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Abstract

The partial functions under disjoint-domain sumsl danctional composition
do not form a field, and thus conventional linedgedra is not applicable.
However they can be regarded as a so-ring, an algelstructure possessing a
natural partial ordering, an infinitary partial addon and a binary
multiplication, subject to a set of axioms. In thaper, we introduce the notions
of 2-absorbing ideal of so-rings and 2-absorbingosemimodule of partial
semimodules and study their characteristics.
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I ntroduction:

Partially defined infinitary operations occur inethcontexts ranging from
integration theory to programming language semantithe general cardinal
algebras studied by Tarski in 1949; structures studied by Higgs in 1980,
Housdorff topoligical commutative groups studied Bgurbaki in 1966, sum-
ordered partial monoids and sum-ordered partialirsggs studied by Arbib,
Manes, Benson and Streenstrup are some of theraigeddructures of the above

type.

Motivated by the work done in partially-additivensantics by Arbib, Manes [2]
and in the development of matrix theory of so-ribgsMartha E. Streenstrup [6],
G. V. S. Acharyulu [1] in 1992 studied the conditgounder which an arbitrary so-
ring becomes apfn(D,D), Mfn(D,D)and Mset(D,D). Continuing this study,
P.V. Srinivasa Rao [8] in 2011 developed the ideabry for so-rings and partial
semimodules over partial semirings. In this papey,generalise the concept of
prime ideals in a different way as 2-absorbing lsledn addition to it we
introduce the notion of 2-absorbing subsemimoddl@astial semimodules and
characterize 2-absorbing subsemodules intermsalfs2rbing partial ideals of a
partial semiringR.

1 Preliminaries

In this section we collect important definitionssults and examples which were
already proved for our use in the next sections.

Definition 1.1 [5]: A partial monoid is a paif(M,%) whereM is a non empty set
and > is a partial addition defined on some, but not essarily all families
(x, :i01) in M subject to the following axioms:

(i) Unary Sum Axiom: If (x :iJ1) is a one element family iM andl = { ]},
then D (x :i01) is defined and equats, .

(if) Partition-Associatively Axiom: If (x :iJ1) is a family in M and If
(I,:j0J) is a partition of I, then (x :i01 ) is summable if and only if

(% :i01;) is summable for everyin Jand (Z(xi ;i) j0J)is summable.

We write Y (x :i01)=> Q. (x :i01;):jOJ).

Definition 1.2 [5]: The sum ordering: on a partial monoidM ,%) is the binary

relation < such that x< 'y if and only if there exists a h M such thaty = x + h,
forx, yOOM .
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Definition 1.3 [5]: A partial semiring is a quadruplér,~[1), Where(R,Y) is a
partial monoid with partial additiop, (R,[1l)is a monoid with multiplicative

operation ‘1’ and unit ‘1’, and the additive and multiplicaéstructures obey the
following distributive laws:

If > (x:i01) is defined inR then for ally in R Y (yx:ill) and
2. (x Ty:i01) are defined ang/ I3 x1= > (y3).[D %103/ = > (x B).

Definition 1.4 [5]: A sum-ordered partial semiring (or so-ring for stons a
partial semiring in which the sum ordering is a pakordering.

Definition 1.5[1]: Let R be so-ring. A subset N of R is said to balaal of R if
the following are satisfied:

(I) if (x :101)is a summable family iR andx CIN for everyiJl then} x UN,

(I2) if x<yandy[N thenx[IN, and
(I3) if xON andrOR thenxr, rxCON.

Theorem 1.6 [6]: An ideal of P of a complete so-ring R is primeriflanly if for
any a, 1R, aliJP implies &P or bOP.

Definition 1.7 [7]: Let (R,=[1) be a partial semiring andM %) be a partial
monoid. ThenM is said to be a left partial semimodule ouRiIf there exists a
function C: RxM - M :(r,X) > r Lx which satisfies the following axioms for

X, (% i) in M andr,r,,(r;: jOJ) in R

(i) if iixi exists therf D(Tin) :TZ(r 0x.),
(i) it 2.1, exists then(2_r;) Ix = X(r; 0,
J' j

(iiiy 1 C(R £X) =(r ) DX gng

(iv) I LX =X,

Definition 1.8 [7]: Let (M, X) be a left partial semimodule over a partial semyi
R. Then a nonempty subset N of M is said to bebaesnimodule of M if N is
closed undeizZ andrL.

Remark 1.9 [7]: If N is a proper subsemimoule of a partial semimotiileverR
thenN: M) ={rOR|rM S N}
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Definition 1.10 [7]: Let M be a partial semimodule over R. Then M igl saibe
multiplication partial semimodule if for all subsenodules N of M there exists a
partial ideal | of R such that N = IM.

Theorem 1.11 [7]: A partial semimodule M over R is a multiplicatioartal
semimodule if and only if there exists a partiaatll of R such that Rm=IM for
each niIM.

Definition 1.12 [7]: Let M be a multiplication partial semimodule oveaRd N,

K be subsemimodules of M such that N =IM and K=dMsbme partial ideals I,
J of R. Then the multiplication of N and K is defiras NK = (IM) (JM ) = (IJ)M.
Definition 1.13 [7]: Let M be a multiplication partial semimodule oveaRd m,

mpOM such that R px IM and R m= JM for some partial ideals |, J of R. Then
the multiplication of mand m is defined as gmy= (IM)(IM)= (IJ)M.

2  2- Absorbing ldeals

Throughout this sectiorR denotes commutative so-ring. In this section we
introduce the notion of 2-absorbing ideal and pritna radical of is 2-absorbing
ideal of so-ring.

Definition 2.1: A proper ideal of a so-ring R is called 2- absoipihfor any a, b,
CcOR, abdll implies akll or aclll or bell.

Remark 2.2: Every prime ideal of a so-rifgis 2-absorbing.
Proof: Supposé® is a prime ideal oR.
Leta, b, cOR [ abcOP. SinceP is prime,

Case-1: alJP orbclUP.
=abUP orbcUP.

Case-2: abUP orcuP.
=abUP oraclP.

From case-1 and case&hP or bcOP or aclIP. HenceP is a 2-absorbing ideal
of R

Note that the converse need not be true.

Example 2.3: Consider the so-rinB ={0, u, v, X, y, Lwith ) defined orR by
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ZX B X; if x =0 0Oi#]j, forsome j,
' |undefined otherwise

And ‘-’ defined by the following table:

Then the ideal = {0, u, X} is a 2-absorbing ideal. Sineey = 00I, but vl andy
al, 1 is not prime.

Theorem 2.4: If | and J are prime ideals of a so-ring R, them J is 2-
absorbing.

Proof: Supposd andJ are prime ideals dR. Leta, b, cCOR Labcd |l n J. Then
abc]l andabc]J. = aUl or bcll andallJ or becJJ. =alll or bl orctl and

allJorbldJ orctdJ. =abll nJ orbcl nJ oracll nJ.Hencel nJ isa
2-absorbing ideal dR.

Remark 25 [8]: If | is an ideal of a so-rinqR then the radical ofl is
JI ={aOR|a" Ol for some nCN}.

Theorem 2.6: If | is a 2-absorbing ideal of so-ring R, théh is a 2-absorbing
ideal of a so-ring R.

Proof: Let | be a 2-absorbing ideal of so-rifg) Let a, b, cOR CabcA/I .
= (abo)" Ol for some nON. = a"b"c" Ol for some nON. Since | is 2-

absorbing, a"b" Ol or b"c"Ol or a"c"OIl for some nCN. = (ab)" Ol or
(bo)" Ol or (ac)" O1 for somenlIN. = ab0+/I or bcO+/1 or acO+/1 . Hence
JIisa 2-absorbing ideal .
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3  2-Absorbing Subsemimodules
Throughout this sectioR denotes a partial semiring.

In this section we introduce the notions of 2-absay subsemimodules of partial
semimodules and characterize 2-absorbing subsep®thterms of 2-absorbing
partial ideals of a partial semiririgy

Remark 3.1: Let R be a partial semiring. Then a partial ide& 2-absorbingiff
for any partial ideal#, B andC of R, ABC< | impliesAB<1 orBC<1 orAC<I.

Definition 3.2: Let M be a partial semimodule over R and N be apero
subsemimodule of M. Then N is said to be a 2-alrsgpriubsemimodule of M if
for any a, BIR and ndM, abCmON implies abO(N: M) or aCmON or

bCmON.

Theorem 3.3: Let M be a partial semimodule over R and K be appro
subsemimodule of M. If K is a 2-absorbing subsemud® of M then its
associated partial idedlK : M) is a 2-absorbing partial ideal of R.

Proof: SupposeK is a 2-absorbing subsemimoduleMf Let a, b, cOR Labc
(K:M).Then(aboM OK. = ab(cM) OK. = abC(cCmOK UOmOM.
= abO(K:M)or al(cCm)OKor bC(cCmUOK UmUM . = abO(K:M)
or a(cM) 0 Kor b(cM) 0 K.= abO(K:M)oracO(K:M)or bcO(K:M).

Hence (K : M) is a 2-absorbing partial ideal Bf

Example 3.4: Let R be the partial semiringy with finite support addition and
usual multiplication. Them = NxN is a left partial semimodule ov& by the
scalar multiplicationC : (x,(a,b)) — (xa,xb) andK = 0x4N is a subsemimodule
of M. Here (K : M) = {0} which is a prime patrtial ideal dR. Hence it is 2-
absorbing. Since(2[C (0) OK,but 2[2=40(K:M), 2L (01) OK and hence
K is not a 2-absorbing partial ideal f

Theorem 3.5: Let M be a multiplication partial semimodule overaRd N be a
subsemimodule of M. Then N is 2- absorbing subsedhil@ of M if and only if
(N:M)is a 2-absorbing partial ideal of R.

Proof: By the theorem.3.3, we get the necessary part.tl@rsufficient part,
suppose N: M) is a 2-absorbing partial ideal Bf Let |, J be a partial ideals of

R andK be a subsemimodule & L[ (1J) K< N. SinceM is multiplication partial
semimodule,C a partial idealL of R LK = LM.= N O (1J)(LM) =(1JL)M.

= IJLO(N:M). Since N : M) is a 2-absorbing partial ideal Bf 1J 00 (N : M)
or JLO(N:M)or ILO(N:M). =1JO(N:M) or JLMEN or ILMEN .
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= 1J O(N:M)orJKEN orIK=N. HenceN is a 2-absorbing subsemimodule of
M.

Theorem 3.6: Let M be a multiplication partial semimodule overaRd N be a
subsemimodule of M. Then the following conditiasemuivalent:

0] N is a 2-absorbing subsemimoduleMbf

(i) For any subsemimodulas, V andW of M, UVW S N impliesUV SN or
VWS NorUW S N.

(i)  For any my, mp, mgOM, mm,m, O N implies mympON or mpmgON or
mumgN.

Proof: (i) =(ii): SupposeN is a 2-absorbing subsemimodulehdf Let U, V and
W be the subsemimodules BFLUVW S N. SinceM is a multiplication partial
semimodule, Cpartial idealsl, J, K of RLU = IM, V = JM and W = KM.
= UVW = (IJK)M O N. =1IK S (N:M). Since by the theorem.3.5N(: M)
is a 2-absorbing partial ideal Bf and soJJS(N: M) orJKS(N: M) orlK<
(N:M). = (IJ)MENor (JK)MENor (IK) MEN. =UV ENorVW < Nor
UW < N.

(i) =(iii): Suppose for any subsemimoduldsV andW of M, UVYW S N = UV
SNorVWE NorUW S N. Let my, mp, msOM, mm,m, O N. SinceM is a
multiplication partial semimodulé, partial ideald, J, K of RLRm=IM, Rmy=IM
, Rmp =KM. =my mp me= (Rmy )( Rmp )(Rmy ) = (IK)M EN. =(Rm )(Rny)
(Rmy) = (UK )M =N. =(Rm )( Rm )( Rmy )EN. =(Rm )( Rm )<N or
(Rm)(Rmy ) SN or (Rmy )( Rmg ) =N. =mympON or memsIN or mymgIN.

(i) =(i): Suppose for angy, My, MsOM, mm,m, 0 N = mmpON or mpmzON
or mymgIN. Now we prove :M) is a 2-absorbing partial ideal Bf Let |, J and
K be the partial ideals d&® [ IJK & (N : M ). Then(lJK )M & N. Suppose
IJO(N:M),JKO(N:M)andIK O(N:M).= (I3)M ON, (JKYM ON and
(IKYM ON.=CLCill, juJ and kUK, m, mp, mgUML (ij)Cm O(1IJ)M \ N,
(JK)Em, O(IK)M \'N and (ik) Om, O(IK)M \ N .

= [(ij) Om,J[( jk) Om, J[(ik) Oms] =[( 1I3)M JI(IKM J[(IK)M ] = (IIK )MEN.
= (@{)Cm ONor (jk)Cm,ON or (ik) Om, O N, a contradiction.

Hence (N: M) is a 2-absorbing partial ideal Bf Hence by the theorem.38,is
a 2-absorbing subsemimoduledf
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