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ON THE ¢(-EXPONENTIALLY ASYMPTOTIC STABILITY OF
LINEAR SYSTEMS OF GENERALIZED ORDINARY
DIFFERENTIAL EQUATIONS

M. ASHORDIA AND N. KEKELIA

Abstract. Necessary and sufficient conditions and effective sufficient condi-
tions are established for the so-called &-exponentially asymptotic stability of
the linear system
dx(t) = dA(t) - z(t) + df (1),

where A : [0, +oo[— R™ ™ and f : [0,+00[— R™ are respectively matrix-
and vector-functions with bounded variation components, on every closed
interval from [0, +oo[ and & : [0, +00[ — [0, 400[ is a nondecreasing function
such that tiieroof(t) = +o00.
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Let the components of matrix-functions A : [0, +oco[— R™"™ and vector-
functions f : [0, 400] — R™ have bounded total variations on every closed seg-
ment from [0, +o00]| .

In this paper, sufficient (necessary and sufficient) conditions are given for
the so-called £-exponentially asymptotic stability in the Lyapunov sense for the
linear system of generalized ordinary differential equations

dr(t) = dA(t) - x(t) + df (2). (1)

The theory of generalized ordinary differential equations enables one to inves-
tigate ordinary differential, difference and impulsive equations from the unified
standpoint. Quite a number of questions of this theory have been studied suf-
ficiently well ([1]-[3], [5], [6], [8], [10], [11]).

The stability theory has been investigated thoroughly for ordinary differential
equations (see [4], [7] and the references therein). As to the questions of stability
for impulsive equations and for generalized ordinary differential equations they
are studied, e.g., in [3], [9], [10] (see also the references therein).

The following notation and definitions will be used in the paper:

R =] — 00, +o0[, Ry = [0, +00[, [a,b] and ]a,b] (a, b € R) are, respectively,
closed and open intervals.

Re z is the real part of the complex number z.
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R™*™ is the space of all real n x m-matrices X = (x;);7; with the norm

X = max S lagl, 1X]= (g g

1,7=1»
""" mi=1

Rixm:{X: (@i)ije s wyg 20 (i=1,....m jzl?""m)}‘

The components of the matrix-function X are also denoted by [z];; (1 =
L...,n;7=1,...,m).

Opnsxm (or O) is the zero n x m-matrix.

R"™ = R™! is the space of all real column n-vectors x = (x;),.

If X € R™™ then X! and det(X) are, respectively, the matrix inverse to
X and the determinant of X. I, is the identity n X n-matrix; diag(Ay, ..., A,)

is the diagonal matrix with diagonal elements Ay, ..., \,.

r(H) is the spectral radius of the matrix H € R™*",

JYO(X) = bselgi \Z/(X), where \(l;/(X) is the sum of total variations on [0, b] of the
components z;; (i =1,...,n; j = 1,...,m) of the matrix-function X : Ry —
Rmm V(X)(E) = (v(z)(t))ij21, where v(x3;)(0) = 0 and v(wy;)(t) = \;/(%j)

forO0<t<+4oc0(i=1,...,n;7=1,...,m).

X(t—) and X(t+) are the left and the right limit of the matrix-function
X R, — R™™ at the point ¢; d; X (t) = X (t)— X (t—), do X (t) = X (t+)—X (¥).

BVjoe(Ry, R™™) is the set of all matrix-functions X : R, — R™ "™ of bounded
total variation on every closed segment from R,.

Lioe(Ry, R™™) is the set of all matrix-functions X : Ry — R™ such that
their components are measurable and integrable functions in the Lebesgue sense
on every closed segment from R, .

Clroc(R4, R™™) is the set of all matrix-functions X : R, — R™ such that
their components are absolutely continuous functions on every closed segment
from R,.

S0 : BVioe(Ry,R) — BV,.(R,,R) is the operator defined by

so(z)(t) = z(t) — Z dyx(1) — Z dox(T)

0<r<t o<r<t

If g : Ry — R is a nondecreasing function z : R, — R and 0 < s <t < 400,
then

/t z(7) dg(7) = / () dgy (1) — / z(7) dg2(7)

]s,t[ ]si[

+ 2 w(m)dig(r) = > x(7)dag(7),

s<T<t s<t<t

where g; : Ry — R (j = 1,2) are continuous nondecreasing functions such that
g1(t) — g2(t) = s0(g)(t), and [ x(7) dg;(7) is the Lebesgue-Stiltjes integral over
Jsit]
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the open interval |s, t[ with respect to the measure corresponding to the function

t
g; (j=1,2) (if s =t, then [z(7)dg(r) =0).
A matrix-function is said to be nondecreasing if each of its components is
nondecreasing.

If G = (gzk)”C . Ry — R is a nondecreasing matrix-function, X =
(Tir)iney - Ry —>R”X’” then

t

lm
/dG(T (Z/xkj ) dgir(T ) - for 0<s <1t < o0,

s k=1 bhy=1

&@wz@me"

ik=1"

If G; : Ry — R®" (j = 1,2) are nondecreasing matrix-functions, G/(t)
G1(t) — Go(t) and X : Ry — R™™ then

jdG(T) - X(1) :/thl(T>' /dG2 ) for 0<s<t<+oo.

A and B : BVj,o(Ry, R™™) X BVjpe(R,R"™™) — BV,.(R,R"*™) are the
operators defined, respectively, by

AX,Y)(®) + Y dX(@) - (- dX (@) dY ()

o<r<t

= Y X(r) (I + &X (1)) dY(r) for t Ry

0<r<t

and

B(X,Y)(t) = X()Y () — X(0)Y(0) - / dX(r)-Y(r) for t € R,.

L : BV2.(R,,R™") — BV,.(R;,R"™") is an operator given by

LX,Y)(t) = / d(X(r) + BX,Y)(r)) - X (r) for t € Ry.

We will use the following properties of these operators (see [2]):
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Under a solution of the system (1) we understand a vector-function = €
BVj,e(R,,R™) such that

2(t) = 2(s) + /dA(T) 2(7) + f(t) = f(s) (0<s<t<+00).

Note that the linear system of ordinary differential equations
dx
i
where P € Ljy.(R,R™ ") and q € Lj,.(Ry,R™), can be rewritten in form (1) if
we set

P(t)x+q(t) (t€Ry), (2)

t

¢
At) = /P(T) dr, f(t) = /q(T) dr.
0 0
We assume that A € BV,.(R.,R"™™), f € BVj,o(Ry,R"), A(0) = Opxp and

det (I, + (—1Y d;A(t)) #0 for t € R, (j = 1,2).
These conditions guarantee the unique solvability of the Cauchy problem for
system (1) (see [11]).
Definition 1. Let £ : R, — R, be a nondecreasing function such that

lim &(t) = +oo. (3)

t——+o0

Then the solution z of system (1) is called {-exponentially asymptotic stable if
there exists a positive number 7 such that for every € > 0 there exists a positive
number § = () such that an arbitrary solution x of system (1), satisfying the
inequality ||z(to) — zo(to)|| < ¢ for some ¢, € R, admits the estimate

l2(t) — zo(t)]] < cexp (= n(&(t) — &(to))) for t > to.

Stability, uniform stability, asymptotic stability and exponentially asymptotic
stability are defined just in the same way as for systems of ordinary differential
equations, i.e., when A(t) = diag(t,...,t) (see, e.g., [4] or [7]). Note that the
exponentially asymptotic stability is a particular case of the &-exponentially
asymptotic stablility if we assume £(t) = t.

Definition 2. System (1) is called stable in this or another sense if every
solution of this system is stable in the same sense.

We will use the following propositions.

Proposition 1. System (1) is &-exponentially asymptotically stable (unifor-
mly stable) if and only if its corresponding homogeneous system

dx(t) = dA(t) - x(t) (1p)
is &-exponentially asymptotically stable (uniformly stable).
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Proposition 2. System (1¢) is £-exponentially asymptotically stable (unifor-
mly stable) if and only if its zero solution is -exponentially asymptotically stable
(uniformly stable).

Proposition 3. System (1y) is £-exponentially asymptotically stable (unifor-
mly stable) if and only if there exist positive numbers p and n such that

U, 8)ll < pexp (= n(£(t) = &(s))) for t>5>0
(U@ < p for t=520),
where U is the Cauchy matriz of system (1o).

The proofs of these propositions are analogous to those for ordinary differen-
tial equations.

Therefore, the £-exponentially asymptotic stability (uniform stability) is not
the property of a solution of system (1). It is the common property of all
solutions and a vector-function f does not influence on this property. Hence
the &-exponentially asymptotic stability (uniform stability) is the property of
the matrix-function A and the following definition is natural.

Definition 3. The matrix-function A is called &-exponentially asymptoti-
cally stable (uniformly stable) if the system (1g) is {-exponentially asymptoti-
cally stable (uniformly stable).

Theorem 1. Let the matriz-function Ay € BVjoe(Ry, R™™™) be £-exponenti-
ally asymptotically stable,

det (I, + (=1) d;Ag(t)) # 0 for t € Ry (j =1,2) (4)
and
v(€)(t)
tlg-noo \t/ .A(Ao, A— Ao) = O, (5)

where £ : Ry — Ry is a nondecreasing function satisfying condition (3),
(E)t) =sup{T > t: &(r) <€(t+) + 1)
Then the matrixz-function A is &-exponentially asymptotically stable as well.
To prove the theorem we will use the following lemma.

Lemma 1. Let the matriz-function Ag € BVj,(R, R™™) satisfy condition
(4). Let, moreover, the following conditions hold:
(a) the Cauchy matriz Uy of the system

dr(t) = dAo(t) - 2(t) (6)

satisfies the inequality

|Uo(t, to)] < Qexp (= &(t) +&(to)) (¢ > to) (7)
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for some ty € Ry, where Q € RY*", and £ is a function from BVj,.(R;,R)

satisfying (3);
(b) there exists a matriz H € RY*™ such that

r(H) <1 (8)

and

t

[ exp (€(0) = ) Us(t, )] 4V (Ao, A = A0)) () < H for t =t (9)

to

Then an arbitrary solution x of system (1) admits an estimate

2(0)] < Rlatto)exp ( — (1) + £(t0)) for ¢ 2 to, (10)
where R = (I, — H)™ Q).

PT’OOf. Let A= (aik)zk:h A() = (CLQik)Zkzl, UO = (uOik)?,k:D H = (hik)?,kzh and
x = (x;)!; be an arbitrary solution of system (1g).

According to the variation of constants formula and properties of the Cauchy
matrix Uy (see [11]) we have

() = Up(t, to)z(to) + / Un(t, s) d(A(s) — Ao(s)) - 2(s)

— > dU(t,s) - di(A(s) = Ao(s)) - x(s)

to<s<t

+ > dalol(t,s) - do(A(s) — Ao(s)) - 2(s)

to<s<t

— Up(t, to)x(to) + / Un(t, s) d(A(s) — Ag(s)) - 2(s)

+ Y Uplt,s)diA(s) - (I — dido(s)) " di(A(s) — Ao(s)) - 2(s)

to<s<t

— Y Uslt, s) doA(s) - (I + daAols))  da(Als) — Ao(s)) - (s).

to<s<t

Therefore
x(t) = Up(t, to)z(to) +/U(t,7) dA(Ag, A — Ap)(7) - x(T) for t >ty (11)

to

Let
yr(t) = max { exp (£(1) = (ko)) - |za(r)| : to <7 <2},

olt) = (),
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Then
ji}lto/umy(tﬁ)m(ﬂ %”; /|u0w t, 7- ||$k( )|dv( Jk)( )
< Zn_: /eXP ( —&(7) + S(to))!uo,-j(t,T)\ dv(bji) (7) - yu(t)

for t >1ty, (i=1,...,n),
where b;x(t) = A(agjk, ajx — aojr)(t) (j,k = 1,...,n). From this and (11) we

exp (£(8) = (ko)) - Ja(8)] < Zn: exp (£(1) — &(to) ) lwour(t,to)| | (to)]

k=1

£ 3 [ exp (60) — €)o7 v, () - i)

k?jzlto

for t >1ty, (i=1,...,n).
By this, (7) and (9) we obtain
y(t) < Qla(to)| + Hy(t) for t > ty.
Hence
(I, — H)y(t) < Q|z(to)| for t > to. (12)

On the other hand, by (8) the matrix I,, — H is nonsingular and the matrix
(I, — H)~! is nonnegative since H is a nonnegative matrix. From this, (12) and
the definition of y we have

y(t) < (I, — H) 'Q|x(to)| for t >t
and
()] < (I = H)'Qfa(to) | exp (= &(t) + &(to)) for > to.
Therefore estimate (10) is proved. [J

Proof of Theorem 1. By the {-exponentially asymptotic stability of the matrix-
function Ay and Proposition 3 there exist positive numbers 7 and py such that
the Cauchy matrix Uy of system (6) satisfies the estimate

|Us(t,7)] < Roexp (= 2n(&(t) = &(r))) for t>17 >0, (13)

where Ry is an n X n matrix whose every component equals py.
Let

€= (4np0)’1(exp(77) — 1) exp(—2n). (14)
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By (5) there exists t* € R, such that

7610
\/ A(4g, A—Ap) <e for t >1". (15)

¢
On the other hand, by (13) we have

t

[exp (n(e®) =€) 0ot DIV(BYE) < T(1) (421)  (16)

to
for every ty > 0, where B(t) = A(Ag, A — Ap)(t) and

t

T) = Ro [ exp (= n(&t) = €(7))) aV (B)(r).

to

Let k(t) be the integer part of £(t) — &(tg) for every ¢ > to,
Ti={r>to: (o) +i<&(r) <&lto) +i+1} (i=0,...,k(),
where k; = k(t;) (1 = 0,...,k(t)), the points to,t1, ..., g are defined by

to = supTh, t = {ZugT i ; ;2 (=1, k(1)
Let us show that
ti <v(€)(tic1) (i=1,... k(). (17)
If T; = @, then (17) is evident.
Let now T; # @. It is sufficient to show that
T; C Qs (18)

where
Qi={r: &(r) <&(tiat) +1}.
It is easy to verify that
§(tim1t) = €(to) + 1. (19)
Indeed, otherwise there exists 6 > 0 such that
E(tic1+5) <&(ty) +1 for 0 < s <.
On the other hand, by the definition of ¢;_; we have
E(to) +i—1<&(ti1—)
and therefore
E(to) +i—1 <&(tiig+8) <&(to) +14 for 0 < s <4
But this contradicts the definition of ¢;,_;.
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Let 7 € T;. Then from (19) and the inequality £(7) < £(to) + ¢ + 1 it follows
that £(7) < £(ti-1+) + 1, 73 € Q;. Hence (17) is proved.
Let tg > t*. Then according to (15) and (17) we get

1+k(t) t
J(t) < Roexp (—n(&(t) — £(to))) b» / exp (n(&(7) = &(to)) ) dV (B)(7)

1+k(t) ti

:Roexp(—n(s<t>—s<to>))< > [ e (e - ¢lt)) av(B))

i=1,i=14ky,” |

1+k(t) t;
b3 [ ew(afen) - e)) i)

i=1, ik,
14+k(t)

< Ryexp ( — n(f(t) — f(to))> < - z_: ‘eXp(n i) {V(thi) - V(B)m’l)}
14k(t)
+ B z#: k.exp(n D) {V(B)(ti) - V(B)(tifl)}
| 1+I:(t)
4 Z exp ((1 + /{?z)ﬁ) dlB(ti>>
i=1,i#14k;
1+k(2) 1+k(2) )

SaRoexp(—n(ﬁ(t)—i(to)))(ZGXP(W)+ > e ((1+k)n)

i=1 i=1,i#1+k;
1+k(t)
< 2eRgexp (—n(&(t) — £(to)) 2 exp(n)
= 2Ry exp (= n(£(t) = (ko)) ) exp(n) (exp (L +R(0)n) - 1) (exp() —1)"
< 2e Ry exp ( - nkr(t)) exp ((2 + k’(t))n) (exp(n) - 1)
= 2eRy exp(277)(exp(77) - 1)_1.

From (14), (16) and (20) it follows that inequality (9) holds for t, > t*, where
H € R™" is the matrix whose every component equals % On the other hand,
it can be easily shown that

r(H) < ;

Consequently, by Lemma 1 an arbitrary solution x of the system (1y) admits
an estimate

|2(6)]| < pexp (= n(&(t) = (ko)) for > 1o > ¢,

where p > 0 is a constant independent of 5. [J
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Note that a similar theorem is proved in [7] for the case of ordinary differential
equations.

Corollary 1. Let the components ay, (i,k =1,...,n) of the matriz-function
A satisfy the conditions

1+ (1) dja(t) £0 for teRy (i=1,...,n; j=1,2), (20)
v(©)(®) ‘
m \t/ Alaii, ai) =0 (i,k=1,...,n), (21)

and

ai(t) = ai(r) < —n(§(t) = &(7)) for t=72>0 (i=1,...,n), (22)

where n > 0, & : Ry — R, is a nondecreasing function satisfying condition
(3), and v(§) : Ry — Ry is the function defined as in Theorem 1. Then the
matriz-function A is &-exponentially asymptotically stable.

Proof. Corollary 1 follows from Theorem 1 if we assume that

Ao(t) = diag (a1 (t), ..., ann(t)).

Indeed, by the definition of the operator A we have

Al A= 4)(0)], = au(t) + Y D)

05t 1 — daaii(r)

d2au )
— d A\ T ) = A Qi Aj t
2, T dya () 2T = Al 00

for teR, (i#k; t,k=1,...,n)

dlaik (7’)

and
[A(Ag, A= Ag)(1)] =0 for teRy (i=1,...,n).

Therefore, by (21) and (22) the matrix-function A is £&-exponentially asymptot-
ically stable. [

Corollary 2. Let the matriz-function P € Ljo.(R4, R™ ™) be &-exponentially
asymptotically stable and

E(t)+1
i \t/ (A—Ay) =0 for t e Ry,
t
where Aog(t) = [P(r)dr, £ : Ry — Ry is a continuous nondecreasing func-
0

tion satisfying condition (3). Then the matriz-function A is &-exponentially
asymptotically stable as well.
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Proof. Corollary 2 immediately follows from Theorem 1 if we observe that
A(Ag, A — Ao)(t) = A(t) — Ao(t) (t € Ry)
in this case and, moreover,
v(E)(t)=¢t)+1 (teRy)
because £ is a nondecreasing continuous function. [

Theorem 2. The matriz-function A is £-exponentially asymptotically stable
if and only if there exist a positive number n and a nonsingular matriz-function
H € BVjpe(Ry,R™ ™) such that

sup {|[H ' ()H(s)| : t>5>0} < +o0 (23)
and
+o0
\/ B,(H, A) < +o0, (24)
0
where

By(H, )0 = [ e~ 1g(r)) ] ex (1)) ()

esp (16 HO)AG) - [[d(eww (re() ) -] 29

0

Proof. Let U and U* be the Cauchy matrices of systems (1y) and

dy(t) = dA™(t) - y(t),
respectively, where A*(t) = L(exp(n&(-))H, A)(t). Then by the definition of the
operator £ and by the equality

U(t,s) = exp (= n(&(t) = &(s)) ) H ' ()U*(t,5)H(s) for t, s € Ry

we obtain that

+H(t) / exp (n(€(r) = €(s))) dB,(H, A)(7) - U(rs) for t, s € Ry.

s

Hence

Wit,s) = H-Y(t)H(s) + H~\(t)dy B, (H, A)(t) - W(t, s)
T H) / dG(r) - W(r,s) for t, s € R, (26)

s
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where
Wit,s) = exp (n(E(t) — &(s)) )U(t,s),  G(t) = By(H, A)(t—).
On the other hand by (23), (24) and by the equalities
det (I, + (=1 d;A"(t)) = exp ((=1)'nn d;&(t)) det (H(t) + (—1)7 d;H(t))
x det (1 +(=1) d;A(t)) det (H(1)) for teR, (j=1,2)
and
I, + (=1)H'(t)d; B,(H, A)(t)
= H ' (t) (L + (=1 ;A" (1)) H(t) for t € R, (j=1,2)
there exists a positive number 7y such that
det (I, + (=1)7 H™'(t) d; By(H, A)()) # 0 for t e Ry (j=1,2) (27)
an
H 1) d, B, (H, A)(t))lH <1 for teR, (j=1,2). (28)

From (26), by (23), (27) and (28) we get

(Wt )] < ro <p+m [wes) duv<G><T>n) for 12520,

where

p=sup{|H(OH(s)|: t > s}, p1=p|H ).
Hence, according to the Gronwall inequality ([11])

W (t,s)|| <M < +oo for t>s>0,
where
+oo
M = ryexp (ropl \/ B,(H, A))
0

Therefore

Ut )] < Mexp (= n(&(t) = &(s))) for t>s>0,

i.e., the matrix-function A is {-exponentially asymptotically stable.
Let us show the necessity. Let the matrix-function A is &-exponentially
asymptotically stable. Then there exist positive numbers 1 and p such that

12z ()]l < pexp (= n(E(t) —&(s))) for t>5>0, (29)
where Z (Z(0) = I,,) is the fundamental matrix of system (1o).

Let
H(t) = exp (= n&(t)) 27 (t).
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Then according to (25), (29) and the equality

Z7Yt) = I, — Z7 V(DA + / dZ V(1) - A(r) for t € R, (30)

(see [11]) we have

IH @ H(s)| = 12027 (s) exp (n(§() = &(5))) < p for t =520
and
B,(H, A)(t) = By(exp(-n§)Z ", A)(t) = 0 for t € Ry.
Therefore conditions (23) and (24) are fulfilled.
Remark 1. If in Theorem 2 the function £ : R, — R, is continuous, then
condition (24) can be rewritten as

—+o00

/ aV (Z(H, A) + ndiag(é, ... ) (t) - [H(1)|

0

< +00.

Corollary 3. Let the matriz-function QQ € BVj,(Ry, R™™) be uniformly
stable and

det (I, + (1Y d;Q(t)) #0 for t € Ry (j =1,2). (31)

Let, moreover, there exist a positive number n such that

< +o00 (32)

/|Z Bl dv (G, (€, Q. 4)) (1)

where Z (Z(0) = I,,) is the fundamental matriz of the system

dz(t) = dQ(t) - 2(), (33)

and
G(€,Q, A)(t) = A(Q, A — Q)(t) +nso(§)(t) - In
+ 3 o (= ne(n) diexp (n€(r) - (L - Q(r)) " (L, — diA(r))

o<r<t

+ ) exp ( )) dy exp (775( )) : (In + d2@(7’)>_1 (In + dQA(T)). (34)

0<r<t

Then the matrixz-function A is &-exponentially asymptotically stable.

Proof. Let B,(H,A) be the matrix-function defined by (25), where H(t) =
Z71(t). Using the formula of integration by parts ([11]), the properties of the
operator B given above and equality (30), we conclude that

B, (H, A)(?)
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+/exp ( — 7]5(7')) dl’)’(exp(nf)ln, B(Z™t, A))(T) for t € Ry; (35)
[ exo (= ne(n) d( exp(ne(r)2 (7))

= [ 27 @) d(nso(©)() I — AQ, Q)(7))

+ > exp (—n(s)) diexp (né(s)) - (I — de(S))il

0<s<T

+ Y oxp(—né(s)) doexp (n€(s)) - (L + dQ(s)) " for t € R (36)

Bz AW = [ 27 dAr) — 3 diZ M) diA(r)

+ 3 daZ7(7) - doA(7) :/2—1(7) dAQ, A — Q)(r) for t € Ry, (37)
B(exp(ne) 1, BZ™", A4)) (1)

- / 77\ (r) dB( exp(né) 1, A(Q. A)) (r) for t € R, (38)
and

[ exp (= ng(r)) dB( exp(ng) L, A@, A)) (7)

= AQ A1) — X exp (—nE()) drexp (nE(n) - (I — 4Q(r)) " diA(r)

0<r<t
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+ 3 e (= ng) doexp (nE() - (I + QD) dA(T)  (39)

0<r<t
for ¢t < R+.

From (35), by (36)—(39) we get

By(H, A)(t) = [ exp (= né(r) d( exp(e(r)) - 27 (7))
#2720 a( [ (= 69) aB(expine), A, 4) 0

/21 dG, (€, Q, A)(r) for t € R,
0

and
+o0o
\/ B,(H,A)

()] dV (Gy(€,Q, 4)) H

Therefore from (32) and the fact that the matrix-function @) is &-exponen-
tially asymptotically stable, it follows that the conditions of Theorem 2 are
fulfilled. O

Remark 2. In Corollary 3 if the function £ : R, — R, is continuous, then
Gy(&,Q, A)(t) = A(Q, A = Q)(t) + n&(t) 1, for t € Ry.

Corollary 4. Let the matriz-function @ € BVj,.(R,, R™™), satisfying con-
dition (31), be &-exponentially asymptotically stable and

+oo
\/B(Z_l,A—Q)<+OO, (40)
0

where Z (Z(0) = I,) is the fundamental matriz of system (33). Then the

matriz-function A is £-exponentially asymptotically stable as well.

Proof. Since @ is £-exponentially asymptotically stable there exists a positive
number 7 such that the estimate (29) holds.
Let now B, (H, A) be the matrix-function defined by (25), where

H(t) = exp (—n&(t)) 27 (t).
Using equality (30) for the matrix-function () we conclude that
Z7't) =1, +B(Z7', —-Q)(t) for t € Ry

and

B,(H, A)(t) = / exp (—né(r)) dB(Z ', A~ Q)(r) for t € R,
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By this and (40), condition (24) holds. Therefore, the conditions of Theorem 2
are fulfilled. O

Remark 3. By the equality

BZ A= Q1) = [ 27 () d(Alr) ~ Q(r)) for tER,

the condition

< 400

H/|Z Dl v (AQ, A— Q) (1)

guarantees the fulfilment of condition (40) in Corollary 4. On the other hand,
nli%l+ Gn(£7 Q: A)(t) = A(Q7 A— Q)(t) for t € R-‘r:
where G, (€, Q, A)(t) is defined by (34). Consequently, Corollary 3 is true in the

limit case (n = 0), too, if we require the {-exponentially asymptotic stability of
@ instead of the uniform stability.

Corollary 5. Let Q € BVi,o(R, R™ ™) be a continuous matriz-function sat-
1sfying the Lappo-Danilevskir condition

t t
[ dam = [ Q- Q) for teR,.
0 0

Let, moreover, there exist a nonnegative number n such that

exp(— dV(A Q +n&l,) ()| < +oo,

where £ : Ry — R, is a continuous function satisfying condition (3). Then:
(a) the uniform stability of the matriz-function QQ guarantees the &-exponen-
tially asymptotic stability of the matrixz-function A for n > 0;
(b) the &-exponentially asymptotic stability of Q guarantees the &-exponenti-
ally asymptotic stability of A for n = 0.

Proof. The corollary follows immediatelly from Corollaries 3 and 4 and Remark
3 if we note that

Z(t) = exp(Q(t)) for t € Ry

and in this case

(6, Q. A)(t) = A(t) — Q(t) + nE(t)L, for tER,. O
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Corollary 6. Let there exist a nonnegative number n such that the compo-

nents a;, (i,k =1,...,n) of the matriz-function A satisfy conditions (20),
so(ai)(t) — so(az)(t) — > In ‘1 — dyag( )‘ + > In ‘1 + dgaii(s)‘
< —n(s0(€)(t) - sO<s><T>) — (€)= &(r)) for t=7>0  (41)
(i=1,...,n),
(05 O (DT dgD) <1) < koo (42)
0<t<+o0

and

/|z ()] dv(gi)(t) < 400 (i #k; i,k=1,...,n), (43)
where =0 1fn >0, u>01ifn=0,
24(t) = exp (so(air) (1) + nso(E) (1))
X H (1 — dya( ))71 H (1 + d2aiz‘(7')) (i=1,...,n),

0<r<t 0<r<t
gin(®) = solai)(t) + > exp (= ndi&(r)) dra(r) - (1~ dlaii(T))il
0<r<t
+ Y exp (ndaé(r)) dpan(r) - (1+ dsai(r))
0<r<t

(t#k; i,k=1,...,n),

and £ : Ry — Ry is a nondecreasing function satisfying condition (3). Then
the matriz-function A is £-exponentially asymptotically stable.

Proof. For n > 0 the corollary follows from Corollary 3 if we assume that
Q(t) = diag (a1 (t) +nso(€)(t), - -, @na(t) + n5o(€) (1))
Indeed, by the definition of the operator A we have

[AQA-Q)], =axt) + Y dai(r) - (1 - diaw(r)) drau(r)

o<r<t

— Z doa; (T (1 + dayag (T ))_1d2aik(7') for teRy (i#k; i,k=1,...,n),

AQA=Q)(1)] = —nso()(t) for t€Ry (i=1,....n),

From these relations, using (34) we obtain

[Gy(€.Q.AB] = aw®) + X diau(r) - (1 - diais(r)) " draa(r)

0<r<t
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— Z doai;(T) - (1 + dzaz’z’(T))ildﬂik(T)

= % daa(r): (1 - diaa(r)) (1 exp (—ndi&(r)))
— Y doa(r) - (1 + dzaii(T))_l(l — exp (ﬂdzf(T)»

=gi(t) for te Ry (i#k; ,k=1,...,n)

and

Gy(&,Q M| = > (1—exp(—ndi&(n))

i
o<r<t

+ > (1 — exp (nd2§(r))) for teRy (i=1,...,n).
0<r<t
On the other hand, the matrix-function Z(t) = diag(zi(¢),...,2,(t)) is the
fundamental matrix of the system (33), satisfying the condition Z(0) = I,.
Therefore, by (41)—(43) the conditions of Corollary 3 are valid. For n = 0 the
corollary follows from Corollary 4 and Remark 3. [J

Remark 4. If, in addition to (20), the components a; (i,k = 1,...,n) of the
matrix-function A satisfy the condition

(—1) djau(t) - (1 + (=1) djaii(t))_l >0 for t € R,
(t#k; i,k=1,...,n; 7=1,2),

then we can assume without loss of generality that » > 0 and p = 0 in Corol-
lary 6.

Corollary 7. Let there exist a nonnegative number n such that
+00
/ #1= exp(—t Re A) do(bi)(t) < 400 (=1,...,m; i,k=1,...,n),
0
where by (t) = ay(t)—pit+né(t) (i,k =1,...,n), £ : Ry — Ry is a nondecreas-
ing function satisfying condition (3), and A, ..., A (Ni # N; fori # j) are the
characteristic values of the matrix P = (pik)zkzl with multiplicities nq, ..., Ny,
respectively. Then:
(a) ifn >0, ReN, <0 (£ =1,...,m), and, in addition, n, = 1 for Re A\, = 0,
then A is &-exponentially asymptotically stable;
(b) if n =0 and Re Xy <0 ({ =1,...,m), then A is exponentially asymptot-
veally stable;
(¢) if n = 0 and P is -exponentially asymptotically stable, then A is &-
exponentially asymptotically stable as well.

Proof. The corollary immediatelly follows from Corollary 5 if we assume Q(t) =
Pt and derive the matrix-function exp(—Pt) by the standard way using the
Jordan canonical form of the matrix P. [
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Consider now system (2), where P € Ljo.(Ry,R™™), q € Ljpe(Ry,R™).
Theorem 2 and Corollary 6 have the following form for this system.

Theorem 2'. Let £ : R, — R, be an absolutely continuous nondecreasing
function satisfying condition (3). Then the matriz-function P € Lj,.(R,, R™™)
is {-exponentially asymptotically stable if and only if there exist a positive num-
ber n and nonsingular matriz-function H € Cj,o(Ry, R™™) such that

sup {[|H () H(s)[| = 25> 0} < +oo

and

+/OOHH/(t) + H(t)(P(t) + ng ()1 ’ dt < +oo.

Corollary 6'. Let there exist a positive number n such that the components
Dik € Lioe(Ry,R) (1, k =1,...,n) of the matriz-function P satisfy the conditions

piu(t) < —n for t>t* (i=1,...,n)

and

+00 t

/ exp < — / (pii(7'> +77) dT) lpie(t)| dt < +o00 (i #k; i,k=1,...,n)

£ t
for some t* € Ry. Then the matriz-function P is exponentially asymptotically
stable.
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