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Abstract
In this paper the relation between lacunary ideal convergent double set se-
quences and lacunary ideal Cauchy double set sequences has been established.
The notions of lacunary ideal limit sets and lacunary ideal cluster sets have
been introduced and find the relation between these two notions.
Keywords: Wijsman convergence, Z—convergence, double sequences, Wi-
jgsman L—Ilimit sets, Wijsman Z— cluster sets.

1 Introduction

Hill [15] was the first who applied methods of functional analysis to double
sequence. A lot of useful developments of double sequences in summability
methods can be found in Limayea and Zeltser [21] and Savag [29].

The concept of convergence of a sequence of real numbers has been ex-
tended to statistical convergence independently by Fast [11] and Schoenberg
[30]. This concept was extended to the double sequences by Mursaleen and
Edely [22]. Mursaleen and Edely [22] extended the above idea from single to
double sequences of scalars and established relations between statistical con-
vergence and strongly Cesaro summable double sequences.

The concept of lacunary statistical convergence was defined by Fridy and
Orhan [13]. Also, Fridy and Orhan gave the relationships between the lacu-
nary statistical convergence and the Cesaro summability. This concept was
extended to the double sequences by Savas and Patterson [29].
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The concept of Z—convergence of real sequences is a generalization of sta-
tistical convergence which is based on the structure of the ideal Z of subsets of
the set of natural numbers. P. Kostyrko et al. [18] introduced the concept of
T —convergence of sequences in a metric space and studied some properties of
this convergence. In [33] the notion of ideal convergent double sequences was
introduced.

The concept of convergence of numbers has been extended by several au-
thors to convergence of sequences of sets (see, Baronti and Papini [2]; Beer [3],
[4] ; Wijsman [36]; Kisi and Nuray [16]; Nuray and Rhoades [24]) introduced
the concept of statistical convergence of sequences of sets. The concept of
T —convergence of real sequences was extended to the sequences of sets by Kisi
and Nuray [16]. Sever et al. [31] investigated the ideas of Wijsman strongly
Z—lacunary convergence, Wijsman strongly Z*—lacunary convergence and Wi-
jsman strongly Z—lacunary Cauchy sequences of sets. Ulusu and Nuray [34]
defined the Wijsman lacunary statistical convergence of sequence of sets, and
considered its relation with Wijsman statistical convergence, which was defined
by Nuray and Rhoades [24]. Ulusu and Nuray [35] introduced the concept of
Wijsman strongly lacunary summability for sequences of sets and discussed its
relation with Wijsman strongly Cesaro summability.

2 Definitions and Notations

In this section, we recall some definitions and notations, which form the base
for the present study.

Definition 2.1 [17] A family of sets T C 2% s called an ideal if and only
of

(i) DeZ,

(1) For each A, B € 7 we have AU B € Z,

(i7i) For each A € T and each B C A we have B € 7.

Definition 2.2 [17] A family of sets F C 2~ is a filter in N if and only if

(i) 0¢7F,
(i7) For each A, B € F we have ANB € F,
(7ii) For each A € F and each B D A we have B € F.

Lemma 2.3 [17] If Z is proper ideal of N (i.e.,N ¢ T), then the family of
sets

FZ)={M CcN:3A€Z:M=N\ A}
i1s a filter of N it is called the filter associated with the ideal.
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An ideal is called non-trivial if N ¢ Z and non-trivial ideal is called admis-
sible if {n} € Z for each n € N.

Let (X, p) be a metric space. For any point € X and any non-empty
subset A of X, we define the distance from = to A by

d(zx, A) = inf p(z,a).

Definition 2.4 [36] Let (X, d) be a metric space. For any non-empty closed

subsets A, A, C X, we say that the sequence { Ay} is Wijsman convergent to
A

lim d(z, A) = d(x, A)
k—o0
for each x € X. In this case we write W — limy_,o, Ay, = A.

As an example, consider the following sequence of circles in the (z,y)-plane:
Ap = {(z,y) : 2> + y* + 2kx = 0}. As k — oo the sequence is Wijsman
convergent to the y-axis A = {(x,y) : = 0}.

Definition 2.5 [24] Let (X, d) a metric space. For any non-empty closed
subsets A, Ay C X, we say that the sequence {Ay} is Wijsman statistical con-
vergent to A if for e > 0 and for each x € X,

1
lim ~|{k < n:|d(z, A) — d(z, A)] > £} = 0.

n—oo n
In this case, we write st — limy Ay = A or Ay — A(WS).
WS = {{Ax} : st —limy Ay = A}
where WS denotes the set of Wijsman statistical convergence sequences.

Also the concept of bounded sequence for sequences of sets was given by Nu-
ray and Rhoades [24]. As follows: Let (X, p) a metric space. For any non-
empty closed subsets Ay of X, we say that the sequence {A;} is bounded if
supy, d(z, Ag) < oo for each z € X.

Definition 2.6 [34] Let (X, p) a metric space and 0 = {k,} be a lacunary
sequence. For any non-empty closed subsets A, Ay, C X, we say that the se-
quence {Ax} is Wijsman lacunary statistical convergent to A if {d(z, Ax)} is
lacunary statistically convergent to d(x, A); i.e., fore > 0 and for each z € X,

1
lim h—|l€ €I, :|d(x,Ay) —d(z,A)| > ¢| =0.

In this case, we write Sy — limy = A or Ay, — A(WSy).



Lacunary Ideal Convergence of... 39

Definition 2.7 [35] Let (X, p) a metric space and 0 = {k,} be a lacunary
sequence. For any non-empty closed subsets A, A C X, we say that {Ag}
is Wijsman lacunary Summable to A if {d(x, Ax)} is lacunary summable to

d(x, A); i.e., for each z € X,
lim 1h, > d(z, Ay) = d(z, A).

I

In this case, we write Sy — limy = A or Ay — A(WNy).

Definition 2.8 [35] Let (X, p) a metric space and 0 = {k,} be a lacunary
sequence. For any non-empty closed subsets A, Ay C X, we say that {Ay} is
Wijsman strongly lacunary Summable to A if {d(x, Ag)} is strongly lacunary
summable to d(z, A); i.e., for each v € X,

Lim 1h, > ld(z, Ap) — d(z, A)| = 0.

Iy

In this case, we write Sy — limy = A or A — A([W Ny)).

Definition 2.9 [16] Let (X,d) be a metric space and T C 2V be a proper
tdeal in N. For any non-empty closed subsets A, A, C X, we say that the
sequence {Ag} is Wijsman Z—convergent to A, if for each € > 0 and for each
xr € X, the set,

A(x,e) ={ke N :|d(z,Ar) —d(x,A)| > ¢}

belongs to . In this case, we write Zyy —lim Ay = A or Ay, — A(Zw ), and the
set of Wigsman Z— convergent sequences of sets will be denoted by

Tw = {{A} : {k € N : |d(x, A) — d (2, A)| > e} € T}

Definition 2.10 [28] A double sequence x = (xy;) has a Pringsheim limit
L (denoted by P—limx = L) provided that given an e > 0, there exists an € N
such that |vg, — L| < e, whenever k,l > n. We describe such an x = (xx,)
more briefly as ”P-convergent”.

The double sequence () is bounded if there exists a positive integer M
such that |zj;| < M for all k and [. We denote all bounded double sequence
by [2..

Throught the paper, A, A; be any non-empty closed subsets of X.

Definition 2.11 [25] The double sequence {Ag,} is Wijsman convergent to
A, if for each v € X

P— lim d(z,Ax;) =d(z,A) or
k,l—o00

limk7li>oo d (iL’, Ak,l) =d (lC, A)
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In this case, we write W, — lim A ; = A.

Definition 2.12 [25] The double sequence {Ay;} is Wijsman statistically
convergent to A, if for each x € X and for every e > 0,

1
lim — [{k<m,i<n:|d(z,Ax;)—d(z,A)| >c}| =0,

m,n—0o0 Mmn,

that s,
|d (z, Agy) —d(z,A)| <e,a.a. (k).

In this case, we write sty — limy Ay, = A.

The set of Wijsman statistically convergent double sequences will be de-
noted by

WQS = {{Ak,l} : Stz - li‘}/nAk’l == A} .

Throughout the paper, we shall denoted by Z be an admissible ideal of N
x N and 0, s = {(k..ls)} a double lacunary sequence of positive real numbers,
respectively, unless otherwise stated.

A double sequence 0 = 0, ; = {(k,.l5)} is called double lacunary sequence
if there exist two increasing sequence of integers (k,) and (I,) such that

ko = 0,h, = k, — k,_1 — ocoasr — o0

and B
lo=0hs =15 — ls_1 — c0ass — 0.

Let us denote k, s = k. ls, hys = hyhs and 0, s is determined by
s = {(k, 1) kpoy < kb < Ekrandls_y <1 <I},

L

qr = kr—l ds = ls_lanqu’s = qrq,-

For details on double lacunary sequence we refer to [29].

Definition 2.13 [26] Let Z, be an admissible ideal of N x N. We say that
the double sequence {Ay,} is Wijsman Zy— convergent to A, if for each € > 0
and for each x € X, the set,

Afw,e) = {(k,) € N x N : [d (w, Ar) — d (2, A)] > e}
belongs to I,.

In this case, we write Zo — lim Ay = A or Ay, — A(Z»).
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Definition 2.14 [9] Let 6, ; = (k.s) be a double lacunary sequence. Then,
a double set sequence { Ay} is said to be strongly Ty, . —convergent is for every
e >0, and for every x € X such that

{(T,S) € NXN: Z |d(9$,Ak7l)—d(a:,A)\ 26} eT.

s (k,l)GJr,s
In this case, we write Zy,  —lim A;; = A.

Definition 2.15 [9] Let Z be an admissible ideal of N x N. A double set
sequence {Ay;} is said to be strongly Iy, — Cauchy if there exists a sub-

sequence {Ak/(r),l/(s)} of {Ax,} such that (K'(r),l'(s)) € J,s for each r, s,
im, s (00,00) Ak (r)r(s) = A and or every e > 0, and for every x € X such that

1
{(T,S) €N x N : h Z ‘d([L‘,AkJ) —d (xaAk’(r),l’(s)>‘ > 8} el
"8 (kl)ETrs

3 Main Results

Theorem 3.1 Let T be an admissible ideal of N X N. A double sequence
{Aw,} is strongly Iy, , — convergent if and only if it is strongly Ly, . — Cauchy
sequence.

Proof: Let {Aj;} be strongly Z, , — convergent. Suppose that I, , —
lim AkJ = A. Let

H(i,j): {(T,S)ENXN: Z ‘d(m,Ak7l)—d(x,A)|<1}

TS (k)€ Jrs L]

for each 7,5 € N. Hence for each 4, j, H;41 11y € H; ;) and

fez

<1}¢I.

| —

| 0 o] > =

7,8 )

{(r,s)ENxN:

We choose kq,[; such that » > ki, s > [y, then,

‘H(l,l) N Jr,s

TS

{(T,S)ENXN:

Next we choose kg > ki, o > [ such that r > kg, s > [y, then,

’H(2,2) N Jrs

T8

{(r,s)eNxN; <1}¢I.
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Proceeding in this way inductively we can choose k,i1 > kp, ;41 > [ such
that 7 > kpi1, s > g1 implies that Hyi1,441) N Jrs 7 0. Further for each r,
s satisfying ky < r < ky, Iy < s <y, choose (k' (r),l'(s)) € Hpq) N Jps such

that ]
d x, A ( —d l’,A < —.
4 ) - o) <
This implies that
lim Akl (), (s) = A.

r,5—(00,00)

Therefore, for every € > 0, we have

{(7’, S) eNXxN: 1hr7s(k,l)€Jr,_g ‘d (ZL’, Ak,l) —d (l’, Ak’(r),l’(s))’ > 6}

c{(rs)e NxN:1h d (z, Axy) — d (z, A)| > £2}

7,8 (k,1)EJr.s

U{(5) € N XN Wy piope,.

d(il? Ak/ I'( )—d($,A)’Z€2}
le.
{(T, s)€ N xN: Vs e, ’d(w,AkJ) - d(w Aprm)( )‘ > 6} el

Then, {Ay,;} is a strongly Zy, , — Cauchy sequence.
Conversely suppose {Ay,} is a strongly Z,, . — Cauchy sequence. Then, for
every € > (), we have

{(rns)e NxN:1h d (z, Ayy) — d (2, A)] > £}

7,5 (k1) EJp s

- {(7“73) €N XN 1hrs e, ’d(‘r’Akvl) —d (x A )‘ = 52}

U{(r,s) e NxN: 1hr7s(k, ‘d (m Ay ) —d(x,A)’ > 52}.

),V (s))ETr, s

It follows that {Ay,;} is a strongly Zy, . — convergent sequence.

The definition of double lacunary refinement for sequences of sets is given
as follows:

Definition 3.2 The double index sequence p = (ET,ZS) 15 called a double
lacunary refinement of the double lacunary sequence 0 = (k. 1) if (k.,1s) C

(%)

Theorem 3.3 If (p,s) is a double lacunary refinement of 0, and Ax; —
A(T,,.), then Apy— A(Ly,,).
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)U(T),U(S)

Proof: Suppose each [, ; of 6, ; contains the points (Em,z ).
Z’j:

S,7 Of (pT,S)
so that

krfl < Enl < ET,Z; < ET,U(’I‘) = kT’y

where
Zm’ = (Emelﬁm} s
ls—1 < 73,1 < 7372, < Es,u(s) =,
where
78,1' - (zs,j—lyzs,j} ,
and

jr,s,i,j = {(k?,l) : Er,ifl < k S ET’;ZS,ifl < l S ZS}

for all 7, s and let v (r) > 1, u(s) > 1. This implies that (k,,[s) C (E.,Zs) . Let
(7”)Oooj . be the sequence of abutting blocks of (jns,i,]) ordered by increasing
/L?]: b

a lower right index points. Since A;; — A (Ipr’s), we have the following for
each € > 0,

{(1,4) € Nx N :1hij5 ;0 |d(w, Agy) —d (2, A)| > e} .1 (1)
As before, we write h, ; = hyhg; Em = Em' — Em'q, Es,j = Zs,j - Zs,jfla
For each € > 0 we have

{(r5) € N XN Thrapes  ld (@, Agy) = d (z, A)| > &}

Jr,s

C {(7“, s) € N XN : 1h s

EJT,S

{(G,)) e NxN:1h d(z, Apy) —d(z, A)| > e} } .

iajj@j Cjns;(k,l)Eji,j |

By (2.1), for each € > 0 if we define

00,00

tig = (hij ez, 1d (2, Ary) — d (2, A)] > ¢)

ij=1"
then, (¢;;) is Pringsheim null sequence. The transformation

(At),, = 1h Rig Wi j e, 1d (@, Ay — d (2, A)| > €)

738 (k) €T, s (
satisfies all condition for a matrix transformation to map a Pringsheim null
sequence into a Pringsheim null sequence. Therefore A;; — A (Igm) . This
completes the proof of the theorem.
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3.1 Wijsman Z—Limit Sets and Wijsman Z—Cluster Sets
of Double Sequences of Sets

In this section we introduce Wijsman Z—limit sets of double sequences of
sets, Wijsman Z—cluster sets of double sequences of sets and prove some basic
properties of these concepts and establish some basic theorems.

Definition 3.4 Let {A;,;} be a double set sequence. Then,

(1) A set A is said to be Zy, . —limit set of {Ay;} if there is a set
M = {(kl,ll) < (k?g,lg) < ... < (k?,«,ls) < } CNXxN

such that the set

M ={(r,s) e Nx N : (k.,ls) € J.s} ¢ T and 0, ; — lim Ay, ;,, = A.

(ii) A set A is said to be Iy,  —cluster set of {A;} if for every e > 0 we
have

{(r8) € N X N : 1hyoges ld (@, Ary) — d (2, A)] > e} ¢ .

Let A7 (A) denote the set of all Z,, ,—limit sets and I'j _(A) denote the set
of all Zy, . —cluster sets, respectively.

Theorem 3.5 Let { Ay} be a double set sequence. Then Agm (A) C Fgm (A).

Proof: Let A € Aj  ({Ar:}), then there exists a set M C N x N
such that M’ ¢ 7, where M and M’ are as in the Definition 16, satisfies
0,s —lim Ay, ;. = A. Thus, for every € > 0 there exists mg,no € N such that

1h7”75(k,l)eJr’S |d (z, Ag,1,) —d(z,A)| < e
for all 7 > myg, s > ng. Therefore,

B={(r,5) € NxN:1huo e, ld(@ Apy) = d(z,A)] <}

D M\ A{(k1,lh), (kayla) 5oy (Kmgy ling ) } -

Now, with Z being admissible, we must have M’ \ {(k1,11), (k2,12) , .-y (kmgslmg)} €
Z and as such B ¢ Z. Hence A € Tj  ({Ar1}) -

Theorem 3.6 Let {Ay;} be a double set sequence. Let T be a nontrivial ad-
missible ideal in N x N. If there is a { By} such that {(k,l) € N x N : By; # Ay} €
T then A is also Iy, ,—convergent.
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Proof: Suppose that {(k,l) € N x N : By # A} € Tand Zy, —lim By, =
A. Then for every € > 0, the set

{(rs) € N X N :1h oo, ld(x, Bry) —d (2, A)| > eb € T.
For every ¢ > 0, we have

{(r5) € N X Nt 1hyg ey ld (2, Ay) — d (2, A)| > &}
- {(k’,l) €N x N : BkJ 7é AkJ}U

{(r5) € Nx N :1hg e, |d (@, Bry) = d(x, A) > e}

e |

As both the sets of right-hand side of the above relation is in Z, therefore we
have that

{(rns) e NxN:1h d(z, Ar)) —d(z, A)| > e} € .

TS (kl)eJr s ’

This completes the proof of the theorem.
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