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Abstract

Let R be a commutative ring with unitary and lebMany unitary R-module.
In this work we present Y-supplement extending teodioncept as a
generalization of supplement extending module. Alg® generalize some
properties of cls-module to Y-supplement extendmaglule. And we study the
relation between supplement extending and Y-sugpieaxtending module.
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1 I ntroduction and Preliminaries

Throughout this papd® will be a commutative ring with identity and allociules
will be unitary leftR-module. A submodul®&l of M is called an essential M if
for every nonzero submodule of M thenNNK=+0 [1]. A submoduleN of M is
called small inM if for any proper submodul& of M then N+K=M [1]. A
submoduleN of M is called supplement i if there exists a submodulkeof such
that N+K=M andN is minimal with this property. Equivalently, Ni+K=M and
NNK<«N [1]. A submoduleN of M is called closed iM if it has no proper
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essential extension iM [1]. Recall that a submodulgé (M) ={xeM such that
ann(x)is essential iR} see [1], if Z (M) =0 thenM is called a nonsingular and
called singular ifZ (M) = M [1]. A submoduleN of M is called Y-closed

submodule inM provided% Is nonsingular see [2]. A moduM is called cls-

module provided every closed submoduldvinis a direct summand & see [3].
Recall that arR-moduleM is called extending (cs) if every closed submodtsle
direct summand oM see [4]. AnR-moduleM is called supplement extending if
every submodule dfl is essential in a supplement submodul&lirEquvalently,

if and only if every closed submodule M is supplement submodule M see
[10].

Remarksand Examples 1.1[10]:

1. It is clear that every extending module is sappnt extending then Z, Q,
M=Z,8® Zsas Z-module are supplement extending.
2. Every semisimpleR-module is supplement extendin

3. A Z-module M=%Z® Z, is not supplement extending sinced )} is
closed submodule in M which is not supplement sutute

Proposition 1.2[2]: Let M be a singular R-module. Then M is the onlgloged
submodule in M.

Remark 1.3[2]: Let A and B be submodules of an R-module M ifaéYsclosed
submodule in B and B is a Y-closed submodule inthdn A is a Y-closed
submodule in M.

Remark 1.4[2]: Let M be an R-module and let A, B be submoduléé siich that
ACB, then

1. If Ais a Y-closed submodule in M, then A @ogéed submodule in B.

2. B is Y-closed submodule in M if and onI§ it a Y-closed submodule in
M
Z.

Remark 1.5[2]: Let M be an R-module and N be a Y-closed submadide then
[N:M] is a Y-closed ideal in R.

Remark 1.6[2]: Let M be an R-module and let;{B= I} be an independent family
of submodules of M. If {Ai€ I} is a family of submodules of M such thac A,
Vi€l Then @€ Ais a Y-closed submodule b ; € |Bjif and only if Ais a Y-
closed submodule inB i€ I.

Proposition 1.7[2,Prop.1.3,P.17]: Let M be an R-module and A be a submodule
of M. If B is any relative complement for A in Meth ABB CM.

Remark 1.8[2]: For any R-module M
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1. M is Y-closed in M.
2. Every Y-closed submodule in M is closed buttheerse is true when M
is nonsingular.

2  Y-Supplement Extending Modules

In this section we introduction a generalization $applement extending module
namelyY-supplement extending.

Definition 2.1: Let M be an R-module, then M is called Y-suppleregt@nding if
every Y-closed submodule in M is supplement sublisodu

Examples and Remarks 2.2

1. Z as Z-module is Y-supplement extending, since the on¥losed
submodule irZ is Z and 0 which are supplement submodulez.in

2. Zs as Zs-module is aY-supplement extending, since the onyclosed
submodule ar&s and {0} which are supplement submoduleszign

3. Every singularR-module M is Y-supplement extending. In particular,
every torsion module over an integral domain isYaupplement
extending.

Proof: Let M be a singulaR-module, therM is the onlyY-closed submodule in
M, by Prop. 1.2, bu¥l is supplement thell is aY-supplement extending module.

4. Clear that every supplement extending modMeis Y-supplement
extending. But the converse in not true in gendéoalexample.

5. Z,®ZsasZ-module is singular sincg, asZ-module is singular and every
direct sum of singular is also singular by [2] amehce by Prop. 1.2,
Z,®Z4is the onlyY-closed submodule bdlydZsis supplement submodule
. S0,Z,8Z4as Z-module isY-supplement extending. But by Remarks and
Examples 1.1(3) is not supplement extending module.

Proposition 2.3: Every nonsingular Y-supplement extending R-modsgle i
supplement extending. In particular, every torsfcee module over an integral
domain is Y-supplement extending module.

Proof: Let M be a nonsingular module a”dbe a closed submodule hh. Since
M is nonsingular then by Remark 1.8(&)is aY-closed submodule i butM is
Y-supplement extending theA is supplement submodule and hende is
supplement extending.

Proposition 2.4: Let M be an R-module such that for every submoXudé M,
there exists a Y-closed submodule A in M suchXhatessential in A. Then M is
Y-supplement extending if and only if M is supplaregtending.
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Proof: Let X be a submodule d# andM be aY-supplement extending, then by
assumption, there is¥aclosed submoduld in M such tha is essential irA but

M is aY-supplement extending thekxis supplement submodule M. Now X is
essential ilA whereA is supplement itvl. HenceM is supplement extending.

The converse is true from Examples and Remarkgd2.2(

Proposition 2.5: Any direct summand of Y-supplement extending madu¥e
supplement extending.

Proof: Let M=A@®B be aY-supplement extending module. To show thas aY-
supplement extending, l& be aY-closed submodule i#, by the third and

A®B A
. . M A®B 5 e A .
second isomorphism theorems we haye= = By =428 == butK is aY-
K®B K®B 5 %nB K

closed submodule iA then% is nonsingular and hend&dB is aY-closed inM

but M is aY-supplement extending thét®B is supplement itM= A@B. So, by
[7] K is supplement ik and hencé\ is Y-supplement extending.

Proposition 2.6: Every Y-closed submodule in Y-supplement extemdodyle is
again Y-supplement extending.

Proof: Let A be aY-closed submodule iM to show thatA is Y-supplement
extending. LeK be aY-closed submodule iA by Prop. 1.X is aY-closed inM
but M is Y-supplement extending thdf is supplement irM and henceK is
supplement iA by [9, lemma 1.5]. S4. is Y-supplement extending.

Proposition 2.7: Let A and B be submodules of an R-module M. If B ¥%
supplement extending and A is Y-closed submodethren AB is supplement
submodule in B.

Proof: Assume thaB is Y-supplement extending amslis Y-closed inM by the

. . B A+B . A+B M . .
second isomorphism theore% =—. Since —CS andA is Y-closed inM

then % is nonsingular. SOAZ—B is nonsingular and hen@eB is Y —closed inB
butB is Y-supplement extending thémB is supplement iiB.

Proposition 2.8: Let A be a submodule of an R-module M. If M issupplement
extending theﬁ:- Is Y-supplement extending.

Proof: Let% be aY-closed submodule '% , Then by [Prop. 1.4 (2B is Y<losed

submodule infV. But M is Y-supplement extending, therefdBas supplement in
M. ThusM=B+K, whereK is a submodule a1 andBNK<«B but ACB, then one

. M B K+A B K+A B . BN(K+A B .
can easily show that; == % to showzn% K- le. Bok*d) « - e
A+E0B) « 2 by modular law]. Let: + AXE0B) - LHATBOO - B e
A A A A A A
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L+A+(BNK)=B but BAK<B. HenceL+A=B butACL thenL=B and==". Hence

A+(BNK)

1 %. Thus% Is supplement i% and hencéZ— is Y-supplement extending.

Proposition 2.9: Let M be a faithful multiplication R-module. If R & Y-
supplement extending ring then M is Y-supplemdahding module.

Proof: Let A be aY-closed submodule iM, but M is multiplication, so
[A:M]M=A . ButA s aY-closed inM then by Prop. 1.9A:M] is Y-closed ideal in
R. ButR is Y-supplement extending ring théfA:M] is supplement ideal iR i.e.
there exists an ided of R such thafA:M]+J=R and[A:M] NJK[A:M]. Now,
M=RM=(A:M]+J)M=[A:M]M+IJM=A+JM and we haveAnJM=[A:M]M NIM
since M is faithful then [A:M]M NJIM= (JA:M]NJ)M. Now, to show that
(JA:M] NnI)M K[A:M]M=A. Let  (JA:M] nNI)M+KM=[A:M]M then
(TA:M] NJ)+K)M=[A:M]M but M is multiplication then([A:M] NJ)+K=[A:M]
but [A:M] NIK[A:M]. So, K=[A:M] and KM=[A:M]M and hence
[A:M] NI)MKJA:M]M=A, then A is supplement ifM and M is Y-supplement
extending.

Let M be anR-module.M is calledY-extending if for any submodule of M there
exists a direct summank of M such thatAnK is essential inA and AnK is
essential irK see [5].

Proposition 2.10: Let M be a Y-extending R-module then M is Y-suppiem
extending.

Proof: See [3] because every cls-modul&4isupplement extending.

Now, we take the following remark.

Remark 2.11 [2, p.49]: Let A be a submodule of an R-module M. By Zorn's
Lemma, there is a smallest Y-closed submoduleM adntaining A called the Y-

closure of A in M {we denote it by’ A

Proposition 2.12: An R- module M is Y-supplement extending if ang b\ is
supplement in M, for every submoduleA of M.

Proof: Let M be aY-supplement extending module and Aebe a submodule of
M. SinceA”is aY-closed submodule il, thenA”Yis supplement submodule .
The converse, lefA be aY-closed submodule iM, then A’= A. ThusA is
supplement ifM.

3  Direct Sum of Y-Supplement Extending Module

In this section, direct sums ¥fsupplement extending are studied. It is shown that
if M=M1@MwhenM;andM, areY-supplement extending modules.
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Proposition 3.1: Let Myjand M, be Y-supplement extending modules such that
annMi+annM, =R, then M@ M is Y-supplement extending module.

Proof: Let A be aY-closed submodule iN;® M,. SinceannM+annM, =R then
by the same way of the proof [6, prop 4.2, chA3C®D whereC andD are
submodules oM;and M, respectively. SincA=C@®D is aY-closed inM: M,
thenC andD areY-closed inM; andMzrespectively by [prop 1.5]. BMiandM,
areY-supplement extending modules ti@mndD are supplement submodules in
M; and M, respectively. SoA= C@D is supplement iM;®M, by [7]. Hence
M1® M. is Y-supplement extending module.

Definition 3.2: Let M be an R-module. We say that M is distributivedule if
An(B+C) =(AnB) +(ANnC), for all submodules A,B and C of M, see [8].

Proposition 3.3: Let M=M;® M, be a distributive module. Then M is a Y-
supplement extending if and only if;ad M are Y-supplement extending
modules.

Proof: — Clear by [Prop.2.5].

Conversely, leK be aY-closed submodule iM. But M=M® M, thenK=KnN(

Mi1® My). SinceM is distributive module theK= (KNMp)® (KNMy) is a Y-

closed submodule iM=M;®M, by Prop. 1.6 KnM; and KNnM, are Y-closed
submodules inM; and M, respectively. ButM; and M, are Y-supplement
extending modules, thédnM; andKnM; are supplement submodulesMia and
Mz respectively, by [7]K= (KNM)® (KNMy) is supplement irM1@&M,=M.

HenceM is Y-supplement extending.

Proposition 3.4: Let M=@®;M; where €l be an R-module such that every Y-closed
submodule in M is fully invariant then M is Y-sugpknt extending if and only if
M; are Y-supplement extending for al.i

Proof: Let A be anY-closed submodule iM. For eachel, if fi: M- M; is the
projection map. Now, lexeA thenx= };c;m;, meM; andm =0 for all except a
finite number ofiel. Clearly thatfi(x) = m, for all i€l. SinceA is a Y-closed
submodule iV, then by assumptio is fully invariant and hencg;(x) = me
AnM;. So,xe @(AnM;), thusAc @ ( AnM;), but &( ANM;)SA thus®(AnM;)= A.
SinceA is aY-closed submodule iM then(AnM;) is aY-closed inM; for all i€l,
by Remark 1.6. Butj; is Y-supplement extending modules forial then(AnM;)
is supplement iM; for all i€l. But by [7] A= @(ANM;) is supplement ikd;M;=M.
HenceM is Y-supplement extending.

Proposition 3.5: An R-module M is Y-supplement extending moduledfaaly if
for every direct summand A of the injective huMEof M such that AM is a Y-
closed submodule in M, themM is a supplement submodule in M.
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Proof:— Clear.

Conversely, letA be aY-closed submodule irM and letB be a relative
complement ofAin M, then by Prop.1.9A®B is essential inM. SinceM is
essential irE(M), thenA®B is essential ife(M). ThusE(M) = E(A®B) = E(A)®

E(B). SinceE(A) is direct summand and =ANM is essential irE(A)NM. So,

E(A)NM . . E(A)NM M . . . E(A)NnM .
20T s singular. NOW,%Q; which is nonsingular then% is

nonsingular. Sow =0 i.e. E(A)NM = A is Y<closed and by assumption

E(A)NM=A is supplement i.
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