (1.2)
Let
n "
Ygn(T5¢, N) = g1 (0|75¢, N), ﬁ;h)(T;c, N)= @ﬂgh(zh';c, N)‘ (1.3
We have (see, e.g., [4], formulas (2.3), (2.5) on page 112)
ﬁg+2j,h(T;C7N) = ﬁgh(’r;c—i_ja N)7 (1 4)
ﬁ;@Zj,h(T;ch) :ﬁéz)(r;c—kj,]\f); '
Ign(Tie+ Ny, N) = (=1)"dn(r3 e, N), (15)
. 1.5
19;2)(7'; c+ N;j) = (=19 (1;¢, N).
In particular, according to (1.3), it follows from (1.1) that
ﬁgh(T;O,N) _ Z (71)th(2Nm+g)2/8N’ (16)
9 (F0,N) = (ri)" 3 (<1)"(2Nm g QNN (17)

Expressions (1.6) and (1.7) yield

O_g (130, N) = Dgn (750, N), 9" (750, N) = (=1)"Ig1 (130, N). (L.8)

6
Throughout this paper, A = [] ai is the determinant of the quadratic
k=1
form (1) and a is the least common multiple of its coefficients.
Denoting by r(n; f) the number of representations of n by the form (1),

we get

6 %)
I 9500750, 2a) =14 " r(n; /@™ (1.9)
k=1

n=1
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Further, put

O(ri f) =1+ p(n; )Q", (1.10)

where p(n; f) is the sum of singular series corresponding to the function
r(n; f).

Finally, let
ot + 3
YT+ 0

F0(4N):{ ad—0y=1, v=0 (mod4N)}

(nonhomogeneous congruence subgroup modulo 4N).
1.2. For convenience we shall quote here some well-known results.

Lemma 1 (see,e.g., [4], Lemmal, p.114). The entire modular form
F(7) of weight r for the congruence group T'o(4N) is identically zero, if in
the expansion into the series

F(r)=Y_ CnQ™
m=0
we have Cy, =0 for allm < 54N [] (1+ 1),
plAN b
Lemma 2 ([5], Lemma 14, p. 18 and Remark to Lemma 18, p. 21).
6
The functions O(t; f) and [] 93,(7;0,2ax) are entire modular forms of
k=1
weight 6 and character x(0) = (%) for T'p(4a).

Lemma 3 ([2], Theorem 2, pp. 70, 73, and [3], Theorem 2, pp.
196, 197). For given N, the functions

q)2<7_;gla"'7g4;h17'"7h4;07-~~70;N13"'7N4) =

1
= {NQ ﬁ;ﬁ)hl (130,2N1)0 g1, (7;0,2N3) +
1

g2ho

1
7 Vaha (750, 2N2) 0, (750,200 —
2

4
6
A ’g’lhl(T;0,2N1)19g2h2(7;0,2N2)} I ?gne(7:0,2N), (1.11)
k=3
<I>3(T;gl7...7g4;h1,...,h4;0,...,0;N17...7N4) =

1

= {N1 ’g’lhl(T;0,2N1)1992h2(T;O,2N2) —
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4

— ﬁg2h2 (1;0,2N2)0g, 1, (750, 2N1)} H ﬂ;khk (1;0,2Ng), (1.12)
k=3

@4(7;5]1,... g4;h1,... h4;0,...,0;N1,...,N4):
= Hﬁqkhk 7:0,2Ny), (1.13)

where
2
(a) 2| gk, Nk | N (k=1,2,3,4), 4|NZ L 4|Z4z’v};
(b) for all a and § with ad =1 (mod 4N)
4
IT Nk
<k:16| )q)j(T;aglv"'70594;1741,...,h/4;0,...70;N1,...,N4):

A
(|5|) ST gai by a0, 0Ny, L N (G = 2,3,4),

are entire modular forms of weight 6 and character x(A) = (%) forTo(4N).

Remark. In what follows we shall write ®o(7;g1,...,94; N1,...,Ng) in-
stead of ®o(7;91,...,94;0,...,0; N1,..., Ny).

Lemma 4 ([1], Theorem, p. 383). Let n =2%uw, u= [[ p°, v=
pln, pf2A

T »° (@a>0,3>0). Then

pln, p|A
p>2

25a+3 5

P f) = —x37m X IT x II a-p% losw.

plA,p>2  pl|A,p>2

The values x, and x, are given in Lemmas 5 and 6 of [1].

2. FORMULAS FOR 7(n; f)

2.1. We consider the quadratic forms fi, fa, and f3 from (2), whose de-
terminants are respectively A =22, A =25, and A = 210,

Lemma 5. The functions
D73 f1) = Dgo (730, 2)950(7; 0, 4) —O(r: f1) +
1 7
2 95521 107 = 3 356
U(7; f2) = 7980(@ 0, 2)1900(7, 0,4) — O(7; f2) +

1941(7 0,4), (2.1)
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3 1 1 1
5128 1N )+1616 4
5

D) 256 Y 1941(7' 0,4),

Y(T; f3) = 1900(77072)1900(T§074) —O(r; f3) +

1
+ - 1921(7 0,2) —

1 1
21284X() 64164
1941(7'04)

+ A (r;0,2) —

256 25674

where, for brevity, we put

Xl(T) = O (T;4a 47070; 23 2; 2, 2)7

551

are entire modular forms of weight 6 and character x(§) = 1 for T(8).

Proof. According to Lemma 2, the first two summands in (2.1)—(2.3) are
entire modular forms of weight 6 and character x(d) = 1 for I'(8).

In Lemma 3 put N = 2. It is then obvious that the other summands in

(2.1)—(2.3) satisfy condition (a) of this lemma.

If 0 =1 (mod 8), then ad =1 (mod 4), i.e
a=+1 (mod4) and §=+1 (mod 4), respectively.
It is easy to verify that the summands from (2.1)—(2.3) involve
4
N,
(’“Hl k) —1 and (é) —1
9] 9]

By (1.11), (1.4), (1.5), (2.5), and (1.8),

Dy (7340, 40,0,0;2,2,2,2) =

{ 08 (750, 4)040,0(730,4) — 194a0(7 0, 4)}1900(7 0,4) =
L o)
= 5 7914,0(7—3 2(04 + 1)7 4)1914,0(7; 2((1 + 1), 4) —

3 "
3 00(r2(0 ¥ 1).4) [y (ri0.4) =

3 "
{ 791[4 o(730,4)0 44 0(7;0,4) — = ﬁﬁm(T; 0,4)}19(2)0(7'; 0,4) =

- {21955(*))(7;074)1940(7;0,4) 29,2(7;0, 4)}ﬁOO(T 0,4) =

= @2(7;4,4,0,0;2,2,2,2).

(2.5)

(2.6)
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Similarly, by (1.13), (1.4), (1.5), (2.5) and (1.8),

’

192%[,1(7§ 0,2) = 19/142,1(7'; aFl,2)= 19/142,1(77 0,2) = 79/2%1(79 0,2),
Din 1 (730,4) = 02 1 (13 2(aF)1,4) = 941 (:0,4) = 94 (750,4)
Hence by (2.6) the functions X;(7), 951 (7;0,2) and 9 (7;0,4) satisfy

also condition (b) from Lemma 3. Thus they are entire modular forms of
weight 6 and character x(d) =1 for I'o(8). O

Theorem 1. 99(7;0,2)93,(7;0,4) =

29(T;f1)—212;7X()+gW1419 (7:0,4), 27)
98073 0,2)080(730.4) = O(r ) — 5 1o Xa(7) -

e e VA0 4 2 0 (r0,9), (2.8)
0ol 0.2)988(7:0,4) = ©(r: 2 S e K1) -

o T P 0,2) 4 o DA 0,4) (2.9)

Proof. By Lemma 1, the functions ¥(7; f1), ¥(7; f2), and ¢(7; f3) will be
identically zero, if all coefficients by @™ (n < 6) in their expansion into the
powers of () are zero.

I. In Lemma 4, putting n = 2%, v = 1, A = 22, 26, and 2'0, we
respectively obtain

25a+3 25a+3
o 1) = 2o xaos), ol f2) = 2 v (),
25a+3
ol f) = o x,05(0)
In Lemma 5 from [l weput g =1, 75 ==y =0,y=1,b; =--- =
be = 1. Then

X, =1 if a=0,1,
Xo = 275&{250{ o 2(25(25(0{72) o 1)3171 . 1)} _

2-9

= magp POTUB5+T) if a>2.
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Thus
p(n; fr) = dos(u) if a=0,
=12805(u) if a=1, (2.10)
=72-3171(2° V55 + Thos(u) if o> 2.

Calculating the values of p(n; f1) by (2.10) for all n < 6, by virtue of
(1.10) we obtain

o(r; f1) =
=144Q + 128Q% + 976Q% + 4104Q* + 12504Q° + 31232Q° + --- . (2.11)

Now in Lemma 5 from [l put %6 = =y =1, 3 =12 =71 = 0,
’723, b1:~'~:b6:1. Then
X, =1 if a=0,1,
_ 2—5a{25a _ 93 (25(25(a—2) —1)317t - 1)} _
233 5(a—1 :
= oagg (2 (=141 +21) if a>2.
Thus
p(n; f2) = o5(u) if =0,
=3205(u) if a=1, (2.12)
= 2431712541 4 21)o5(u) if a>2.

Calculating the values of p(n; f2) by (2.12) for all n < 6, we get

9(75 f2) =
=1+ Q+320Q% + 244Q> + 1032Q* + 3126Q° + 7808Q° 4 --- . (2.13)
Finally, in Lemma 5 from [1] put 6 = -+ =2 =1, 71 =0, v = 5,

b1:'~:b6:1.Then
X, =1 if a=0,1,
=75ef2Pe (2P0 1317t — 1)} =

2%
T 95a3]

(2°°7*5+21) if a>2.
Thus

1 :
p(n; f3) = 1 os(u) if a=0,
=8o5(u) if a=1, (2.14)
=24-31712°715 + 21)o5(u) if a>2.
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Calculating the values of p(n; f3) by (2.14) for all n < 6, we get
O(r; f3) =

1 1563
:1+ZQ+8Q2+61Q3+264Q4+

- Q° +1952Q° 4 --- . (2.15)

II. It follows from (1.6) that
950(730,2)03(750,4) = 1 + 20Q + 184Q% + 1040Q° +
= 4104Q* 4 12344Q° + 30560Q° + - - - . (2.16)
Equations (1.7) and (1.6) imply

1951%) (1;0,4)040(7;0,4) =

=256t Y (2m+1)1QENY2 N QY2 = (2.17)

= 25671 (4Q) (1 + 82Q* + 81Q°% + 62Q" + - - ),
" e 5 o\ 2
iR0,4) = (16(x)? S0 (2m+1)2QEmV) = (218)

m=—0oo

= 2567 (4Q) (1 + 18Q* + 81Q% +50Q"% + - - -),

030(730,4) =( i Q2m2)2 = (2.19)

m=—0o0

:1+4Q2+4Q4+4Q8+8Q10+4Q16+

Thus, by (2.4) and (1.11),
Xi(r) = {% 958 (3.0, 4)040(7; 0, 4) — gﬂgg(T; 0,4) }oRo(r:0,4) = (220)
= 12874 (4Q) { (1 + 82Q" + 81Q° +626Q" + ) -
—3(1 + 18Q* + 81Q% +50Q'2 + - -- )} X (2.20,)
X(1+4Q* +4Q* +4Q° +8Q" +---) =
=12874(4Q) ( — 2— 8Q*+ 20Q" + 112Q° — 58Q° — 664Q'* — 60Q"* + - - - ),
i.e,

1

12874 X1 (1) = —8Q — 32Q> 4 80Q° + 448Q" —

—232Q° — 2656Q" — 240Q" + - - - . (2.21)
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From (1.7) we have

’ > , 4
0,1(730,4) = (4m' Z (—1)™(2m + 1)Q@™+D) /2)

= 25674 (16Q%)(1 — 3Q* +5Q2 + - - )4,

i.e.,

b g 2 6 10 14

25674 U4:(7:0,4) = 16Q~ — 192Q° + 864Q " — 1408Q™" + - - -

From (1.6) we find that

D50 (750,2)050(750,4) = 1 +12Q + 72Q° + 304Q° +

+1032Q" + 2952Q° + 7328Q° + - - -,

while (1.7) yields

o0

U51(730,2) = (2m' > (—1)m(2m+1)Q(2m+1)2/4)

m=—0o0

=167*(16Q)(1 — 3Q* + 5Q° — 7Q' + - -)*,

4

ie.,

1

o ¥51(730,2) = 16Q — 192Q° + 864Q° — 1408Q" —

— 1584Q° + 8640Q"" — 6688Q" + - - - .
It follows from (1.6) that

930(730,2)040(7:0,4) = 1+ 4Q + 24Q” + 80Q° +
+264Q* + 728Q° + 1760Q° + - - -

555

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

It is easy to verify that all coefficients of @™ (n < 6) in expansions of
functions ¥ (7; f;) (i = 1,2, 3) into the powers of @ are zero. Thus identity

(2.9) is proved. O

Proof of formulas (I)~(I11). Equating the coefficients by Q™ in both sides

of identities (2.7)—(2.9), according to (1.9) and (1.10), we get

r(n; f1) = p(n; f1) — 2v1(n) + ;gl(n)’
(s f2) = plns f2) = 5 () — 15 5

2
1 1

r(n; f3) = p(n; f3) — 5 vi(n) — 7 vii(n) +vi(n),

(2.28)
(2.29)

(2.30)
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where v1(n), 71(n) and v11(n) denote the coefficients by Q™ in the expan-
sion of the functions a— X1(7), 54— U43(7:0,4), and 5 ¥51(7;0,2) in
powers of @, respectively.

It follows from (2.20) and (2.17)—(2.19) that

oo

1 4 A {(2m1+1)2+(2ma+1)%}/2
le(ﬂ:( 3 @my 4 1)iQUEm ) Hame )2
mi,Ma=—00
3 (o 1mg 1RQUEm )Y
my,m2=—00
oo 5 2 oo
Y @mEmioy (Y mbd)en
MM ma=Teo n=1 I?+Ig+4(z§+xi):2n
2tz 2w,
ie.,
vi(n) =4 Z x] — 3x3a3. (2.31)

22 txd+4(zi+ad)=2n
2txy1,2{z2,21>0,22>0

Obviously, v1(n) # 0 for n =1 (mod 2) only.
From (2.22) we find that

o =
Wﬁﬁ(ﬂo,@: S (™M T Emy 4 1) (2my + 1) x
M1,y...,Mg=—00
x QLM+ 4t (2mat+1)*}/2
oo
=>. ( > (—1)(“*1)/%'“*(“_1)/2x1x2x3x4) Q"
n=1 z%Jr---Jr:L’Z:Qn
2{zy,...,2¢z4
ie.,

v1(n) =16 Z (_71):1019023:3334. (2.32)

T1X2XT3T4
2 taitaitai=2n
2tx1,...,2fx4,21>0,...,24>0
Obviously, 71(n) # 0 for n =2 (mod 4) only.
From (2.25) follows

1 >
VA0 = 3T ()™M @m 1) (2ma 4 1) x
M1y, Mg=—00

XQ{(2m1+1)2+~~-+(2m4+1)2}/4 _
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:i( ST (RN 2y g ) Q1
n=1

x%+---+wi:4n
2txy,...,20xy

i.e,

v11(n) =16 Z (_71>x1x2x3x4. (2.33)

L1X2T3T4
zf+m§+z§+mi:4n
21’%1 ..... 2)(14,Z1>0,...,£E4>0

Obviously, v11(n) # 0 for n =1 (mod 2) only.

From (2.28), (2.10), (2.31), and (2.32) follows formula (I), from (2.29),
(2.12), and (2.31)—(2.33) formula (II) and from (2.30), (2.14), and (2.31)—
(2.33) formula (IIT).

2.2. Consider now the quadratic form
fa=aitad+o+af+ 205+ o) + 4 +aty)
whose determinant is A = 26,

Lemma 6. The function

W(7; 1) = 950730, 2)020 (750, 4)93 (75 0,8) — O(75 f1) —

1 15 1 ., 1
_ 1287774)(1(7-)_176@1921(7—’072)4_16m)(2(7)+
1 701
2— X - 92(r:0,4
2 1351 Ko+ 4 g5 P (0.4 +
1 711 ,
14— - 92(1:;0,8
T 5t X401 = 5 Goggea Vs (T3 0:8),
where
X1(1) = 92(734,4,0,0;2,2,2,2), (2.34)
X2(T) = (DZ(T;8a85474;474a232)7 (235)
Xs5(71) = ®2(7;4,4,0,0;2,2,4,4), (2.36)
Xa(1) = 2(7;8,8,0,0;4,4,4,4), (2.37)

is entire modular form of weight 6 and character x(6) =1 for T'y(16).

Proof. According to Lemma 2, the first two summands of the function
(73 fa) are entire modular forms of weight 6 and character x(§) = 1 for
To(16).

In Lemma 3 put N = 4. Then it is obvious that the other summands of
(73 fa) satisfy condition (a) of this lemma.
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If ad =1 (mod 16), then ad =1 (mod 4), i.e
a=+1 (mod4) and §=+1 (mod 4), respectively.  (2.38)

It is easy to verify that all these summands involve

HNk

( 5 ):1 and (3):1. (2.39)

Reasoning as in Lemma 5, by (1.11), (1.4), (1.5), (2.38) and (1.8), we get

@y (7; 8, 8ar, v, dav; 4,4,2,2) = Dy (7:8,8,4,4;4,4,2,2),
@y (1340, 40, 0,0 2,2, 4, 4) = By(734,4,0,0;2,2,4,4),
Dy (7; 80,80, 0,0;4,4,4,4) = By(738,8,0,0;4,4,4,4),

,8) =

19;3%1,1(77078) = ﬂi8,1(7'34<a3F 79/ +81(730,8) = ’981( ;0,8).

Similar relations for the other three summands of the function ¥ (7; fy)
have already been given in Lemma 5. Thus, according to (2.39), all these
functions satisfy condition (b) from Lemma 3 as well. Consequently, they
are entire modular forms of weight 6 and character x(§)=1 for I'y(16). O

Theorem 2. 95,(7;0,2)93,(7;0,4)93,(7;0,8) =

15 1
o(r f4)+21284X() 1616419 1(730,2) —
1 1
—16 —— ) S -
0 oot X2(7) = 2 5 Xs(7)
701 1 711
—12567194‘11(7;0,4)—14@)(( )+54096 41981(7 0,8). (2.40)

Proof. By Lemma 1, the function ¥(7; f4) will be identically zero if all
coefficients by Q™ (n < 12) in its expansion into the powers of @ are zero.

I. In Lemma 4 put n = 2%, v = 1, A = 25. Then p(n; f1) = 25%x,05(u).
In Lemma 5 from [1] we put 96 = 2, 75 = 1,14 = -+ =79 =0, vy = 3,
bl :~'~:b6:1. Then

Xo=1 if a=012
_ 2—5a{25a —28(25(27(8) _1)317 — 1)} -

8
- 25031

(2°=23967 + 63) if a > 3.
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Thus

p(n; fay) = os(u) if a=0,
=3205(u) if a=1,
=102405(u) if a=2,

8
=31 (22023967 + 63)05(u) if o> 3.

Calculating the values of p(n; f4) by (2.41) for all n < 12, we get

O(7; f4) = 1+ Q + 32Q% + 244Q° + 1024Q* 4 3126Q° +
+ 7808Q° + 16808Q7 + 32776Q° 4 59293Q° +
+100032Q + 161052Q*" + 249856Q12 + - - - .

I1. From (1.6) follows
955(750,2)0%,(750,4)92,(7;0,8) = 1 + 16Q + 116Q* +

+512Q° + 1592Q* + 3936Q° + 8592Q° + 17408Q" + 32776Q° +

+57808Q° + 97400Q*° + 157184Q** + 243040Q*% + - - -
Equations (1.7) and (1.6) imply

958 (730, 8)050 (73 0,8) =

= 40967 > (2m + 1)1Qm+V’? 3 QEm+)? _

m=-—0o0 m=—oC
= 40967*(4Q?)(1 + 82Q°% + 81Q* + - - .),
79/8/(?(7—; 0, 8) = 40967T4( Z (2m + 1)2Q(2m+1)2)

m=—0oo

= 40967 (4Q2)(1 + 18Q% + 81Q™ + - --),

> 2
19?10(7;0,4):( 3 Q<2*”+1>2/2) _

m=—0o0

=4Q(1+2Q" +Q° +2Q" +---).

2

Thus, by (2.35), (1.11), (2.45), (2.47), and (2.49),

]. 3 "
Xa(r) = { 5 948 (7:0,8)s0(7:0.8) — S 93 (50,8) o3y (5 0,4) =

= 5120 (4Q%) { (1 + 82Q° + 81Q" + ) -

559

(2.41)

(2.42)

(2.43)

(2.44)
(2.45)
(2.46)
(2.47)
(2.48)

(2.49)

(2.50)
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—3(1 + 18Q° + 81Q' +-~-)} X
x(4Q)(1+2Q* +Q* +2Q" + ) =
= 51274 (16Q%)(—2 — 4Q* + 26Q® + 52Q"* + --)
ie.,

1
51274

From (1.6) we find that

92,(0,8) = ( Z Q‘“”)

m=—0o0

=(14+2Q* +2Q" 4+ - )2 =1+4Q* +4Q% + 4Q'° +
Thus, by (2.36), (1.11), (2.20;), and (2.53),

Xo(1) = —32Q% — 64Q" + 416Q"" + 832Q"° +

1 3 "
Xo(r) = {594 (730, 4040(r50,4) = S 033 (r30.4) }ly (7:0,8) =

= 1287r4(4Q){(1 +820% + 81Q% + 626Q'2 + - -+) —
—3(1 + 18Q* + 81Q® +50Q"% + - - - )} x

X(14+4Q" +4Q% +4Q" +---) =
= 1287 (4Q) (=2 + 20Q* — 58Q°% — 60Q'? + - - ),

i.e.,

1 5 9 13
X —-8Q + —232Q° — 24 +
S Xa(r) = —8Q +80Q° — 232Q° — 240Q
From (2.37), (1.11), (2.501), and (2.53) we obtain

3

Xa(r) = {5 9 (7:0.9)9s0(730,8) — = 943 (r50,8) }io(r;0,8) =

= 5127 (4Q%){ (1 + 82Q° + 81Q'0 + -+ ) —
—3(1+ 18Q® + 81Q'¢ + - -- )} x
X(1+4Q* +4Q°% +4Q"0 +---) =
= 512" (4Q%) (=2 - 8Q" +20Q° + 112Q"% + ---),
ie.,

1

o X4(1) = —8Q% — 32Q° + 80Q*" + 448Q' +

(2.501)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)
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From (1.7) we have

9 (710,8) = (8m’ i (—1)™(2m + 1)<2m+1>2)4 - (2.58)

m=—0o0

= 40967 (16Q*) (1 — 12Q® + 54Q™0 + - - )
ie.

1

 9A(1;0,8) = 160Q* — 19202 + 864Q%° 4 ... . 2.59

According to (2.43), (2.42), (2.21), (2.25), (2.51), (2.55), (2.23), (2.57),
and (2.59), it is easy to verify that all coefficients of @™ (n < 12) in the
expansion of the function ¢ (7; f4) into the powers of @ are zero.

Thus identity (2.40) is proved. O

Proof of formula (IV). Equating the coefficients by Q™ in both sides of
identity (2.40), by (1.9) and (1.10) we obtain

s £2) = pls 1) + 20 () + g vis(n) — 16v2() —

~ 9ug(n) — g P (n) — 145 (n) + % Ps(n), (2.60)

where v1(n), v11(n), va(n), vs(n), v1(n), v2(n), and v3(n) denote the coeffi-
cients of Q™ in the expansion of the functions ma—X1(7), 1or951(7;0,2),
ﬁXQ(TL 1251;7r4 X3(T)7 2561774 194%[ (T;OA): ﬁXZL(T)a and Wﬂsﬁ (7';0,8)
into the powers of ), respectively.

It follows from (2.50), (2.44), (2.46), and (2.49) that

o0

5?14 Xo(r) = ( Z (2m1 + 1)4QEmiF+1) +(2mat1)® _
s

mi,mz=—00
-3 Z (2my +1)%(2ms + I)QQ(2m1+1)2+(2m2+1)2> y
my,M2=—00

« Z Q{(2m3+1)2+(2m4+1)2}/2 _

ms,mg=—00

o0

(X at-sdad)en

n=1 2(mf+z§)+x§+xi:2n
2txy,...,20wy
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ie.,

va(n) = 16 > at — 3222, (2.61)

2(1?+x§)+m§+zi:2n
2txy,...,2txs,21>0,...,24>0

Obviously, va(n) # 0 for n = 3 (mod 4) only.
From (2.54), (2.17), (2.18) and (2.52) we find that

1 > 2 2
X _ ( 9 4o {@mi+1)*+(@2ma+1)%}/2
1283 3(7) i Tnz=—oo( mi +1)°Q
-3 Z (2my + 1)2(2m2 + I)QQ{(le+1)2+(2m2+1)2}/2) X
mi1,May=—00
o0 5 R o0
D S D L
m3,Mm4==—00 n=1 mf+x§+8(w§+xi):2n
2J[I1,2J[I2
ie.,
vs(n) =4 > ot — 32222, (2.62)

a2 4a248(x2+22)=2n
2txy1,2{z2,21>0,22>0

Obviously, v3(n) # 0 for n =1 (mod 4) only.
From (2.56), (2.44), (2.46), and (2.52) follows

: = 3 4y(2m1+1)%+(2ma+1)?
X=X em+nielm 1y
mi,My=—00
S 2 2

-3 Z (2m1 + 1)2(2m2 4 1)2Q(2m1+1) 4(2ma+1) ) y

mi,ma=—00

') . . o

X Z Q4m3+4m4 = Z ( Z Izll — 313%1‘3)@”7
ms,mg=—00 n=1 a2 ta+4(a2+a2)=n
2fxy,2{xo
ie.,
va(n) =4 Z x] — 3tz (2.63)

of+ai (el +oi)=n
2tx1,2fx2,x1>0,22>0

Obviously, 73(n) # 0 for n = 2 (mod 4) only.
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From (2.58) we find that

4 4
1 ’ 00 Emk 4 Z(kaJrl)Q
Tt mos = Y (nF J[eme+nes _

M1,y Mg=—00 k

=1
0 S (n1)/2
= Z( > (=1)r= $1$2$2$4)Q”,

=1
n x?—i—x%-‘—z%—i—wi:n
2fxy,...,2{z4

ie.,

_ -1
vs3(n) =16 E (7>m1x2x3x4. (2.64)
L1234
mf—i—x%—&-m%—i—xi:n
24xy1,..,2f2a,21>0,...,04>0

Obviously, v5(n) # 0 for n =4 (mod 8) only.

The values vq(n), 71(n), and v11(n) have already been defined by for-
mulas (2.31), (2.32), and (2.33), respectively. Formula (IV) follows from
(2.60), (2.41), (2.31)—(2.33), and (2.61)—(2.63). But in the case where n = 1
(mod 4), (2.60) implies that

(03 f4) = plos £2)+ 201(n) + T2 via(n) — 20 (),

since by (2.61), (2.32), (2.63), and (2.64)
va(n) =11(n) = ve(n) =v3(n) =0.
However, one can verify that
Z i Z x] — 3zl

o3 tr3+4(zi+z])=2n 23 +zi+8(x5+a])=2n
2tx1,2tx2,21>0,22>0 2fx1,2txe,21>0,22>0

i.e., 2v1(n) — 2v3(n) = 0.
2.3. Notice finally that one can derive in a similar way formulas for r(n; f)
for some other quadratic forms of type (1). In particular, one can derive

the well-known Liouville formula obtained by him in 1864 for r(n; f), when
f=a2 423+ = 2%, if we introduce the function

(1 f) = 952(7;0,2) — O(735 f) —

1 "
= S 12060 (730, 2)000(7:0.2) = 6933(7:0,2) } o (7:0,2).
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