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TENSOR PRODUCTS OF NON-ARCHIMEDEAN
WEIGHTED SPACES OF CONTINUOUS FUNCTIONS

A. K. KATSARAS AND A. BELOYIANNIS

ABSTRACT. It is shown that the completion of the tensor product of
two non-Archimedean weighted spaces of continuous functions is topo-
logically isomorphic to another weighted space. Several applications
of this result are given.

1. INTRODUCTION

Weighted spaces of continuous functions were introduced in the complex
case by L. Nachbin in [1], and in the vector case by J. Prolla in [2]. Many
other authors have continued the investigation of such spaces. W. H. Sum-
mers has shown in [3] that if X and Y are locally compact topological spaces
and U,V Nachbin families on X, Y, respectively, then CUy(X) @ CVy(Y)
is topologically isomorphic to a dense subspace of CWy(X x Y'), where
W=UxV={uxv:uecUwveV}and (uxv)(z,y) =u(z)v(y).

The p-adic weighted spaces of continuous functions were introduced by
J. P. Q. Carneiro in [4]. Several of the properties of these spaces were studied
by the authors in [5] and [6]. In this paper we show that if X, Y are Hausdorff
topological spaces, not necessarily locally compact, U,V Nachbin families
on X,Y respectively and F a non-Archimedean polar locally convex space,
then CUy(X) ® CVy(Y, E) is topologically isomorphic to a dense subspace
of CWy(X x Y, E), where W = U x V. We give several applications of this
result. We also show that on the space Cy(X, E) of all bounded continuous
E-valued functions on X, the strict topology defined in [7] is the weighted
topology which corresponds to a certain Nachbin family on X.

2. PRELIMINARIES

Throughout this paper, K will stand for a complete non-Archimedean
valued field whose valuation is nontrivial. By a seminorm, on a vector
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space E over K, we mean a non-Archimedean seminorm. Let E be a locally
convex space over K. The collection of all continuous seminorms on E will
be denoted by cs(E). The algebraic and the topological duals of E will be
denoted by E* and E,7 respectively. For a subset B of E, B? denotes its
polar subset of E'. A seminorm p on E is called polar if

p=sup{|f|: f € E*, |f| <p},

where |f| is defined by |f|(x) = |f(z)|. The space E is called polar if its
topology is generated by a family of polar seminorms. If E, F are locally
convex spaces over K, then E ® F' denotes the projective tensor product of
these spaces. By EQF we denote the completion of £ ® F. Also, by p ® ¢
we denote the tensor product of the seminorms p and ¢. For all unexplained
terms concerning non-Archimedean spaces we refer to [8].

Next we recall the definition of non-Archimedean weighted spaces. Let
X be a Hausdorff topological space and E a locally convex space. The
space of all continuous E-valued functions on X is denoted by C(X, E). By
Cy(X, E) and Co(X, E) we denote the spaces of all members of C(X, E)
which are bounded on X or vanish at infinity on X, respectively. In case
E = K, we write C(X),Cp(X) and Cy(X) instead of C(X,K), Cp(X,K)
and Cp(X,K).

A Nachbin family on X is a family V' of non-negative upper-semiconti-
nuous functions on X such that:

(1) For all v1,v5 € V and any a > 0 there exists v € V with v > avy, avy
(pointwise) on X.

(2) For every x € X there exists v € V with v(x) > 0.

Let now p € ¢s(E) and v € V. For an E-valued function f on X, we
define

G p(f) = I fllop = supfo(@)p(f(2)) : © € X}.

In case f is K-valued, we define

@ (f) = [Ifllv = sup{v(@)|f(2)| : = € X}

Also, for an R-valued or K-valued function f on X, we define

1f1l = sup{[f ()] : = € X}.

The weighted space CV (X, E) is defined to be the space of all f in C(X, E)
such that ¢, ,(f) < oo for all v € V and all p € ¢s(E). Note that g, is
a non-Archimedean seminorm on CV (X, E). We will denote by CVy(X, E)
the subspace of CV (X, E) consisting of all f such that the function z +—
v(x)p(f(z)) vanishes at infinity on X for each v € V and each p € cs(E).
On CV(X, E) and on CVy(X, E) we will consider the weighted topology 7,
generated by the seminorms ¢, ,,v € V,p € cs(E). When E = K, we will
simply write CV(X) and C'Vy(X) instead of CV(X,K) and CVy(X, K).
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3. ON THE STRICT TOPOLOGY

For a locally compact zero dimensional topological space X and a non-
Archimedean normed space E, J. Prolla has defined, in [9], the strict topol-
ogy 8 on Cy(X, E) as the topology defined by the seminorms

[ lofll = sup{llo(z)f (@) - = € X},

where ¢ € Co(X). For an arbitrary topological space X and a locally convex
space E, the strict topology 5y on Cy(X, E) was defined in [7]. This is the
topology generated by the seminorms

f=llofllp = sup{|¢(z)|p(f(z)) : € X}

where p € cs(E) and ¢ belongs to the family By (X) of all bounded K-valued
functions f on X which vanish at infinity. As shown in [7], By = 8 when X
is locally compact zero-dimensional. In this section we will show that g is
a weighted topology.

Let X be a Hausdorff topological space and let By, (X) denote the family
of all ¢ € By(X) for which |¢| is upper-semicontinuous.

Lemma 3.1.

(1) If V = |Bou(X)| = {|¢| : ¢ € Bou(X)}, then V is a Nachbin family
on X.

(2) For each ¢ € Bo(X) there exists 1 € B, (X) such that |¢] < |9].

Proof. (1) If ¢1, ¢2 € Bou(X) and if ¢ is defined on X by
b(x) = { ¢1(z) + ga(z) if [d1(2)] # |2(2)]

¢1(x) otherwise,

then |¢| = max{|¢1], |¢2|} and ¢ € By, (X). It follows now easily that V is
a Nachbin family on X.

(2) Let ¢ € Bo(X) and choose A € K, 0 < |\ < 1. Without loss
of generality we may assume that ||@|| < |A|. There exists an increasing
sequence (D,,) of compact subsets of X such that {z € X : |¢(x)| > |A|"} C
D,,. Let ¢, denote the K-characteristic function of D,,. For each z € X,
the series Y02 | A", (x) converges in K. Define 1) on X by

() =D N'én(x).
n=1
If x € D, \ Dy,_1, then |¢(x)] = |A|". Given € > 0, choose n such that
A" < €. Now {z € X : |[¢(z)| > ¢} C D, and so ¢ € By(X). Also, for
each € > 0, the set A = {z : |(x)] < €} is open. Indeed, if |A| < €, then
A= X. Assume € < |\ and let  be such that |A|*T! < e <|A|®. If 2o € A,
then 2o ¢ D,. Also, for x ¢ D, we have |[{(x)| < |A|*T! < e and so x € A.
Thus A = X \ D,;, which shows that A is open. Finally, [A¢| < |¢|. Indeed,
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let ¢(x) # 0. If © € Dy, then |[¢(x)] = [N > [Ap(z)|. If z € Dyyq \ Dy,
then [¢(z)] < [A" and so [¢(z)| = A"+ = [A¢(z)|. O

Theorem 3.2. If V is as in the preceding Lemma, then
CV(X,E)=CV(X,E)=Cy(X,E) (algebraically)

and the weighted topology on CV (X, E) coincides with the strict topology Bo
on Cy(X, E).

Proof. It is clear that Cp(X, E) C CVy(X, E). On the other hand, assume
that some f € CV(X,E) is not bounded. Then, for |A| > 1, there ex-
ist p € es(F) and a sequence (z,) of distinct elements of X such that
p(f(xn)) > |A?" for all n. Let ¢, be the K-characteristic function of the set
{z1,...,z,}. Asin the proof of the preceding Lemma, we get that the func-
tion ¢ = 3377 | A"¢y, is in Bou(X) and [¢(z,)] = [ 2.5, A n(zn)| =
[A|7™.  Thus sup,, |¢(z,)|p(f(z,)) = oo contradicts the fact that f €
CV(X,E). This proves the first part. The second part follows from (2)
of the preceding Lemma. []

4. TENSOR PrRODUCTS OF WEIGHTED SPACES

Let X, Y be Hausdorff topological spaces and let U, V be Nachbin families
on X,Y respectively. Set W =U XV ={uxv:u € U, v €V} where
u X v is defined on X XY by (u x v)(z,y) = u(z)v(y). It is easy to see
that W is a Nachbin family on X x Y. In the complex case, Summers
has shown in [3] that, for locally compact X, Y, CUy(X) ®@ CV,(Y) is
topologically isomorphic to a dense subspace of CWy(X xY). The following
is an analogous result in our case. Note that we do not assume that X,Y
are locally compact.

Theorem 4.1. Let U, V,W be as above and let E be a Hausdorff locally
convex space over K. Then:

(1) CUH(X) @ CVu(Y, E) is topologically isomorphic to a subspace G of
CWo(X xY,E);

(2) if X is zero-dimensional and E a polar space, then G is a dense
subspace of CWy(X x Y, E).

Proof. (1) Let

B:CUy(X) x CV(Y,E) — CWy(X X Y, E),
B(o, f)=¢x f, (¢x f)lx,y)=¢x)f(y)
Then B is bilinear. Let

T =B :CUy(X)® CVy(Y,E) — CWy(X x Y, E)
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be the corresponding linear map. Then T is one-to-one. Indeed, assume
that for some h = >") ¢, ® fx we have T'(h) = 0. We claim that h = 0. We
prove it by induction on n. This is clearly true if n = 1. Assume that it is
true for n — 1. If some ¢, # 0, say ¢, # 0, then f, is a linear combination

of fioovy fuet, i€, fr=321"1 Aefw. Thus

n—1

n n—1 n—1
O:Z(bHXfN:Z(bHXfK +Z)‘n(¢nan):Z(¢n+>\n¢n)an-
1 1 1

1
By our inductive hypothesis, we have

n—1

n—1 n—1
ozgwnmmn)@fﬁ;m@fﬁ +;A5¢n®fﬁz

n—1

n—1 n
= 6e 5 /e +¢n®<ZAHfK> S 6o )
1 n T

This proves that T is one-to-one. Also, if M = CUy(X) ® CVy(Y, E) and
G = T (M), then T is a topological isomorphism from M onto G. Indeed,
let h € Myu € Uy € Vyw = u x v,p € ¢s(E). For any representation
h =37 ¢n® f. of h we have

| Thy = supu(x)v(y)p(z ¢ﬁ<x>fm<y>) <
T,y 1

SIHEX[(SQPU(wN¢K(IH)'(Sgpliyhﬂfk(yﬁ)]:2123XH¢KHqukap-

Thus ||Thllwp < (|| - [« @[ - lv,p) (). On the other hand, given 0 < ¢ < 1,
there exists a representation h = >_"" | ¢,, ® f,, of h such that {f1,..., [}
is t-orthogonal with respect to the seminorm || - ||,,,. Now, for any z € X,

> bu() e

> t max ¢y (2)][| fisllv.p
v,p

and so

L —— H S 0@
x 1 v,p

= tmax ||gullu || fullop = (|- llu @[ [lo,p) (R)-

It follows that [|[Th|lwp, = (|- |« @ |- llop) (k) and so T : M +— G is a
topological isomorphism.

(2) Assume that F is polar and X zero-dimensional.

Let f € CWo(X XY, E),u € Uyjv € Vw =uXv,e > 0andp € cs(E),
where p is polar. The set D = {(z,y) : u(z)v(y)p(f(z,y)) > €} is compact

J1ta) 2 ¢ max s o (1l ) =
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in X xY. If Dy, Dy are the projections of D on X,Y respectively, then
D C Dy x Dy. Let d > sup,¢p, u(), supyep, v(Y)-

The set 2 = {x € X : u(z) < d} is open in X and contains D;. Since X
is zero-dimensional, there exists a clopen subset A of X with D1 C A C Q.
For each « € Dy there exists y € Y with (z,y) € D and so u(z) > 0. Also,
for zyp € X, the map y — f(zo,y) is in CVy(Y, E). Indeed, there exists
u; € U with uy(z9) # 0. Let v1 € V, e1 > 0 and ¢ € ¢s(E). We want to
show that the set B = {y € Y : v1(y) ¢(f(x0,y)) > €1} is compact. The set
By = {(z,y) : wi(x)vi(v)q(f(z,y)) > equi(zo)} is compact. If y € B, then
(zo,y) € By and so B is contained in the projection of By in Y. Since B is
closed, it follows that B is compact. This proves that the map y — f(zo,y)
is in CVy(Y, E).

Also, for each yo € Y and each 2 € E', the function z — = (f(z,y0)) is
in CUy(X). Indeed, the seminorm ¢(x) = |z ()] is continuous on E. Choose
v1 € V with v1(yo) # 0. For uy € U, let H = {x: ui(z)q(f(z,y0)) > €1}
Then, H is contained in the projection on X of the compact set By =
{(z,y) : wi(x)v1(y) ¢(f(x,y)) > e1v1(yo)} and so H is compact, which
proves that the function z — z' (f(z,10)) is in CUy(X).

Let now z € Dy. There exists yg € Y with (x, yo) € D. Since p(f(z,y0)) >0
and p is polar, there exists € E with 2’ (f(z, o)) # 0. Since the function
2= 2 (f(2,90)) is in CUp(X), it is clear that there exists ¢, € CUp(X) with
¢.(x) = 1. By the compactness of Ds, there exists a clopen neighborhood
A, and 0 < ¢, < 1, with

d* €, - sup p(f(z,y)) <e,
yE€D2

such that
Ay CAN{z: |9o(2) = 1| < e} N{z: u(z) < 2u(z)}
and p(f(z,y) — f(z,9)) < €/d? for all z € A, and all y € Ds. In view of the

m
compactness of Dy, there are x1,...,2,, in D; such that D; C |JA,,.
1

Let Ay = Ay, Axp = A$~+1 \ (

Set ¢y = bu,. - Xa,, fo = f(Tk,") € CVo(Y, E), where X4, is the K-
characteristic function of A,. Then h = Y 1" ¢, X f. € G. Moreover, for all
xz € X and y € Y, we have

w(@)o(y) p(f(z,y) = h(z,y)) < 2e (%)

To show (*) we consider three possible cases.
Case I x ¢ J]" A,
In this case, we have h(z,y) =0, (z,y) ¢ D and u(x)v(y) p(f(z,y)) < e.
Case II: x € A, and y € Ds.

»—AC;R

Awi) fork=1,...,m—1.



TENSOR PRODUCTS OF NON-ARCHIMEDEAN WEIGHTED SPACES 39

Then
f(@,y) = h(z,y) = f(z,y) — dul@) fu(y) =
= [f(x,y) - f(xmy)] + f(-'ﬂq,?/)(l - (bli(‘r))
Since
w(@)v(y)p (f(z,y) = f(rey) <d®-e/d> = e
and

w(@)o(y)|1 — dn (@) p(f(24,9)) < & - e, - p(flz,y)) <€
we have that (%) holds.
Case III: x € Ay, y ¢ Ds.
In this case we have that (z,y) ¢ D and so u(z)v(y)p(f(z,y)) < €. Also,
since x € A,, C A,,., we have ¢, () = ¢, () and |¢,, (x) — 1] < 1, which
implies that |¢,, (z)| = 1. Thus

w(@)o(y)|on (@) |p(f (2, y)) < 2u(zs)o(y)p(f(2s,y)) < 2¢
since (z,,y) ¢ D. Thus (*) holds in all cases and so ||f — hllw,p < 26. O

Remark 4.2. Looking at the proof of (2) in the preceding Theorem, we
see that instead of the hypothesis that E is polar we may just assume that
E separates the points of F, i.e., for each s # 0 in F there exists z e FE
with x'(s) = 0. Of course polar spaces have this property.

Taking as V the family of all constant positive functions on X, we get
that CVy(X, E) coincides with Cy(X, F) with the topology 7, of uniform
convergence.

Lemma 4.3. Considering on both Co(X, E) and Co(X, E) the topology
Tu of uniform convergence, we have that Co(X,E) is the completion of
Co(X,E).

Proof. Tt is easy to see that Co(X, E) is complete. Let f € Co(X, E) and
p € cs(E). We will denote also by p the unique continuous extension of p to
all of E.

The set Z = {x € X : p(f(x)) > 1} is clopen and compact. There are
T1,...,T, in Z such that the sets

ZK,:{zGX:p(f(x)*f(zﬁ))Sl}v k=1,...,n,

are pairwise disjoint and cover Z. For each k, choose s, € F with p(s, —

f(zg)) < 1. Set

h=> Xas. € Co(X,E),
1

where A, = Z,.N Z. Note that the sets Aq,..., A, are clopen and compact
and their union is Z. Since ||f — k||, < 1, the result follows. [J
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Combining Theorem 1 with Lemma 2, we get as a corollary the following

Theorem 4.4. Let X, Y be Hausdorff topological spaces and E a Haus-
dorff locally convex space. Then:

(1) Co(X) ® Co(Y, E) is topologically isomorphic to a subspace of
Co(X XY, E);

(2) if X is zero-dimensional and E separates the points of E (e.g. if E
is polar), then

Co(X)&Co(Y, E) = Co(X x Y, E).
Lemma 4.5. Let X,Y be Hausdorff topological spaces, U = |Bg.(X)|,

V =|Bou(Y)|, W =UxV, Wy = |Bou(X xY)|. Then, the Nachbin families
W and Wi are equivalent.

Proof. Clearly, W C Wj. On the other hand, let ¢ € By, (X x Y) and
A€ K, pe€ K with |u| > 1, |A] > |u|?. Without loss of generality, we may
assume that ||¢|| < |A\|~!. For each positive integer n, the set

Dy = {(z,y) : |o(z,y)| = A"}
is compact. Let A,, B, be the projections of D,, on X, Y respectively. Set

1= Z:,lanAn RS ZlanBn-
n=1 n=1

Since (A,), (B,) are increasing sequences of compact sets, we get (as in
the proof of Lemma 1) that ¢1 € Bou(X) and ¢ € B, (Y). Moreover,
o] < IA(|p1] X |@p2]). Indeed, let (zo,y0) € X x Y with ¢(xo,y0) # O,
and let n be the smallest of all integers k with (zg,y0) € Dy. If m is the
smallest integer x with zg € A, then m < n and |¢1(zo)| = [p|™™ > |p| ™™
Similarly, |¢2(yo)| > |u|~™ and so

|p1(w0)Palyo)| > [p| 2™ > |\~

Since (g, ¥yo) ¢ Dy,—1, we have that
|6(x0,y0)| < |A7D < M| (20) 2 (yo) -
This clearly completes the proof. []
Combining the preceding Lemma with Theorems 3.2 and 4.1, we get

Theorem 4.6. Let X,Y be Hausdorff topological spaces and E a Haus-
dorff locally convex space. Then:

(1) (Co(X), Bo) @ (Cu(Y, E), Bo) is topologically isomorphic to a subspace
G of (Co(X x Y, E), o) = M.

(2) If X is zero-dimensional and E separates the points of E, then G is
a dense subspace of M.
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Let X,Y be Hausdorff topological spaces, U the Nachbin family of all
positive multiples of the R-characteristic functions of the compact subsets
of X,V = |Bo,(Y)| and W = U x V. Let f € EX*Y be such that the
restriction f|p to each compact subset D of X x Y is continuous.

Consider the following properties of f:

(1) For each compact subset Dy of X, the restriction of f to Dy x Y is
bounded.

(2) Foranyu e U,v eV, w=uxwv,p e cs(E), the function w - (po f)
vanishes at infinity on X x Y.

(3) I fllw,p < oo for any w =u x v € W and any p € cs(E).

Then (1), (2), (3) are equivalent. Indeed, it is easy to see that (1) = (2) =
(3). To prove that (3) = (1), assume that there exist a compact subset D
of X and p € ¢s(E) such that

sup{p(f(z,y)): 2 € D1,y €Y} = c0.

Let |[A] > 1 and choose a sequence (x,,) in Dy and a sequence (y,,) of distinct
elements of Y such that p(f(zn,yn)) > |A|*". Let w, be the K-characteristic
function of {y1,...,y,} and consider the function ¢ = >~ | A™"w,,. Then
v = |¢| € V. If u is the R-characteristic function of Dy, then w = uxv € W
and

w(@n)0(Yn)p(f(Tn,yn)) = A 7"P(f (0, yn)) > A"

and so || f||w,p = 00, a contradiction. Thus (1),(2),(3) are equivalent.

Let now U, V,W be as above and denote by CW, (X X Y, E) the vector
space of all f € EX*Y such that:

(a) flpxy is continuous for each compact subset D of X.

(b) [ fllw,p < oo for each w € W and each p € cs(E).

If we consider on CW,,(X x Y, E) the weighted topology 7,, generated by
the seminorms || - ||y,p, w € W, p € cs(E), we have

Theorem 4.7. Let X, Y be zero-dimensional Hausdorff topological
spaces and E a Hausdorff locally convex space. If 7. is the topology of
compact convergence, then:

(1) the map

w: (C(X),7e) @ (Co(Y, E), fo) = CWi(X XY, E), fog— fxg,

is a topological isomorphism onto a dense subspace G of CW (X x Y, E);
(2) if Y is locally compact, then

(C(X)7Tc)®(cb(yv E)aﬂO) = CWR(X X Yﬂ E)

Proof. The mapping w is a topological isomorphism onto G' by Theorem 4.1,
since CWy(X x Y, E) is a topological subspace of CW, (X x Y, E). To prove
that G is dense, let f € CW, (X xY,E), w=uxv € W and p € cs(E).
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We may assume that u is the R-characteristic function of a compact
subset D1 of X. Given € > 0, let D = {(z,y) : € D1, v(y)p(f(z,y)) > €}.
If D is the projection of D on Y, then Dy is compact, since D is compact,
and D C D; x Ds. The restriction h of f to D; X Dy is continuous. Let
€2 > 0 with e3]|v]| < e. There are (z4,y.) € D1 X D, Kk = 1,...,n, such
that the sets A, = {s € E : p(s — f(zu,ys)) < €2} are pairwise disjoint
and cover h(D; x Dj). Set B, = h™!(A,). Clearly, B, is compact and
D1 X Dg = Un BK.

It is easy to see that if C,C1,...,C), are clopen in X and F, Fy,..., F,
clopen in Y, then the set

CxF\ (IglC’,.C ><F,§>

is a finite disjoint union of sets of the form Z; x Z5, with Z; clopen in X
and Z, clopen in Y.

There are pairwise disjoint sets O7...,0, in X x Y with B, C O.. For
(z,y) € By there are clopen neighbourhoods M,, D, of z,y respectively
such that M, x D, C O, and p(f(x,y) — f(a,b)) < €3 for all a € M, N D,
and b € D,. In view of the compactness of B,, there are clopen sets
Axi, ..., Agm,, in X and clopen sets D1, ..., Dy, in Y such that the sets
Agj X Dyj, j=1,...,m,, are pairwise disjoint, cover By, are contained in
O and p(f(z,y) — f(a,b)) < e if (z,y) and (a,b) are in (A.; N D1) X Dy;.

Choose (2xj,Yr;) € (Axj N D1) X Dy; and set

n

9=> (m; X, % <Xpﬁjf<a:myﬂ>))

k=1

is in G. Moreover, ||f — g|lw,p < €. Indeed, let x € D1, y €Y.
Case I:  (x,y) € Ax; X By;.
Then g(x,y) = f(2x,yx) and so p(f(z,y) — g(z,y)) < ez, which implies
that
v(y)p(f(z,y) — g(z,y)) < |lvflez <e.

Case II:  (z,y) ¢ U, ; Axj X Byj-
Then g(x,y) =0 and (z,y) ¢ D and so

w(x,y)p(f(as,y) - g(xay)) < v(y)p(f(x,y)) <€

This proves the first part of the theorem.

(2) To prove the second part, we show first that CW (X x Y, E) is com-
plete. To this end, let (f.) be a Cauchy net in CW, (X x Y, E).

Given (xo,70) € X x Y, there exist w € U, v € V with u(zg) > 0,
v(yo) > 0. Using this, we get that the net (f,(xo,y0)) is Cauchy and hence
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convergent in E. Define
FiX XY B, f(r,y)=lim fa(z,y).

(i) For each compact subset Dq of X, f|p,xy is continuous. Indeed, let
xg € D1 and yp € Y. There exists a compact clopen neighbourhood W of
Yo €Y.

If u,v are the R-characteristic functions of D, W, respectively, then
w=uxveW and

[fo = follwp = sup{p(fa(z,y) = fo(z,y)) : © € D1,y € Wi

It follows that f, — f uniformly on Dy x W. Since D; x W is open in
Dy xY and (zg,yo) € D1 x W it follows that f is continuous at (xg,yo) on
D1 xY.

(ii) f w =uxv € W, then || f|lw,p < oo for each p € cs(E). Indeed, there
exists ag such that || fo, — fallw,p < 1, for all @ = agp, which implies that

[ foo = fllwp <1 and so || fllw,p < max{l, || fa,|lw,p} < 0.

It follows from the above that f € CW, (X x Y, E) and f, — f in the
topology 7,,. To finish the proof, it suffices to show that CW, (X x Y, E)
is dense in CW,(X x Y,E). So, let f € CWo(X xY,E), w =uxveW
and p € cs(F). As in the proof of the first part, there are clopen subsets
A1,..., A, of X, clopen subsets By, ..., B, of Y and (z4,yx) in X xY such
that the sets A, X By, k = 1,...,n, are pairwise disjoint and || f —g||w,p < 1,
where

9= Z X, X (XBNf(xmyn)) :
r=1
Since w is bounded, we have that ||w|| = d < co. For each &, choose s, € E
such that p(s, — f(zx,yx)) < 1/d. Now

h=> X x(Xps.) €G.

k=1

It (CL’,y) € A, X By, then g(xay) = f(xmyn)a h($7 ) = 54, and so

Y
< max{w(z,y)p(f(z,y) — 9(2,9)), w(z, Y)p(f (s, ys) — sx)} < 1.
Thus || f — Allw,p < 1 and the result clearly follows. O

Let Cy,0(X xY, E) denote the space of all E-valued functions f on X xY’
such that f|p,xy € Co(D1 x Y, E) for each compact subset Dy of X. If we
consider on Cj o(X x Y, E) the locally convex topology generated by the
seminorms || f|lp,,, = sup{p(f(z,y) : © € Dy, y € Y}, where p € cs(E)
and D is a compact subset of X, then we have
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Theorem 4.8. Let X, Y be zero-dimensional Hausdorff topological
spaces, where Y is locally compact, and let E be a Hausdorff complete locally
convex space. Then

(C(X),Tc)®(CO(Y,E),Tu) = C,Q,O(X X Y, E)

Proof. The proof is analogous to the one of the preceding theorem, using
an additional fact that the clopen compact subsets of Y form the base for
the open subsets of Y. [
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