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Abstract

In this paper, we introduce the new sequence spaces with lacunary strong
convergence using by a sequence of modulus functions and a sequence of -
functions. We also study some connections between lacunary (A, o, AI') -
statistically convergence and lacunary strong (A, pr, A™) - convergence .
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1 Introduction

Let w be the set of all sequences of real or complex numbers and [/, ¢ and ¢y
be, respectively, the Banach spaces of bounded, convergent and null sequences
x = (x)) with the usual norm ||z| = sup |z .

k

By a lacunary 6 = (k.); r = 0,1,2,...where ky = 0, we shall mean an
increasing sequence of non-negative integers with k. — k,_; — oo as r — o0
. The intervals determined by 6 will be denoted by I, = (k._1, k.| and h, =

k. — k,._1.The ratio kfil will be denoted by ¢,. In [1], the space of lacunary
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strongly convergent sequences Ny was defined as follows:

— — AR -1 R
Ny = {:c—(xl).rll)rgohr > |a; — s| = 0 for some s}.

i€l

A modulus function f is a function from acting [0, 00) to [0, c0) such that

(i) f(z) =0 if and only if x = 0,

(i) f(z+y) < f(z) + f(y) for all 2,y > 0,

(iii) f increasing,

(iv) f is continuous from at the right zero.

Since |f(z) — f(y)] < f (| —y|), it follows from condition (iv) that f is
continuous on [0,00). Furthermore, we have f(nz) < nf(z) for all n € N,
from condition (ii) and so

1 x
£(@) = fnr) < nf ().
Hence, for all n € N

() < £5).

A modulus may be bounded or unbounded. For example, f(z) = aP, for
0 < p < 1is unbounded, but f(z) = { is bounded. Ruckle [9] and Maddox
[10], used a modulus f to construct some sequence spaces.

Furthermore, modulus function has been discussed in [5], [11], [12], [13]
and [14] and many others.

The difference sequence space X (A) was first introduced by Kizmaz [2] as

follows:

X(A)=A{x=(zp) e w: (Azg) € X}

for X =l, c and ¢; where Axy, = x) — x4 for all kK € N.

The notion of difference sequence spaces was further generalized by Et and
Colak [3] as follows:

X(A™) ={zx = (z) e w: (A™zy) € X}

for X = I, ¢ and ¢; where A"z, = A™ 1z, — A™ g, and Az, = 2y, for
all k € N. Taking X = l(p), c¢(p) and cq(p), these sequence spaces has been
generalized by Et and Basarir [4].

The generalized difference has the following binomial representation:

Aml’k = i (—1)” < ::l ) Lt

v=0
for all k € N.
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Subsequently, difference sequence spaces have been discussed by several
authors [18], [14], [6] and [7].

By a ¢-function we understood a continuous non-decreasing function ¢ (v)
defined for v > 0 and such that ¢(0) = 0,¢(v) > 0 for v > 0 and p(v) — oo
as v — 00.

In [15], [16], [17] and [19]; some sequence spaces was studied using by ¢-
function.

Let ¢ = (¢x) and ¢ = (¢y) be sequences of ¢-functions. A sequence of
o-functions ¢ is called non weaker than a sequence of p-function v and we
write 1 < ¢ (or ¥ < @i for all k) if there are constants ¢, b,n,l > 0 such that
ey (lv) < by (nv) (for all, large or small v, respectively).

Two sequences of p-functions ¢ and v are called equivalent and we write
@ ~ 1 (or ¢y < ¢y for all k) if there are positive constants by, by, ¢, ki, ks, | such
that by (k1v) < cg (lv) < bowy (kov) (for all, large or small v, respectively).

A sequence of p-functions ¢ is said to satisfy the As-condition (for all,
large or small v, respectively) if for some constant [ > 1 there is satisfied
the inequality ¢y (2v) < Iy (v) for all k. For a ¢-function satisfying the
As-condition, there is L > 0 such that

wi (cv) < Loy (v) (1)

for v large enough. Indeed, for every ¢ > 0 there is an integer s such that
c < 2% and

i (cv) < r (2°0) < Py (v) (2)
for v large enough.
Let A = (anx) be an infinite matrix such that;
a) A is non-negative, i.e. a,, > 0 forn,k=1,2,... ,
b) for an arbitrary positive integer n (or k) there exists a positive integer
k, (or m,) such that a, # 0 (or an. # 0), respectively,
c) there exists ligbnank =0fork=1,2,...,,

[&.°]
d) sup > an < oo,
n k=1
e) sup a,r — 0 as k — oo.
n
In the present paper, we introduce and study some properties of the follow-
ing difference sequence space that is defined by using a sequence of ¢-functions

and a sequence of modulus functions.

2 Main Results

Let & = (k.) be a lacunary sequence, ¢ = (¢x) and f = (f,) be given a
sequence of ¢-functions and a sequence of modulus functions, respectively, m
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be a positive integer and u = (uy) be any sequence such that u, # 0 for all k.
Moreover, let a matrix A = (a,;) be given in the above. Then we define,

Ve (A n, AT) ) = {x — o e wstin (3 o (A7) - o}

T nel, k=1

where ATz, = up A"y = (up A™ 1oy, — up A" rgyq)  such that ATy =

n=0

m m
> (=)™ N ) Uk inThgn » A2y = (upwy) and Ayzp = (UpZp — Uk 1Tps1)-

Throughout this paper, the sequence of modulus functions f = (f,) satisfy
the condition lirgl+ sup fn(v) = 0.
v—r n

If v € V(A or, A™), f,) then the sequence z is said to be lacunary
strongly (A, g, Al")- convergent to zero with respect to a sequence of modulus

f.
If we take 6 = (2") then we have

k 0o
k=1

n=1

When ¢ (z) = 2 for all x and k, u, = 1 for all k, we obtain

V(A A™), f,) = {x cw:limo > (fj - <|Amxk|>> _ 0} |

T nel, k=1

If f.(x) =z for all x and n, u, = 1 for all k, we write

nel, \k=1

1 o0
V) (A, o, A™) = {x Ew: li;nh— Z (Z P (|Amxk|)> _ 0} '

When A =1 and u, = 1 for all k, we get the following sequence space,

r nelr

VO (T, 0, A fr) = { cwilimos 3 fulen (A"z,]) = o} .

If we take A = I, pp(x) = x for all z and k and uy = 1 for all k& then we
have

VO((I,A™), f,) = {x Ew: liqgn; S fa(JA™z,]) = O}.

T nel,
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If we take A = I, p(z) = x for all x and k and u; = 1 for all k, f,(x) =
f(z) for all z and n

V2((I,A™), f) = {[E cw: liqgn; S F(jA™,]) = O}.

T nel,.

If we take A = I, pi(z) =z for all z and k, f,(z) =z for all 2 and n and
up = 1 for all k£ then we have

T nEIr

1
If we define the matrix A = (a,) as follows:

1
ane = — forn >k and a,, = 0 for n < k
n

then we have the sequence space,

7" nel,

Vg ((C o1, A )fn)—{xewhmen<§ IAmxk\> }

Now we have,

Theorem 2.1 Let us suppose that ¢ = () and ¥ = (Y) be two sequences
of p-functions and 1 = (Y, (v)) satisfies the Ay-condition for large v.

(Z) [f ¢ = then ‘/90 ((A> Pk, AT) ) fn) - ‘/60 ((A7 Yﬁk, Aum) 7fn)
(i) If two sequences of p-functions (¢r (v)) and (Y (v))  are
equivalent for large v and they satisfy the As-condition for large v then

Vi (A o, A7) o) = Vi (A, AT f)-

Proof. (i) Let x = (z) € Vi (4, v, AT, f1). Then

hm— > fa (Z ankpr (A $k|)>

T nel,

By assumption, ¥ < ¢, we have
U (lzx]) < b (¢ |ak]) (3)

for b,c >0, all k, and |xy| > vo. Let us denotes x = z +z", where for all m,
T = (Aum:c;g) and A™xz, = AMxy for |ATzy| < vg and ATz, = 0 remaining
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values of k. It is easy to see that ' € VY ((A, v, A™), f,). Furthermore, by
the assumptions and the inequality (3) we get

hy Z Jn (Z itV (|8 ) <=2 (bZ ankpr (c| A Ty ))

7" nel, 7" nel,
7’ nelr
T nel,

where the constants K and L are connected with properties of f and ¢
functions. We recall that a p—function satisfying the As—condition implies
(1) and (2).

Finally, we obtain z" = (:B/,;) e VY (A, ¢g, A™) . f,) and in consequence
ZAS ‘/90 ((A7 wka AT) ) fn)

(i) The identity V (A, o A) , fu) = V2 (A, du, A1), f) s proved by
using the same argument.

Theorem 2.2 Let the sequence ¢ = (¢r (v)) of p-functions satisfies the
Ay-condition for all k and for large v then V) ((A, or, A™) , fn) is linear space.

Proof. Firstly we prove that if x = ($k) e VP ((A o, A™) , f) and « is
an arbitrary number then ax € V) ((A, or, A™), f,). Let us remark that for
0<a<1weget

— Z [ (Z ankpr (|Ay axy) ) = [ <Z ankpr (|AY $k|)>

T nel, 7’ nel,

Moreover, if a > 1 then we may find a positive number s such that o < 2°
and we obtain

h.

m‘H

Ly, (z i (AT mb)

TLGIT

ZI (d > uon (A7 al)
P (zanm )

k=1

;“N

where d and K are constants connected with the properties of ¢ and f func-
tions. We recall that a p—function satisfymg the Ag—condition implies (1)
and (2). Hence we obtain azx € V) ((A, pr, A™), fn).
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Secondly, let x,y € VP ((A, pr, A ) fn) and «, B arbitrary numbers. We
will show that ax + By € VP (A, o, A™), fn)-

fn (i anror (|AT (axy + Byr)| ) =3 (Z ankpr (| A $k|)>

k=1 7" nely,

Z [ <Z anker (|AY yk|)>

r TLEIT

1
=2

T nEIr

where the constants Ky and K, are defined as above. In consequence,

ox + ﬂy S ‘/90 (<A7 Pk AT) 7fn) :
Now, we give the following Proposition that is mnecessary for proof

of the Theorem 2.4.

Proposition 2.3 ([5]) Let f be a modulus and let 0 < § < 1. Then for each
v > 8§ we have f(v) < 2f(1)6~!

Theorem 2.4 Let ¢ = (py) and f = (f,) be given a sequence of p-
functions and a sequence of modulus functions, respectively and sup f, (1) < oo.

Then ‘/60 (A> Pk, Aum) C ‘/60 ((A> Spka ) fn)

Proof. Let z € V) (A, ox, A™) and put sup f,(1) = M. For a given € > 0

we choose 0 < § < 1 such that f,(z) < e for every x € [0,6] and for all n. We
can write

— Z In (Z ankr (| A Ik|)> =51+ 5

T TLGIT

where

i T (Lo ara))

T nely

and this sum is taken over

> aneor (|ATay]) <6

k=1

and

T Z [ (Z ankor (|AY ﬂfk!))

T nel,

and this sum is taken over
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> aner (|ATx|) > 6

k=1
By the definition of the modulus f we have

an — (hye) =¢

T nel, 7"

and moreover

52 < 2M77 Z Zankwk |A l’k|)

T nel, k=1

by Proposition 2.5. Finally we have x € V) ((A, ¢, A™), fn). This com-
pletes the proof.

Theorem 2.5 Let ¢ = (p) and f = (f,) be given a sequence of p-
functions and a sequence of modulus functions, respectively. If UlLrglo i%f f"T(U) >
0 then

Ve (A, 01, AF) ) = Vg (A, n, AT

Proof. If Ulgrlgo i%ff”T(”) > 0 then there exists a number ¢ > 0 such that
fo(v) >cv forv>0and n € N. Let x € VY (A, or, A™), f,) . Clearly

T an (Zanksﬁk AV xk|)> 7 doc (i%m(lﬁxﬂ))

7" nel, T nel, k=1
— Z <Zanks@k (jay l’k|)>
hy nel, \k=1

Therefore x € V) (A, or, A™) . By using Theorem 2.4, the proof is com-
pleted.

Theorem 2.6 Let § = (k.) be a lacunary sequence and f = (f,) be a
sequence of modulus functions.
(Z.) [f lim inf ¢ >1 then V° ((A> P> AZZ) ) fn) - VGO ((A: (,Dk, ) f )
(ii) If limsup g, < oo then Vi’ (A, ok, AT) , fn) C VO (A, g1, A ) n)
(i) If 1 < liminf ¢, < limsup ¢, < oo then V) ((A, &, u) In) = VO ((A, o,

Proof. This can be proved by using the same techniques in [11] and hence
we omit the proof.
The next result follows from Theorem 2.5 and Theorem 2.6.

Corollary 2.7 If lim inf f" > 0 and 1 < liminfg, < limsupgq, < oo

v—00 N

then Vi’ (A, g, AT) = VO((A,¢k, AT s fn)-

AL) s fn) -
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3 S§(A, o, A™) -Statistical Convergence

Let the matrix A = (anx) be given as previously, § = (k,) be a lacunary
sequence, the sequence of ¢-functions ¢ = (¢,) and a positive number ¢ > 0
be given. We write,

Kg ((Aa SpkaAgb) 75) = {n € [r : Z AnkPk (‘Aglxkb Z 5} .

k=1
The sequence x is said to be lacunary (A, @, A™)- statistically convergent
to a number zero if for every € > 0

: 1 r m
h,,I,n hilLL (KH ((A7 Pk Au ) 75)) =0

where u (Kj (((A, ¢, Al") ,€))) denotes the number of element belonging to
K (A, or, A™) ,€)). We denote by S§ (A, ¢, A™), the set of sequences x =
(x) which are lacunary (A, ¢, A™)-statistically convergent to a number zero.
We write

3 1 T m
58 (A, A7) = {io = () s lim = (555 (A, 0, A7) ,2)) = 0}

When we take 6 = (27), S (A, or, A™) reduces to S° (4, pr, A™).
If we take A = I and ¢ (z) = x for all k and z, then S§ (A, px, A™) reduces
to Sy (A™) defined by

1
S3(87) = {o = @) lim g ({k € s (A7) > €h) = 0}
Now we have,

Theorem 3.1 Let 0 = (k) be a lacunary sequence, p = (@ (v)) and p =
(Yy (v)) are two sequences of p-functions.

(i) If ¥ < ¢ and ¢y, satisfies the Ag-condition for large v and for all k then
(11) If @ ~ b and @y and Yy, satisfy the Ag-condition for large v and for
all k then Sp (A, v, A™) = Sp (A, o, A™).

Proof. (i) Let =z € Sy(A,, A™). By assumption we have

U (|ATxy|) < by (c|AMazy|) and we have for all n and m,

D et (|AT2k]) <07 aner (AT zk]) < KD ankpr (A @]
P =1

k=1
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for b,c > 0, where the constant K is connected with properties of ¢ func-

tions. Thus the condition § ankVr (|Axy|) > € implies  the  condition
k=1
ioj ankox (|AMzy|) > € and in consequence we get
Kg ((A7 Pk Aum> 78) - Kg ((A7 ¢k7 AT) 75)
and
3 1 T m : 1 T m
h;n h*/J (KO ((A7 Pk Au ) 7€)> < hln hilL[/ (K6 ((A7 wka Au ) 78)) :

This completes the proof.
(ii) The identity Sy (A,vr, A™) = S§ (A, pr, A™) is proved by using the

same argument.
Theorem 3.2 Let f = (f,) be given a sequence of modulus functions. If
inf f,(v) > 0 then
‘/00 ((A7 Pk, Aum) ) fn) - Sg (Aa Pk, Aum) :

Proof. If inf fn(v) > 0 then there exists a number o > 0 such that
fo(v) >afor v >0andn e N. Let x € V) ((A, ox, A™), fr) -

- Z fa (Z tnipr, (JAT xk\)> hl > fn (i anktpk(!Aumka>

7' nel, nel- k=1

o0
7 apker(|aag])>e

k=1
{n €l : Z ke (|ATxg|) > 5}

k=1

«

=

and it follows that z € Sj (A, pg, AT).

Theorem 3.3 Let f = (f,) be given a sequence of modulus functions.
[f sup sup fn(v) < 00 then Sg (A7 Pl Azn) - ‘/00 ((Aa Pk, A;n) ) fn) :

Proof. We suppose T(v) = sup f,(v) and T = supT(v) .Let x €
S9 (A, or, A™). Since f,(v) < T for n € N and v > 0, we have

o OF STHENTSINI) EY- D SR st )

7" nel, nely k=1
o0
Y anker(|ATeg|)=e
k=1
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1 o
+h7 > In (Z Ak Pk (|AT9€1¢|)>
T nel, k=1
> anker(|aleg])<e
k=1
T © m
< > {n el : Zankgok (|AT2k]) > 6} +T(e).
r k=1

Taking the limit as e — 0, it follows that z € V)’ ((A, ¢k, A™), f,).

Corollary 3.4 Let f = (f,) be given a sequence of modulus functions.
If i%ffn(v) > 0 (v > 0) and supsup f,(v) < oo then S§ (A, g, A™) =

‘/90 ((A’ Pk AT) 7fn)
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