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Abstract

This paper is concerned with a variant of the taethods for initial value
problems in non-overdetermined third order ordinahjferential equation. The
differential formulation is are considered here.eT¢torresponding error estimate
for this variant is obtained and numerical resuibs some selected examples are
provided. The numerical evidences show that theroofl the tau approximant is
closely captured.
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1 Introduction

Accurate approximate solution of initial value pebs and boundary value
problems in linear ordinary differential equatiowgh polynomial coefficients
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can be obtained by the tau method introduced bycias [10] in 1938.
Techniques based on this method have been reparliéerature with application
to more general equation including non-liner ongsvall as to both deferential
and integral equations. We review briefly here safnthe variants of the method.

Differential Form of the Tau Method

Consider the following boundary value problem ire tbhlass of m-th order
ordinary differential equations:

Ly() =Y p, (9y" (9 = f (¥),a< x<b ..(1.1a)

r=0

U y(x) =Y 8,y (%) = ok =10m  ...(1.1b)

r=0

wherda| < oo, |b| < o, i, Xpi, P, = 0(1)m, k = 0(1)m, are given real
numbers, and the functiorfgx) and

p, (X) = Z P, X<,r =0M)m ....(1.2)

are polynomial functions or sufficiently close potymial approximants of given
real functions .

Definition 1.1 The number of over-determination, s, of equatiofig)lis defined
as

s=max{N,—7r:0<r<m} (1.3)
for N, > rand <r <m.

Definition 1.2 Equation (1.1a) is said to be non-overdetermined, iiven by
(1.3) is zero, i.e. if s = 0. Otherwise it is owtermined.

For the solution of (1.1) by the tau method (sde [&,[8], [10], [11]), we seek
an approximant

Vo)=Y ax ,n<+o .(1.4)
r=0

ofy(x) which satisfies exactly the perturbed prable

mts-1

Ly, () =f(¥)+ > 7o Tomea(X)@asxsb,  ..(15a)

r=0

Ly, (X,) = P k=121m (1.5b)
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wheret,, r = 1(1)m +s, are fixed parameters to be detemwliralong witha,., r =
0(1)n, in (1.4)by equating the coefficients of powfex in (1.5). The polynomial

T(x)= co{r cos ’1[22 2a _ }} ZC(” x* ...(1.6)

is the r-th degree Chebyshev polynomial valid inla(see [2],[6] and [12]).

2 Error Estimation of the Tau Method

We review briefly here error estimation of the taethod for the variant of the
preceding section and which we had earlier reparté¢d], [5] and [6].

2.1 Error Estimation for the Differential Form
While the error function
en(X) = Y(X) —Yn(X) ...(2.1)

satisfies the error problem

mts-1

Len(x) = Zfrms—r Tn—m+r+1(x) (22&)
Le,(xp) = 0, k = 1(1)m ...(2.2b)

The polynomial error approximant

Vin (€T i (X)

(en(X))n+1 = Clrm ...(2.3)
ofey(X) satisfies the perturbed error problem
ms-1
L€, 0Nt = D (Trmwsr Tomerss () + Frnsr Toomarsa (X)) - (2.48)
r=0
L' (&, (X)) =0 (2.4b)

where the extra parametersr = 1(1m + s, and¢,, in (2.3) — (2.4) are to be
determined andv,,(x) in (2.3) is a specified polynomial of degree inievh
ensures thafe, (x)),,,, satisfies the homogenous conditions (2.4b).

With 2.3) in (2.4) we get a linear system mf+ s +1 equations, obtained by

n+s+1 n+s

equating the coefficients of , ..X"~™*1 for the determination ap,, by
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forward elimination, since we do not need thé& in (2.3) consequently, we
obtain an estimate

i

(n-m+1)
n—m+1

e =max(e,(9))ra Oma(e, (X) ...(2.5)

3 A Class of Non-Overdetermined Third Order
Differential Equations

We consider here the two variants of the tau metlodgbreceding sections for the
tau approximants and their error estimates forcthss of problems:

LY(X): = (0o + 01X + a3+ 03 Y (X) + Bo + Bx + BC) V'(X)
+ o + Yy (X) + Ao y(x Zn: fx', a<x<b ...(3.1a)
y(@) = po, Y(a) =p1, y"(@) =p2 ...(3.1b)
that is, the case when=3 ands=0in (1.1)

Without loss of generality, we shall assume that 0 andb = 1, since the
transformation

L)
(b-a)

, a<x<b ...(3.2)

takes (3.1) into the closed interval [0, 1].

3.1 Tau Approximant by the Differential Form

From (1.3)-(1.4), fom= 3 ands = 0, that is, corresponding to (3.1), we have
(g + 01X + O + 0(3x3)ir r—=1)(r-2gx"3
0
+ (Bo +le+Bzx2)§r (r—1ax~2 + o +v1X)Z::r arxr'1+)\oZ::arxr
= i fXT + T Ta(X)+T2Th - 2(X) + T3Th—AX)
r=0
This leads to:

> Latsk(k— 1) k= 2) +Bok(k — 1) +yik + Ad] aec
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+ f[ aok(k +1)K (k — 1) +Bak(k — 1K + yo(k +1)] e X

> =
N O

+ 3 Taa(k +2)k (K + 1K + Bok(k + 2)K + 1)] @ X
k=0
n-3
+ > [ao(k +3)K (K + 2)K +1)] @ X¢
k=0
S n n-l n-2
= z frxr + TlZCIEn)Xk + Tzzclfn_l)xk + ngcén_z)xk
k=0 k=0 k=0 k=0
Hence,

{asn(n — 1) — 2) #B2n(n — 1) H1n +Ao}an —fn — 7,7V} X"

+Has(n - 1) - 2)0 - 3) +Ban(n— 1) - 2) +ya(n — 1) Ao} an1—fn1-7,C0] +
[azn(n — 1) — 2) +Bin(n— 1) +yon ] @y —7,C " 1x" 1

Hasn(n—2)—3) (h—4) HPBn(n—2) h—3) H(n—2) Agtan_2—Ffr->

—1,C{" Hox(n—- 1) - 2)( - 3) +Ban(n — 1)1 — 2) +yo(n — D)lan-1 + [an(n —
1)(n—2) +Bon(n— D}an —7,C""-1,C 21X ™% + apn(n +1)(n —L)ans1 = 0.

From this we obtain by equating corresponding c¢oeffits the linear system

{ask(k — 1)K - 2) +Bak(k — 1) +yik +Aotax + {azK(k + 1K(k— 1) +Bak(k + 1k
+ Yo (K +1)Jawea +{ask(k — )& — 2k + Bo(k + 1)K + 2)]aws2 + ao(k +3)(K +2)(k
+Dag 3 - 1,C" —1,C"-1,C"? —f=0,k=0(1n-3

[as(n—=2)—3)("—4) +B2(n—2)(— 3) +Yi(n— 2) +Ag}an -2
+ {oa(n=1) h-2) -3) +fu(n—1) O —2) +yo(n— L)]an_1
+laun(n — 1) — 2) +Bon(n — D)Jan — 7,CY", —7,C"7—7,CY —f,_2 =0

[as(n—1)—2)(—3) +B2(n— 1) — 2) +yi(n— 1) +Ag}an -1
+ {azn(n—1) - 2) +Bin(n — 1) +yon] &y — 7,C"% —7,C0 a1
=0

(3.3)
[asn(n — 1) — 2) +Bn(n— 1) +yain +Agla, — ,C —f= 0

The solution of this system together with the twquations arising from the
condition (3.1b) fora, r = 0 (1n and 11, Ty, T3. Subsequently leads to the
approximantY(x).
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3.1.1 Error Estimation for the Differential Form

For problem (3.1).we have from (2.4)

Len(n): = 7, T (X) + (T, —13) To(¥) + (55— 1,)T,, (X) —TaTh-AX) ....(3.4a)

H (€n(0))n+1 =0, En(0))n+1 =0 ...(3.4b)
wnere
wn C(n 2)Xr+3
(€(X))ne1 = AN 2(X) z
ety o
...(3.5)

From the coefficients of™**, X", X"~ 'and" ~2, we get the system

floi?] = o lasn +DEn - DO +Badn +DCY? +yn +1)CL

n+l
n-2
+ MoCi”]

rc™ + (7,-r)C" = [az(n +1)()(n — 1)C"5? +azn(n — 1) — 2)C"?

Cénzz)
+ Bin(n +1) +Bon(n — 1)C2 +yo(n +1)C"52 +yinCM 2+ Ao C"2]

z_C(n+1) + T -1, C(n) + (T _T)C(n ) — [ay(n +1)(M)(n — 1)C(n 2) 4
n-1 3 C(n 2)

n-2
an(n — 1) — 2)C"? +az(n— 1) — 2)( — 3)C"? + Bon(n +1)C ™2 +B1in(n —
1)C{? +BaAn— 1) —2)C"? +yonCl? +yi(n— 1)C2+ AoCI?]

T1C(n+1) + (7, _Tl)C(n) + (7, _Tz)C(n 2 T3Crgr1;2) - C(n 2) [ao(n +1)()(n - 1)

n-2
C? +ain(n — 1) — 2)C? + ax(n— 1) — 2)0 — 3)C"? + az(n — 2)( -
3)(n — 4)C"5? + Bon(n — 1)C";? +B1n(n —1)( — 2)C",? yo(n — 1)C? + ya(n —
2)Cl 2+ ACl?]
flcem| = ¢las(n +1)M)(n— 1)C7? +Bon(n +1)CZ2 +ya(n +1)C52
+ AoC"?]
fCIY + (f,-1)C = [a(n +1)()(n — 1)CZ? + asn(n — 1) — 2)C52 +
Bin(n +1)C5? + Ban(n — 1)C"5? +yo(n +1)C5? +yinC7+ Ao CI?]
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rCMY + (7, -1,)C" + (f,-1,)CY = ¢la(n +1)(n)(n — 1)C",? + azn(n —
1)(n—2)C{%? +ag(n — 1) — 2)( - 3)C,? + Bon(n +1)C,? +Ban(n —1)C ;>
+Ba(n— 1) — 2)C"? +yonC? +y(n—1)C™2+ Ao C?] ..(3.6)

ECY + (F,-1)C, + (f,-1,)CY —1aC?Y = ¢ao(n +1)n(n — 1)C17 +
ain(n- 1) — 2)C"? + ax(n — L) — 2)( — 3)C? + as(n — 2)( — 3)( — 4)
C?+ Bon(n — 1)CI5? +B1(n 1) — 2)C7 +yo(n — 1)C{? +ya(n — 2)C’5?
+ )\OCrgESZ)]

wherep= g, (C{%,”)™

By using the well-known relations (see [5] and [7])

1

cr=2""%1 c=- 2nc<"> c = —n2"-2 ..(3.7)

n
we solve this by forward elimination fag, to obtain

2n-5
2771,

@ = ..(3.8)

P,
where

pr ={[(n+ 1)(h - 1)o— (h— 1)( — )z](n — 1) — 2)B1 + (N — Lyo) C",?
+((N-2)0-3)—4)az+ (= 2)y1 +A) C5? —n(n— 1) — 2fa;
+n(n—1)( - 2)Bd

...(3.9)
Thus, from (2.5) we obtain, as our error estimate
2-10n
g=2 %l . (3.10)
P,

4  Numerical Experiments

We consider here two selected problems for experiat®n with our results of
the preceding sections. The exact errors are catas

g = max{|y(x)-yn(x[}, 0 x< 1 {x¢ = {0.01k}, for k=0 (1)100

Example4.1
Ly(¥) =y"(¥) -5"'(x) +6y'(x) =0, 0x< 1



48 V.0. Ojo et al.

y(0)=0,y(0)=1y'(0)=0

The exact solution is

y(x) = % + %(—:Qx - %eSx

The numerical results are presented in Table 4dwhe

Example 4.2

Ly =y"(X) =y (®) +2y(x) =2, 0x< 1
y(0)=0,y(0)=1,y'(0)=0

The exact solution is
y(X) = ¥ (52— 48— ).

The numerical results are presented in Table 4@whe

Table 4.1 Error and Error Estimates for Example 4.1

Degree(n) 5 6 7
Error
€ 1.67 x10 ° 3.13x10° 1.66 x10°>
£* -1.96 x10 ¢ 2.29 x10°° 4.25 x10 '

Table4.2 Error and Error Estimates for Example 4.2

Degree(n) 5 6 7
Error
€ 1.57 x10'* 1.40 x10°° 1.56 x10°®
e* -1.09 x10°° 1.69 x10 ’ 1.07 x10°°

5 Conclusion

The tau method for the solution of initial valueolplems (IVPs) for third order

differential equations with non-overdeterminatiaslibeen presented.

The error involved in the approximants thus obtdin@as closely estimated. The
effectiveness of the method was demonstrated asrtlez of the tau approximant
estimated.
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