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ESTIMATES OF A STABILIZATION RATE AS t — co OF
SOLUTIONS OF A NONLINEAR INTEGRO-DIFFERENTIAL
EQUATION

T. JANGVELADZE! AND Z. KIGURADZE

Abstract. The asymptotic behavior as t — oo of solutions of a nonlinear
integro-differential equation is studied. The equation arises as a model de-
scribing the penetration of the electromagnetic field in to a substance.
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1. Introduction. The main result. This paper is devoted to the study of
the stabilization of solutions of the first boundary value problem in a cylindrical
domain @ = (0,1) x {t > 0} for the system of nonlinear integro-differential
parabolic equations

oU 0 oU oV 0 oV
= O T = el @heQ @
U,t) =V(0,t) =0, U(l,t) =11, V(1,t) =1, t>0, (2)
U(z,0) =Uy(x), V(x,0)="Vy(z), z€(0,1), (3)
where
Sty =1+ [ [(gg)g 4 ((Zﬂ dr, (4)

S 1 R T

Here ¢, = Const, 1y = Const, a(S), Uy(x) and V() are given functions.
The characteristic feature of equations (1), (4) and (1), (5) is the appearance
of nonlinear members depending on the integral of searched functions in the
coefficients of higher derivatives.
System (1), (4) arises as a model describing the penetration of the electro-
magnetic field into a substance [1].

I In the literature this author is frequently referred to as T. A. Dzhangveladze.
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A lot of scientific works are devoted to the investigation of the problem given
in [1] and to some of its generalizations. These questions are considered in
[2]-[9] and in a number of other works as well.

The study of equations of type (1), (4) began started in [1]. In this work,
in particular, theorems of the existence of a generalized solution of the first
boundary value problem for a(S) = S and the uniqueness for more general
cases are proved. The case a(S) = SP, 0 < p < 1, is studied in [2], where
a theorem of the existence and uniqueness of a solution of problem (1)—(4) is
proved. Investigations for multidimensional space cases are carried out in [3]
for the first time.

In [4], [5] an operational scheme with the so-called conditionally closed oper-
ators is proposed. This scheme is applied for the solution of problems of (1)—(4)
type [4], [5].

Note that investigations of equations of (1), (4) type are also carried out in
[6], [7].

In the work [5] some generalization of equations of type (1), (4) is proposed.
In particular, assuming the temperature of the considered body to be constant
throughout the material, i.e., depending on time, but independent of the space
coordinates, the process of penetration of the magnetic field into the material
is modelled by averaged integro-differential equations of type (1), (5).

The purpose of this note is to continue the study of the asymptotic behavior
of solutions of the equations (1), (4) which began in [8], [9]. In the present
paper estimates of stabilization rate as ¢ — oo of solutions of problems (1)
(4) and (1)—(3), (5) are obtained for the case a(S) = SP, 0 < p < 1. We
will use the scheme of [10] in which the adiabatic shearing of incompressible
fluids with temperature-dependent viscosity is studied. We should note that
boundary conditions (2) are used here taking into account the physical problem
considered in [11].

We assume that (U, V) = (U(z,t),V(x,t)) is a solution of (1)—(4) on [0, 1] x

oU oV oU oV 9*U 0°V

[0, 00) such that U, V, o I L B 9nt Ot are all in C°([0, 00); Ly(0, 1)),
2 21/ 27 92V
while ad ’Eif(? are in C°((0,00); L(0,1)) and %g, %t? are in La 1,.((0, 00);

x x
LQ(Oa 1)) (See [1]7 [2]7 [4]7 [5]7 [10]>
The main purpose of this work is to prove the following statement.

Theorem. Assume
a(S) =587, 0<p<l,
Uo(0) = Vo(0) = 0, Uo(1) = ¢1, Vo(1) = 1,
v+ 3 #£0, Uo, Vo € W3(0,1).
Then for the solution of problem (1)—(4) the following estimates are true as
t — oo0:
oV (z,t)

— —l-p
U1 + O(t ), B

8Ua($,t) = 1hy + O(t™'7P), (6)
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oU (x,t) IV (z,t)
ot ot
uniformly in x on [0, 1].
The proof of the theorem is based on a priori estimates which are obtained
with the help of a number of identities derived below.

=0(t™), =0(t™), (7)

2. Proof of the theorem. Now let us proved to obtaining a priori estimates.

Lemma 1. For solving problem (1) — (4) the following estimations are true:

¢ 1 ¢ 1
oU\? IaV\?
—_— < —_— < > 0.
//(87>da:d7_0, //<87_>dxd7'_0,t_0 (8)
00 00
Proof. Let us differentiate the first equation of system (1) with respect to ¢:
*U 90 82U ou oU [0V 12
- - _— Z|qp p—1 e
ot? 0.:1:[8 015896 ps <[8x} +8$[8x} >] ©)

Multiplying equation (9) by 0U/0t and integrating with respect to x on the
interval (0, 1), we have

1

1 d }roU oUN3 92U
- P p—1
zdo/(at>d+/5<aam>d“ /S ( )amﬂ*

oV N2 0*U
p-190 = 0. 1
+/S < >8t8:cd =0 (10)

Integration from 0 to t gives the identity

;j@» o | [ (o) o [ (50 -
nD ] () (G () Jasers
(52 =3 (a8 (5)

+
N3
o
O\H
0)
/—SJ

Q
|2
N——

no
SJ‘QD o

It follows that

J(CXRY g (5 ey g RRTCS STy s

Here and below ¢, C' and C; denote the positive constants dependent only on
; = Const, i = 1,2, Up(x), Vo(x) and consequently independent of ¢.




60 T. JANGVELADZE AND Z. KIGURADZE

Similarly, using the second equation of system (1), we get

1 t 1

OV \ 2 oUN2 0 10V

- p—1 <
O/(8t> d“?O/O/(aTax) d‘”d”p//s ( ) (m) awdr < ¢
and, therefore

1 2 L 92U N\ 2 92V \2
O/K ) (at) ]d”zo/o/{(arax) +(afax> }dxdT
1

t

o f [ 515 ()

dedr < C.

Note that

o] [l ) (G Jarsn = [ () (50
o] (G2 (52 a0 | [ (50)

ov oU ov
+<a> (a) () der
We have

[+ iYoo)+ (575 oo

From this, taking into consideration the relations

t 1 t 1
i | (25 s
/] ( > ! orox) T
00 00
to1 o1
//( ) //(378x) da dr,
00 00
we get a priori estimates (8). [
Lemma 2. The following estimations are true:
coT (1) < S(a,t) < CoTm(t), 0<a <1, t>0, (12)

where

oty =1+ [ [ 5[(20)" + (2 e
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Proof. From (4) it follows that
oS oU\? oV \?
— == — S(x,0) = 1.
o =) *(5) swo=
Let us multiply this equation by S?7:

1 05t <6U) o <6V> o

1+2p Ot or ox
Now let us introduce the notations:
oU ov
— P — sl
oz’ o2 ox’

then (1) can be rewritten as

oU _ 0o OV _ oy
ot o0z’ ot Oz’

We have
Loost L
1+2p ot 179
1 1 =z )
af(x,t)z/ dy—l—Q//al 928 ey,
0 0 vy
1 1 z )
ag(x,t):/ dy+2//agft dé dy,
0 0 vy

t 1
00

From (8) and (13) we get

t
1 142p /
S d
T2 J ol +03) T+1+2p
t 1 t 1 =z )
://(af(y,r)+a§(y,r))dydr+2///al IS e dy dr
00 00 vy

t 1 x
ov (&, ) 1
—|—20/b/y/0'2(§,’7') o7 dfdydT—‘—m

t 1
1
2 2
SQ!!@@Jﬂﬁﬂmﬂ@m+C+1%@§@+QW@,

ie.,

S(x,t) < Cpm ().

61

(13)

(14)
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Analogously,
1 t 1
5= [ [ e+ ot )i
t 1 =z t 1 x
+2///01(§ o (5’7)d5d dr + 2///02 £,7) )dgd dr
0 0 vy 0 0 vy
t 1
| | |

> 2 —Cy > = —C;.

vy 23 [ (Ao n)andr -Gz ge) - a3

From (4) it follows that S(z,t) > 1. So
C3 812 > (5. (16)
Taking into account (15) and (16) we easily get

1 1+2p 1
_ >
(1+2p+0>5 3#(0);

or
S(,1) 2 cp™ (1) (17)
Finally, from (14) and (17) we obtain (12). O

Lemma 3. The following esimates are true:

1
0

Proof. Taking into account (12), we get

s = [ () (57 ez oo [ [
)2}dx26s01-2+2p {L/l r [/1 1} Wt e )

1

/ (of(aﬁ, t) + Og(x,t)>dx > cgpl%P(t). (19)

0

%)‘ % O\»—‘

+(

or

At the same time, from (11) we derive

1

1

OUN? IV 2

— < — < > ().
!(at)dx_C, /(at)da:_c,t_o (20)

0



STABILIZATION RATE OF SOLUTION OF A NONLINEAR EQUATION 63

Let us multiply the first and second equations of system (1) by U(x,t) and
V(x,t), respectively. Using the boundary conditions (2), we have

1 1
ou oU\?
P —

1 1
ov IV\?
0 0
Using these equalities, (12), (19), (20) and the maximum principle
Uz, )] < max [Uo(y)], |V(z,¢)] < max [Vo(y)l, 0<z<1, =0,

we have
1 1

{O/(Uf(x,t)+a§(:v,t))dx}2 < Q{O/Uf(x,t)d:p}Q+2{0/10§(x7t)dx}2
s [ Y] ()

0

< 401<P1‘2Tg”(t) [(¢101(1>t)>2 + (jU%gd$>2 + (P202(1,1))?

( daz) ] < 408 (0) (65 +4)(o301,0) + 3(1,1)

+0of (g, 106w)1)” + (max Vow))) )]

0<y<1 0<y<1

2 001\ 2 1
< 8Cip (t)[(wﬁ%{/ dx+/< >dm+0/0§dx

0 ™ 1
+/< 02) dx} +03] < 8C T (t) l(¢f+w§)0/(gf+g§>dx+c4]
1

1
<801%01+2p()[(¢1 + 3) /‘H"‘%)dﬂ?ﬁL /‘71 + 03)d ]
0 C‘Pl+2” ()9

1
< Cpt (1) [ (o3(@,0) + o3(a,1))da,
0
ie.,
1
/ oi(z,t) + o5z t))d:c < Cgpﬁ(t).
0

Finally, using this estimate and (19) we obtain (18). O
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Lemma 4. The following inequalities take place:
1
ot < / (o3 (x,1) + 03 (2, ))do < CH, ¢ > 1, (21)

ct <S(x,t)<Ct, 0<z<1, t>1. (22)

Proof. From (18) taking into account the relation
1

= [ (eHat) + o)

we get

dSO( ) < 0901““’( ).
dt

From this we have ct!™2 < ¢(t) < Ct'*?" t > 1. Now taking into account
(12) and (18) from the last inequality we obtain (21) and (22). O

Lemma 5. oU/0t and OV /0t statisfy the inequality

[1G) (G Jezer =

Proof. By Schwarz’s inequality, (10) yields

1
d brou oU
. D < P2< )
dto/(at>d“/3 (0758:70) dv < 2p /S 0z )

_2p
™ (1) <

oUN? oV
p—2
2P /S ( ) (8x) e (24)
Now using (21), (22), the relations oy = S” gU oy = Spaav and
x

1 1 1
80'1 2 . 820'1 80’2 2 . 820'2
/ (52) == AT / (5) == AT

from (24) we get
1 1 1
d oU 2 52U 2 P~ 2
il <6t> ot | ((‘%89&) e Cl o [ (08 + otod)ds
0 0 0

< Clt*5p*2/ o (z, t)d:c([omax o?(z, t)}2 - [Orgiagcl a%(x,t)r)

1

<cwo({ o ij ]1[0/1(% ]}

0
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1 1 ir1 P 1.2
02
—l—{ agdx—f—Q[ o3dx [ ( ) })
[reeel [ ]

1 o1\ 2 152
§02t3p2<{/ da:+2l/ ] l/( x2> d:c] }
0

1 3 )
—l—{/ dx—l—Q[/adx] l 802 dx] })
ok 11 /G V> D
0
1 1
p—2 —p— 4
< Cyt? 1 Cyt 4<0/ o) +0/(

Hence we have

0?U \2 0%V \ 2
P _ < Op2 > 1.
(a0~ (Yo

Alalogously, we can show that

4O e [ - (20

As a consequence we get the following estimate:

L1 G Nese f Grse) ()

By the Poincare inequality

de < Ct~2, t>1.

dr < CtP~2.(25)

5 < bzl 15 < bl

(25) gives

i [ 1G)+ G a5 [5G+ (57 ez

From this we obtain (23). O
Let us now estimate 95/0z in L1(0,1).
Lemma 6. For 0S/0x the following estimate is true:

[

de < Ct™P, ¢t>1. (26)
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Proof. We have

;[S%gi} = 20188(;1 + 209 %(; = 201?5 + 209 %‘t/ (27)
From (21) and (23) it follows that
FooU Ve
|/ o1 dr) < Citth = O ‘ / o -du) <Gttt =Crt o (28)
0 0

and, applying (22), (27) and (28), we get

t
Sngj:/(Q 12U+20280V>d7'
0

1
/‘ ‘d < t2p/CT“dr—Ct1’ O
0

Now we are ready to prove the theorem. Let us estimate 92U /dz? in L;(0, 1).
We have

ou ooy OU 0*U 0oU 0S
i -» 2 _ZF T _ 27 g-p_ p—1
9 =7 o o o A
1
oi(w,t) < /0 y,t dy+2/\o—1y, I‘aUy’ ’d < 1t + Cot 2.
0
From the latter we get
o(z,t) < Ct?, t>1. (29)

Applying now (22), (23), (26) and (29), we derive

1
oS
< p—1
0/ 8x2 ‘d /’ da:+p/ 01S™ % dx
2 oU |2 2 0S
—2p il -p—17% < —1-p
0/5 da:] L/‘é?t 1 +p0/015 o |de < Ot

Hence we have
22U
(9m2

1
/ ’d <COtr'P i > 1.
0

From this estimate, taking into account the relation

oU(x,t) 0*U
or / // 852 d&dy,
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it follows that

8Uxt _1/}1 //82352 0/1

Thus the following asymptotic formula takes place:
oU (z,t)

’d < Cct i,

o7 Y+ O 7P).
The same estimate is valid for 0V/0x:
oV(x,t) C1ep

Let us now establish the asymptotic behaviour of the derivatives OU /0t and
OV /0t. For this multiply (10) by ¢2. By integrating on (0,¢) we have

[ G [ [ e [ i o

OUN3 82U VN2 B2U
2 qp—1 2 Qp— 1 —
+p// S ( ) araxdxd”p// S < ) 7 og v dr =0

and, using Schwarz’s inequality, we conclude that

;O/to/lﬁ (8Tax>2dxd7§0/to/l7'< )dIdT
+p // 250 2( )dde—i—p // 250 2( ) @Z) dz dr.

From this using (6), (22) and (23) we get

t 1
//T2SP(8T 81‘) dx dr < CtPHL. (30)
00
Hence
t 1
/Tp+2/ <8Tax) dx dr < Ot (31)
0
Analogously,
t 1 ) )
//TQSp(ai gx) dv dr < CtPH (32)
00

¢ 1 ) )
/Tp+2/ <6a7'<‘9/x) do dr < CtP*1, (33)
0 0
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Multiplying (9) by 202U /0t?, applying the formula of integrating by parts
and a priori estimates (6), (22), (30), (31), (32) and (33), we get

t 1 t 1
1 91 02U 12
3 - 3ap 7
O/O/T (a#) dxd7+20/0/7 S 87{87’81’] di dr

oUN3 0 [ 0°U
3op—-1({ 27\ ~
+p//T S (3 ) or [8Tax}dxd7

[ 0*U
ot 0x

}dl’dT =0,

t 1 2 9
s (5) +(50) |G
+20/0/T S \ar) t\ar) \araz) &
oUN\3 92U OUN3 U
3 e 2 ap—1
pt /S (m) ataxd“?’p// S (m:) a7 oa T
bl OV \2] 02U
. 3 qp—2
1)0//T o K > < ) (830) }8781’0&(17
U

¢ 1
oU 0? oV \2 09U
3qgp-1( 7 3 p—l
+3p//T S ( x) (37’8x> du dr—pt /S (895) 8t8xd
t

anf s S G mare=n [ [osr|(5)

0
OVN\210U /0V\?2 9*°U 3p_16V28U2
+(3x> }ax(f)x> 8x87’dmd7—+p// S <8x> (87’(‘3x> div dr

AUV PU 9V
2 3 op—1
+ p// S T T UL

) t 1 ¢ 1
< 2 P2 ( )
) dx_BO/O/T SP (87’895) d:z:d7‘+C’10/7' 0/ 9 0n dx dr

1
0*U
3 D
t D/S <at(‘9x
1

t 1 2 5 ) ) aQU 2
_ p— p
20/ <8t8x) dz + Cyt O/S d:v+03//75 (aTax) dz dr

0 0
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t 1 to1
+C4//T2Sp_2dxd7'+o/0/72 (67‘0$> dx dr

t 1
+C5// 45;0 4dl‘d7’+07tp 1+C6/Tp+2/<
0

or m») de dr

0
+Cs /Tp+2/<878m) dxd7+09//172 ((?Tax)dedT
00

1

+C’10// risr- 4d$€d7’+011/7'p+2/ (87’8:6) dx dr

0

£ 2 2
+012/Tp+2/<8U> dl’dTSClgt:’H_l,
0

2 2
ctPt3 / (aU> dr < CtPHL,
0

ot O0x

From this we have

O/1 ( - ) dr < Ct2. (34)

Taking into account the relation

oU (z,t) / oU ( y,

ot / / atag Yagay < et

0
1 1 %
+0/y/ t@f dgd <O+ L/< atay ) yl 7

from (34) we get

ou(x,t) .
5 O(t™).
Analogously, we can show that
ovi(xz,t) 4
% Ot ).

So the proof of the theorem is over.
Finally we note that estimates similar to (6) and (7) are true for the averaged
integro-differential problem (1)-(3), (5).
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