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Abstract
In this paper, we prove some results about that what happens if we take trace
of symmetric bi-derivation or permuting tri-derivation instead of derivation in
definition of generalized derivation. Also we apply these results to very well-
known results.
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1 Introduction

Throughout R will be a ring and Z (R) will be its center. A ring R is prime,
if xRy = {0} implies x = 0 or y = 0. 2y — yz is denoted by [z, y].

It is very interesting and important that the similar properties of deriva-
tion which is the one of the basic theory in analysis and applied mathematics
are also satisfied in the ring theory. The commutativity of prime rings with
derivations was introduced by Posner in [24]. An additive map d : R — R is
called derivation if d (zy) = d(z)y + zd (y) holds for all z,y € R. Recently,
a lot of work has been done on commutativity of prime rings with derivation
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(see [3], [4], [5], [6], --..).

In [7], Bresar defined concept of generalized derivation. An additive map
d : R — R is called generalized derivation if there exists a derivation a of
R such that d(zy) = d(z)y + za (y) for all z,y € R. Thus the concept of
generalized derivation contains both the concepts of a derivation and of a left
multiplier (i.e., additive maps satisfying f (zy) = f(z)y for all z,y € R).
Basic examples are derivations and generalized inner derivations (i.e., maps
of type = + ax + xb for some a,b € R). In [7], Bresar showed that if R has
the property that Rx = {0} implies z = 0 and h : R — R is any function,
d : R — R is any additive map satisfying d (zy) = d(z)y + zh(y) for all
x,y € R, then d is uniquely determined by A and moreover h must be deriva-
tion.

In [15] and [16], Maksa defined bi-derivation in ring theory mutually to
partial derivations and examined some properties of this derivation. A map
D(.,.): Rx R — R is said to be symmetric if D (z,y) = D (y,z) for all
z,y € R. A map d : R — R defined by d(z) = D (z,z) is called the trace
of D(.,.) where D(.,.) : R x R — R is a symmetric map. It is clear that if
D (.,.) is bi-additive (i.e., additive in all arguments), then the trace d of D (., .)
satisfies the identity d (z +vy) = d (z)+d (y)+2D (z,y) forall z,y € R. A sym-
metric bi-additive map D (.,.) : R x R — R is called symmetric bi-derivation
if D(xz,y) =D (z,y)z+xD (z,y) for all z,y,z € R. For any y € R, the map
x+ D (z,y) is a derivation. Let D (.,.) is a symmetric bi-additive map on R.
D(0,y) =0 forally € Rand D(—z,y) = —D (z,y) for all x,y € R. The
trace of D (.,.) is an even function.

A map D(.,.,.) : Rx R x R — R is called permuting if D (z,y,2) =
D(z,z,y) = D(z,z,y) = D(z,y,2) = D(y,z,2) = D (y,x,z) hold for all
z,y,2 € R. Amap d: R — R defined by d(x) = D (z,x,z) is called trace
of D(.,.,.), where D(.,.,.) : R X R x R — R is a permuting map. It is
obvious that, if D(.,.,.) : R x R X R — R is permuting tri-additive ( i.e.,
additive in all three arguments ), then the trace of D (.,.,.) satisfies the rela-
tion d(x +y) = d(x) +d(y) + 3D (x,z,y) + 3D (x,y,y) for all z,y € R. A
permuting tri-additive map D (.,.,.) : R x R x R — R is called permuting
tri-derivation if D (zw,y,2) = D (x,y, 2) w+xD (w,y, ) for all z,y, z,w € R.
The trace of D(.,.,.) is an odd function. Let D(.,.,.) be a permuting tri-
derivation of R. In this case, for any fixed a € R and for all z,y € R, a map
Dy (.,.): RX R— R defined by D; (z,y) = D (a,z,y) and amap dy : R — R
defined by ds (z) = D (a, a, ) are a symmetric bi-derivation (in this meaning,
permuting 2-derivation is a symmetric bi-derivation) and a derivation, respec-
tively.
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In this paper, we will take ring R as a prime ring with right and symmetric
Martindale ring of quotients @, (R) and Q, (R), extended centroid C' and cen-
tral closure Rc = RC. Let us review some important facts about these rings
(see [2], [17] and [23] for details).

The ring @, (R) can be characterized by the following four properties:

(i) R C Qr (R),

(i7) for ¢ € @, (R) there exists a non-zero ideal I of R such that ¢/ C R,

(171) if ¢ € @, (R) and ¢I = {0} for some non-zero ideal I of R, then ¢ = 0,

(1v) if I is a non-zero ideal of R and ¢ : I — R is a right R—module map,
then there exists ¢ € @, (R) such that ¢ (z) = gz for all x € I.

The ring @, (R) consists of those ¢ € @, (R) for which Iq C R for some
non-zero ideal [ of R. The extended centroid C' is a field and it is the center
of both @, (R) and Qs (R). Thus, one can view the ring R as a subring of
algebras Rc, @, (R) and Qs (R) over C. The extended centroid of R¢ is equal
to C, whence R¢ is equal to its central closure.

In [13], Hvala gave a relation, using generalized derivation defined by Bre-
sar, between prime rings and its extended centroid in ring theory. Many au-
thors have investigated comparable results on prime or semi-prime rings with
generalized derivations (see [1], [12], [18], [19],...)

In this paper, we prove some results about that what happens if we take
trace of symmetric bi-derivation or permuting tri-derivation instead of deriva-
tion in definition of generalized derivation. Also we apply these results to very
well-known results.

2 Generalized Derivation Determined By Trace
of Symmetric Bi-Derivation

Definition 2.1 Let R be a ring, D(.,.) : R x R — R be symmetric bi-
derivation and d be trace of D (.,.). An additive map f : R — R is called right

generalized derivation determined by d, if f (zy) = f(x)y + xd (y) holds for
all z,y € R and denoted by (f — d),..

Example 2.2 Let R = { ( Z 8 )

integers, a map D (.,.): Rx R — R, deﬁnedbyD(<Z 8)7(; 8)):

a,b e [} ring where I is the ring of
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(c?c 8) andamapf:R%Rdeﬁnedbyf((Z 8))
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D (.,.) is a symmetric bi-derivation. A map d : R — R, x, ) is
a 0 a 0 .

deﬁnedbyd((b0>)D((b0) ( )) < )zsthe

trace of D (.,.). [ is an additive map and f (zy) = f(x)y + xd (y) holds for

all x,y € R. Thus, f is a right generalized derwatzon determmed by d. But,
f isn’t a derivation.

Lemma 2.3 [18, Lemma 2] Let f : R — R¢ be an additive map satisfying
f(zy) = f(x)y for all z,y € R. Then there exists ¢ € Q, (Rc) such that
f(x) = qx for allx € R.

If we consider the definition of generalized derivation introduced by us in
the Definition 2.1 and Lemma 2.3, it is important to give the following remark.

Remark 2.4 Let R be a prime ring with charR # 2, D (.,.) : RXR — R be
a symmetric bi-derivation, d be a trace of D (.,.) and (f — d), be a right gener-
alized derivation of R. Replacing y by —y in Definition 2.1, we get xd (y) = 0.
If d =0, then f (xy) = f(x)y holds for all x,y € R. From Lemma 2.3, there
exists ¢ € Q. (R¢) such that f (x) = qx for allz € R. If d # 0, then R = {0}.
So that (f — d), right generalized derivation has not got any meaning in prime
ring.

We can generalize above definition as follows:

Definition 2.5 Let R be a ring, D(.,.) : R x R — R be a symmetric
bi-derivation, d be trace of D (.,.). An additive map f : R — R is called

right generalized a— derivation determined by d, if there exists a function « :
R — R such that f (zy) = f () a(y) + zd (y) for all x,y € R and denoted by

(f —a—d),.

Example 2.6 Let R = { ( Z 8 )

a,be 12} ring where Iy is the ring of

integers modulo 2, a map D (.,.) : RxR — R, defined by D (( Z 8 ) , ( ccl 8
0 0 a 0 a®> 0
(ac 0), amapf.R%Rdeﬁnedbyf((b 0)) = ( 0 O) and
2
a map a : R — R defined bya((Z 8)) = ZQ 8 D(.,.) is a
symmetric bi-derivation. A map d : R — R, d(x) = D (x,x) is defined
a 0 a 0 a 0 0 0 ‘
byd((bo))—D((bO), b 0 )—(QQO)zsthetmceof
D(.,.). f is an additive map and f (xy) = f(x) a(y) +xd (y) for all z,y € R.

But f is not derivation.
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Remark 2.7 Let R be a prime ring with charR #2, D(.,.) : Rx R - R
be a symmetric bi-derivation, d be a trace of D (.,.) and (f —a — d),. be a right
generalized a-derivation of R. Suppose that o is an odd function. Replacing
y by —y in Definition 2.5, we get xd (y) = 0. Since R is a prime ring, d = 0
orx=0. Ifd =0, then f(xy) = f(z)a(y) for all xz,y € R. If d # 0, then
R ={0}.

Definition 2.8 Let R be a ring, D(.,.) : R X R — R be a symmetric
bi-derivation, d be trace of D (.,.). An additive map f : R — R is called
right generalized (o, B) —derivation determined by d, if there exist functions
a:R— Rand B : R — R such that f (zy) = f(x)a(y)+ B (z)d(y) for all
x,y € R.

Example 2.9 Let R = { ( Z 8 )

a,be Ig} ring where Iy is the ring of

integers modulo 2, amap D (.,.) : RXR — R, defined by D ( Z 8 , cci 8

2
(C?C 8),amapf:R—>Rdeﬁnedbyf(<Z 8)) = (% 8),
2

amapa:R%Rdeﬁnedbya((a 0 >: <ZQ

5:R—>Rdeﬁnedby5<(28)> )
metric bi-derivation. A map d : R R, d(x) = D (z,x) is defined by

- =
a 0 a 0 a 0 0 0 ,
d((bO)>_D<<bO)’ b0 )—<a20>zsth6tmceof
D(.,.). f is right generalized (c, 3) —derivation determined by d. But, f
wsn't a derivation.

0
0 and a map
D

(.,.) is a sym-

N———
/—\v
Q@
[\]
o O

(&
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Remark 2.10 We can also give same Remark 2.7 in place.

Definition 2.11 Let R be a ring, D(.,.) : R x R — R be a symmetric
bi-derivation, d be trace of D (.,.). An even function f : R — R is called
almost right generalized (o, ) —derivation determined by d, if there exist even
functions a: R — R and 5 : R — R such that f (zy) = f(x) a(y)+ 8 (z)d(y)
for all z,y € R and denoted by f — (o, ), — d.

Now, let A be any of the rings R, Rc, Rc + C, Q. (R), Qs (R), Q. (Rc)
and Qs (Rc). We shall give make an extensive use of the following result.

Lemma 2.12 [10, Lemma 1] If a;,b; € A satisfy Y a;xb; = 0 for all x € R,
then the a;’s as well as b;’s are C'-dependent, unless all a; =0 or all b; = 0.
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Lemma 2.13 /25, Lemma 3.1] Let R be a prime ring with charR # 2
and let dy and dy be traces of symmetric bi-derivations D (.,.) and Dy (.,.),
respectively. If the identity

dy (z)da (y) = dg () dy (y), Yo,y € R

holds and dy # 0, then there exists A\ € C such that dy (x) = Ady (x) for all
x € R.

Proposition 2.14 Let R be a prime ring with charR # 2, Dy (.,.), D2 (.,.),
D3 (.,.) and D4 (.,.) be symmetric bi-derivations of R, 0 # d1,0 # ds,0 # ds
and 0 # dy be traces of D;(.,.), D2(.,.), Ds(.,.) and D4 (.,.), respectively,

fi = (. 8), —di, fo— (@, B), — da, fs — (o, 8), —ds and fy — (, 3), — dy be
right almost generalized derivations of R. If the identity

fi(@) fo(y) = fs(@) fauly), Yo,y € R (1)

holds, 0 # f1 and B is surjective , then there exists X\ € C' such that f3(z) =
A (x) for all x € R.

Proof Let z,y,z € R. Replacing y by yz in (1), we get

fi(@) f2(y) a(2) + fi(x) B(y) dz (2) = fs () fa(y) o (2) + fs () B (y) da (2) -
From (1), we have

fi(@) B(y)da (2) = f3(x) B(y)da(2), Vo,y,2 € R. (2)
Replacing 3 (y) by 8 (y) da (v) in (2), we get

fi(@) B(y)ds(v)dz (2) = fs () B (y) da (v) da(2).

From (2),
fi(@) B (y)ds(v) da(2) = fi(2) B (y)dz (v) dy(2).
Hence
fi(x) B(y) (ds (v)dz (2) — day (v) dy (2)) = 0.

Since f; # 0, B is surjective and R is a prime ring, we get dy (v)dy (2) =
dy (v)dy (2) for all v,z € R. From Lemma 2.13, since dy # 0, there exists
A € C such that dg( ) = Ady(z) for all z € R. Using last relation in (2),
we get f1(z) B (y) Ads(2) = f3(x) B (y)ds(z) for all z,y,z € R. That is,
(Mi(z) — f3(2)) B (y)ds(2) = 0. Since dy # 0, 5 is surjective and R is a
prime ring, f3 () = \fi (x) rall z € Rand for A € C.



34 Hasret Yazarli et al.

Corollary 2.15 Let R be a prime ring with charR # 2, Dy (.,.) and Dy (., .)
be symmetric bi-derivations of R, 0 # dy and 0 # ds be traces of D (.,.) and
D, (.,.), respectively, fi — (a, ), —dy and fo — (o, 8), — do be right almost
generalized derivations of R. If the identity

ji<x>jé<y):::jé(x>ja(y>v vx7y €ER

holds, 0 # f1 and B is surjective , then there exists X\ € C' such that fs (z) =
M (z) for all x € R.

Lemma 2.16 Let R be a prime ring with charR # 2, D (.,.) be a symmetric
bi-derivation of R, 0 # d be trace of D (.,.), f — (o, 8), — d be right almost
generalized derivation of R, [ is surjective and a € R. If af (x) = 0 for all
x € R, then a = 0.

Proof Let af () = 0 for all z € R. Replacing x by xy, we get af (x) a (y)+
af (x)d(y) = 0. Using hypothesis, we have af () d (y) = 0. Since R is a prime
ring, we have a = 0.

3 Generalized Derivation Determined By Trace
of Permuting Tri-Derivation

Definition 3.1 Let R be a ring, D (.,.,.) : R X RX R — R be a permuting
tri-derivation and d be trace of D (.,.,.). An additive map f : R — R is
called right generalized derivation determined by d, if f (xy) = f(x)y+ zd (y)
holds for all z,y € R. An additive map f : R — R s called left generalized
derivation determined by d, if f (zy) = xf (y) + d (x)y holds for all x,y € R.
Also, an additive map f : R — R is called generalized derivation determined
by d, if it is both a right generalized and a left generalized derivation.

a 0 0
Example 3.2 Let R = b 0 0 a,b,c el ) ring where I is the
c 00
ring of integers, a map D (.,.,.): R X R x R — R, defined by
a 0 0 a 0 0 0 0
D by 0 0 |, b2 0 O 0 0
cg 00 ca 00 0 0

R
az 0 0 0
,1 b5 0 O =10
C3 0 0 a10a20a3
and a map f: R — R defined by

a 0 0 a 0 0
f b 0 0 = 000
c 00 000
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D is a permuting tri-derivation. A map d: R — R, d(z) = D (z,x,x) is de-
a 0 0 a 0 0 a 0 0 a 0 0
finedbyd | | b oo |l=p([bo0oo0].[bo0oo0].[b 00
c 00 c 00 c 00 c 00
0 00
0 0 0 | is the trace of D(.,.,.). f is an additive map and f (zy) =
a> 0 0

f(x)y+ zd(y) holds for all x,y € R. But, f is not a derivation.

Remark 3.3 Let R be a prime ring with charR # 2,3, D (.,.,.) : R X R X
R — R be a permuting tri-derivation, d be a trace of D (.,.,.) and f be a right
generalized derivation determined by d. Therefore f (xy) = f (z)y+xd (y) for
all x,y € R. Replacing y by y+ z, z € R in this relation, we get

fla(y+2)=F@y+f(@)z+2d(y)+zd(2)
+ 32D (y,y,2) + 3xD (y, 2, 2)

and

flaly+2)=[f(zy) + f(zz) =f(@)y+ f(x)z+2d(y) +xd(2).
Comparing these relations, we get
zD (y,y,2) + 2D (y,2,2) =0

since charR # 3. Replacing z by y, we get 2zd (y) =0 for all x,y € R. Since
R is a prime ring and charR # 2, x =0 or d(y) =0 for ally € R. If d =0,
then f(xy) = f(x)y holds for all x,y € R. From Lemma 2.3, there exists
q € Q. (R¢) such that f (z) = qx for all x € R. In this case, we must take f
be not additive when R is a prime charR # 2, 3.

We can give definition of generalized derivation according to above the
definition as follows:

Definition 3.4 Let R be a ring, D (.,.,.) : R X R X R — R be a permuting
tri-derivation and d be trace of D(.,.,.). A map f : R — R is called right
almost generalized derivation determined by d, if f (xy) = f (x) y+xd (y) holds
forallz,y € R and denoted by (f —d),. A map f: R — R is called left almost
generalized derivation determined by d, if f (zy) = xf (y) + d(x)y holds for
all z,y € R and denoted by (f —d),. Also, a map f: R — R is called almost
generalized derivation determined by d, if it is both a right almost generalized
and a left almost generalized derivation and denoted by f — d.
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Lemma 3.5 [29, Lemma 4.2] Let R be a prime ring with char R # 2,3 and
let di and dy be traces of permuting tri-derivations Dq (.,.,.) and Dy (., .,.),
respectively. If the identity dy (x)ds (y) = do () dy (y) holds for all x,y € R
and dy # 0, then there exists A € C' such that dy (z) = Ad; (x).

Proposition 3.6 Let R be a prime ring with charR # 2,3, Dy (.,.,.),
Dy(.,.,.), Ds(.,.,.) and Dy(.,.,.) be permuting tri-derivations of R, 0 #
d1,0 # ds,0 # ds and 0 # dy be traces of Dy (.,.,.), D2 (.,.,.), Ds(.,.,.)

and Dy (.,.,.), respectively, (fi —di),, (fo —d2),,(f3 —d3), and (fs —da), be
right almost generalized derivations of R. If the identity

fi@) f2(y) = fs(x) fu(y), Yo,y € R (3)

holds and 0 # f1, then there exists A € C such that f3(x) = \f1 (x) for all
r € R.

Proof Let z,y,z € R. Replacing y by yz in (3) and using (3), we get

fi(@) yda (2) = f3 () yda (2) (4)

Replacing y by ydy (v) in (4), we have

fi(x) yda (v) dz (2) = f5 (x) yda (v) da (2)

and so from (4),

fi(x)yds (v)da (2) = f1 () yda (v) dy (2) -

Thus f1 (z) y (ds (v) da (2) — da (v) dy (2)) = 0. Since f; # 0 and R is a prime
ring, we get dy (v)ds (2) = do (v)dy (2) for all v,z € R. Since dy # 0, there
exists A € C such that dy (z) = Ady (2) for all y € R by Lemma 3.5. Writing
last relation in (4), we get fi (z)yAdy (2) = f5(x)yds(2) for all xz,y,z € R.
That is, (A\fi () — f3 (z)) yds (2) = 0. Since dy # 0 and R is a prime ring, we
get f3(x) = Afi(x) for all z € R and for A € C.

Corollary 3.7 Let R be a prime ring with charR # 2,3, Dy (.,.,.) and
Dy (.,.,.) be permuting tri-derivations of R, 0 # dy and 0 # dy be traces of
Di(.,.,.) and Dy (., .,.), respectively, (fi —di), and (fo — da), be right almost
generalized deriwvations of R. If the identity

fi(@) fa(y) = fo(z) fi(y), Vo, y € R

holds and 0 # f1, then there exists A € C such that fo () = \fi (x) for all
x € R.
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Lemma 3.8 Let R be a prime ring, D (.,.,.) be a permuting tri-derivation
of R, 0 # d be trace of D (., .,.), (f —d), be right almost generalized derivation
of R and a € R. Then

(7) If af (x) =0 for all v € R, then a = 0.
(i) If la, f ()] =0 for all x € R and charR # 2,3, then a € Z (R).
Proof (i) Let af (x) = 0 for all x € R. Replacing = by zy, we get
0=af(zy) =af (x)y + axd(y) for all z,y € R. Hence axd (y) = 0. Since R
is prime ring and d # 0, we get a = 0.
(i7) Let [a, f (z)] = 0 for all z € R. Replacing x by zy, y € R and using
hypothesis, we get

f@)[a,y]+ [a,2]d(y) + xla,d(y)] =0 (5)
Replacing y by y + 2z in (5) and using (5),
0=l[a,2] D(y,y,2) + la,2] D (y,2,2) + x[a, D (y,y,2)] + x[a, D (y, 2, 2)] (6)

since charR # 3.
In (6), replacing z by —z and comparing with (6) we get

[a,2] D (y,y,2) +x[a, D (y,y,2)] = 0
since charR # 2. Therefore
azD(y,y,z) = zD (y,y,2) a

That is, axd (y) = xd (y) a for all x,y € R. Replacing = by xr for all r € R
in this relation, we get azxrd (y) = xrd (y) a = zard (y). Hence [a, 2] rd (y) = 0.
Since R is prime ring and d # 0, we have a € Z (R).

Lemma 3.9 Let R be a prime ring with charR # 2,3, D (.,.,.) be a per-
muing tri-derivation of R, 0 # d be trace of D (.,.,.), (f —d),. be right almost
generalized derivation of R. If [f (x), f (y)] = 0 for all x,y € R, then R is
commutative ring.

Proof From Lemma 3.8(ii), we get f(R) C Z(R). So that [f (z),r] =0
for all x,7 € R. Replacing x by 2y, y € R and using hypothesis, we get

0=f()[y.rl+ [z, r]d(y) +zld(y),r] (7)
Replacing y by y + z, z € R and using (7) and charR # 2,3, we have
[l‘,’l"]d(y) —I—l‘[d(y) >T] =0.

Therefore xd (y) r = rad (y) for all z,y,r € R. In this relation, replacing x by
xz, z € R and using this relation, we get [z, 7] 2d (y) = 0. Since R is a prime
ring and d # 0, R is a commutative ring.



38 Hasret Yazarli et al.

Theorem 3.10 [2/, Theorem 1] Let R be prime ring with charR # 2 and
di, dy derivations of R such that iterate didy is also derivation; then one at
least of dy, do is zero.

Lemma 3.11 /22, Corollary 10] Let R be a prime ring with char R # 2 and
3 —torsionfree. Let D be a permuting tri-derivation of R and d be the trace

of D. If D(d(x),z,x) =0 for all z € R, then D = 0.

Theorem 3.12 Let R be a non-commutative prime ring with char R # 2,3,
D (.,.,.) be a nonzero permuting tri-derivation of R, 0 # d be trace of D (., ., .),
(f —d), be right almost generalized derivation of R and a € R. If [a, f (R)] C
Z (R), thena € Z (R).

Proof Let [a, f ()] € Z (R) for all z € R. Replacing = by xy, y € R, we
get

la, f(2)]y + [ (x) [a,y] + [a, 2] d (y) + 2 a,d (y)] € Z (R)

In this relation, replacing y by y + 2z, z € R and using this relation and
charR # 2,3, we get

la,7] D (y,y,2) + [a,2] D (y,2,2) + x[a, D (y,y,2)] + x[a,D (y,2,2)] € Z (1(98))

In (8), replacing z by —z and comparing with (8), we get
[a,2] D (y,y,2) +x[a, D (y,y,2)] € Z (R)

since charR # 2,3. Replacing = by ¢, ¢ € Z(R) in this relation, we have
cla, D (y,y,2)] € Z(R). Since R is a prime ring, we get ¢ = O or [a, D (y,y, 2)] €
Z(R). If ¢ =0, then [a, f(z)] = 0 for all x € R. From Lemma 3.8(ii), a €
Z (R). Let [a, D (y,y,2)] € Z (R). Replacing z by a?, we get ala, D (y,y,a)] €
Z (R). Since ala, D (y,y,a)] € Z (R), we have [a, D (y,y,a)] =0ora € Z(R).
In both cases [a, D (y,y,a)] = 0.

Since [a, D (y,y,2)] € Z(R) for all z € R, [a, D (y,y, [a,z])] € Z (R) for all
x € R. Therefore we get

la, D (y,y, la,z])] = [a,[a, D (y,y,2)]] + [a, [D (y,y,a) ,z]]
= [a,[D (y,y,a),z]] € Z(R).

Replacing z by ax in this relation, we have a[a, [D (y,y,a),z]] € Z (R).
Since R is prime ring and [a, [D (y,y,a) ,z]] € Z (R), we get [a, [D (y,y,a) ,z]] =
0Oora€ Z(R). If [a,[D(y,y,a),z]] = 0 for all z € R, (IoIpyya) (z) =0
where I, and Ip,y . are inner-derivations determined by a and D (y,y,a),
respectively. From Theorem 3.10, we get a € Z (R) or D (y,y,a) € Z (R).
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Suppose that D (y,y,a) € Z(R). Since [a,D (y,y,ax)] € Z(R) for all
r € R, we get

la, D (y,y,ax)] = D (y,y,0a) [a,z] + ala, D (y,y,7)] € Z (R). (9)
Therefore we have
[a,D (y,y,a)[a,z] +ala, D (y,y,2)]] =0

That is, D (y,y,a) [a, [a,z]] = 0. If D (y,y,a) #0,a € Z(R) for all x € R.
If D(y,y,a) =0, we get [a, D (y,y,z)] € Z(R) from (9). Hence a € Z (R) or
la, D (y,y,2)] = 0.

Suppose that [a, D (y,y,x)] = 0 for all x,y € R. Replacing = by xz, we get

0=la,D(y,y,22)] = D (y,y,2)[a,z] + [a,2] D (y,y,2) (10)

If z commutes with a, then [a,z] = 0. From (10), [a,z] D (y,y,2) = 0. If
a ¢ Z(R), then D (y,y,z) = 0, since R is prime ring. That is, D (y,y,2) =0
on set Cg (a) = {z € R|az = za}. But since D (y,y,x) € Cg(a) for all x € R,
D (y,y,D (y,y,2)) = 0 for all y,z € R. Therefore D (d(x),z,z) = 0 for all
r € R. From Lemma 3.11, we get D = 0. This is a contradiction. Thus
a€Z(R).

Proposition 3.13 Let R be a non-commutative prime ring with charR #
2,3, D(.,.,.) be permuting tri-derivation of R, d be trace of D(.,.,.) and
(f —d), be right almost generalized derivation of R. If f ([x,y]) = 0 for all
x,y € R, then d = 0.

Proof Let
f([x,9]) =0, Va,y € R. (11)

Replacing y by yx in (11), we get [z, y] d (z) = 0. Replacing y by yr, r € R in
this relation, we get [z, y]rd () = 0. Since R is prime ring, for any = ¢ Z (R),
we get d(z) = 0. Let x € Z(R), y ¢ Z(R). Then 2 +y ¢ Z(R) and
—y ¢ Z(R). Thus 0 = d(z+vy) = d(z) + 3D (z,z,y) + 3D (z,y,y) and
0=d(z+ (—y)) =d(x)-3D (z,z,y)+3D (z,y,y) which imply that d (z) = 0.
Therefore we have proved that d (x) = 0 for all x € R.

Theorem 3.14 Let R be a prime ring with charR # 2,3, D (.,..) be per-
muting tri-derivation of R, d be trace of D (.,.,.) and (f —d), be right almost
generalized derivation of R. If f ([x,y]) = F[z,y] for all x,y € R, then d = 0.

Proof Let

Sz y]) =F [z, y], Yo,y € R. (12)

Replacing y by yx in (12), we get [z, y] d (x) = 0. Using same method in proof
of Proposition 3.13, we get d () =0 for all x € R.
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Theorem 3.15 Let R be a prime ring with charR # 2,3, D1 (.,.,.) and
Dy (.,.,.) be permuting tri-derivations of R, 0 # dy and 0 # dy be traces of
D (.,.,.) and Dy (., .,.), respectively, (fi —d1), and (fo — da), be right almost
generalized derivations of R and a € R. If afi (z) = fo(z)a for all x € R,
then a € Z (R).

Proof Let
afi () = f2(z)a, Vo € R. (13)

Replacing z by zy in (13), we get
afi () y + axdy (y) = f2 (x) ya + zdy (y) a, Yo,y € R. (14)
Replacing y by y + z in (14) , from (14) we get

CLQ?Dl (y7 Y, Z) —|—CL.’L'D1 <y7 Z, Z) = xD2 <y7 Y, Z) a+xD2 (y7 z, Z) a, vxv Y,z € R

(15)
since charR # 3. Replacing z by —z in (15) and comparing with (15), since
charR # 2, we obtain that axd; (y) = xds (y) a, for all x,y € R. Replacing x
by xr in last relation, we get [a, x| rd; (y) = 0, for all z,y,r € R. Since d; # 0
and R is prime ring, we get [a,z] = 0 for all x € R. That is, a € Z (R).
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