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Abstract

A dominating set D C'V is a split dominating set of a graph G = (V, E) if
the induced subgraph of (V — D) is disconnected. The split domination number
vs(G) is the minimum cardinality of a split dominating set of a graph G. In
this article, we establish some results on split domination number of P, ® P,,

P, C, and C,, ® C,.
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1 Introduction

All graphs considered here are finite, undirected without loops or multiple
edges. As usual p = |V| and ¢ = |E| denote the number of vertices and edges
of a graph G, respectively. In general we use (X) to denote the subgraph
induced by the set of vertices X and N(v) and N[V] denote open and closed
neighborhoods of a vertex v, respectively. Any undefined term in this paper
may be found in Harary [2].

A set D of vertices in a graph G is a dominating set if every vertex in
V' — D is adjacent to some vertex in D. The domination number ~v(G) is the
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minimum cardinality of a dominating set of G. For complete review on theory
of domination and its related parameters, we refer [3] and [11].

The Normal product of two graphs G and H, denoted G® H , is a graph with
vertex set V(G @ H) = V(G) x V(H), that is, the set {(g,h)/ g € G,h € H},
and an edge [(g1,h1), (g2, he)] exists whenever any of the following conditions
holds: (i) [g1,92] € E(G) and hy = hs, (ii) g1 = go and [hy, he] € E(H) , (iii)
(g1, 92) € E(G) and [hy, hy] € E(H). The normal product or strong product
was first introduced by Sabidussi [9]. For comprehensive details on product
graph and its related concepts, we refer [4] and [§].

A dominating set D of of a graph G is a split dominating set if the induced
subgraph of (V — D) is disconnected. The split domination number v5(G) is
the minimum cardinality of split dominating set. The minimum cardinality
taken over all split dominating set in a graph G is called split domination
number s(G) of G. The concept of split domination was introduced by Kulli
and Janakiram [7]. For more details on split domination, we refer [I], [5], [6]
and [I0]. A dominating set D of a graph G with |D| = ~(G) is called ~y-set.
Similarly, the other types of dominating set are defined on the same line.

2 Results

Theorem 2.1 For any non-complete connected graph G,
Vs(G ® Kn) =75(G) - n.

Proof: Let the vertices of a complete graph K, be labeled as vy, vs, ..., v,
and the vertices of G be labeled as uy, us, ..., u,. Since K, is a complete
graph, from the definition of normal product, whenever u; is adjacent to u; in
G, each vertex (u;,vy), 1 < k < nis adjacent to every vertex (u;,v;), 1 <1 <mn
in G @& K,. Hence, in G & K,,, the dominating set S with | S | < 75(G) - n
does not split the graph G @ K,, and the removal of B = {(u;, vg)/u; € A and
v, € V(K,)}, where A is the v5-set of G, splits the graph G @ K,,. Hence,
75(G ® Ky) =| B |[=7(G) - n.

3 Normal Product of P, ¢ P,

Remark 3.1 If m =2 and n = 2, then P, ® P, = K4. Hence, v4-set does
not erists.

Theorem 3.2 Forn >3, k> 1,

_J kE+1, ifn=3k
%(P2@Pn)—{k+2, ifn=3k+1 or 3k + 2.
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Proof: Let P, be labeled as uy,us and P, be labeled as vy, vs,...v,. Then
the following cases are arise.

Case 1. n = 3k.

In P, @ P,, the subset A = {(u1,v3-1)/1 <t < k} is the y-set. Clearly no
dominating set with cardinality |A| split the graph. The set A U {(u2,v2)}
dominates and split the graph P, & P,. Hence, 75(P, & P,) = k + 1.

Case 2. n =3k +1 or 3k + 2.

In P, ® P,, the subset B = AU {(uy,v,)} is the y-set. Clearly no dominating
set with cardinality |B| split the graph. The set B U {(ug, v2)} dominates and
split the graph. Hence, v4(P, ® P,) = k + 2.

Theorem 3.3 For m,n > 3 and ki, ks > 1,

( kiky + 2, if m = 3k; and n = 3k,
ko(ky + 1) + 2, ifm=23k +1 or 3k + 2 and
. n = 3]{?2
Vs(Fon @ Pr) = ki(ko + 1) + 2, if m =3k, and n = 3ky + 1 or
ki(ko + 1) + ko + 2, if m and n are not multiple of 3.

\

Proof: Let P,, be labeled as uq,us,...u,, and P, be labeled as vy, vs,...v,.
Then the following cases are arise.

Case 1. m = 3k, and n = 3ks.

In P, @& P,, the subset A = {(ug,—1,v31,-1)/1 < t1 < ky,1 <ty < ko} is
the y-set. Clearly no dominating set with cardinality |A| or |A| 4+ 1 split the
graph P,, ® P,. The set AU {(uy,v2), (u2,v1)} dominates and split the graph
P,, ® P,. Hence, vs(P,, ® P,) = kiko + 2.

Case 2. m = 3k; + 1 or 3k; + 2 and n = 3k,.

In P,,® P,, the subset B = AU{(ty,, v31,-1)/1 < ta < ko} is the y-set. Clearly
no dominating set with cardinality |B| or |B|+ 1 split the graph P, ® P,. The
set B U {(u1,v2), (u2,v1)} dominates and split the graph P,, @ P,. Hence,
Ys(Pn @ Py) = ko(ky +1) + 2.

Case 3. m = 3k; and n = 3ky + 1 or 3ks + 2.

In P, & P,, the subset B = AU{(u3y,—1,vn)/1 < t; < ky} is the y-set. Clearly
no dominating set with cardinality |B| or |B| + 1 split the graph P, & P,.
The set BU {(u1,v3), (ug,v1)} dominates and split the graph P, ® P,. Hence,
Ys(Pm ® P,) = ky(ky + 1) + 2.
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Case 4. m = 3k + 1 or 3k + 2 and n = 3ky + 1 or 3ky + 2.

In P, & P,, the subset B = AU {(ug, —1,vn)/1 <t1 < k1 } U {(tn, v31,-1)/

1 <ty < ky} is the y-set. Clearly no dominating set with cardinality |B| or
|B| + 1 split the graph P, @ P,. The set B U {(u1, v2),

(ug,v1) } U{(tm,v,)} dominates and split the graph P, ® P,. Hence, v4(P,, ®
P,) =ki(ky + 1) + ko + 2.

4 Normal Product of C,, ® P,

Theorem 4.1 For any cycle C,, of length atleast 4,

_ [ Et2 ifm=3kk>1
’Vs(Cm@Pz)_{k+3, ifm=3k+1or=3k+2,k>1

Proof: Let C,, be labeled as uq,us...u,, and P, be labeled as vy, v,. Then
the following cases are arise.

Case 1: m =3k, k > 2.

In C,, & P,, the subset A = {(ugi—1,v1)/1 < t < k} is the y-set. Clearly
no dominating set with cardinality |A| or |A| 4+ 1 split the graph. The set
AU{(uz, vs), (us,v2)} dominate and split the graph. Hence, ~5(C,,,®P) = k+2.

Case 2: m=3k+1or3k+2 k>1.

The subset B = AU{(uy,v,)} is the y-set. Clearly no dominating set with car-
dinality |B| or |B|+1 split the graph. The set BU{(us, v2), (us,v2)} dominates
and split the graph. Hence, v5(C,, @ P2) = k + 3.

Remark 4.2 The Theorem does not hold true for m = 3, since C3 @
P, = Kg. Hence, vs-set does not exists.

Theorem 4.3 Forn > 3,

[ k+2, ifn=3k k>1

Proof: Let C5 be labeled as uq, ug, uz and P, be labeled as vy, vy ...v,. Then
the following cases are arise.

Case 1: n =3k, k> 1.

In C3® P, the subset A = {(ug,vs3:-1)/1 <t < k} is the y-set. Clearly no dom-
inating set with cardinality |A| split the graph. The set AU {(uy,v2), (us,v2)}
dominates and split the graph. Hence, v,(C5 & P,) = k + 2.



76 B. Chaluvaraju et al.

Case 2: n=3k+1or3k+2 k>1.

The subset B = AU{(u2, v,)} is the minimum 7-set. Clearly no dominating set
with cardinality |B| or |B| + 1 split the graph. The set B U {(u1, v2), (u3,v2)}
dominates and split the graph. Hence, 75(C3 & P,) = k + 3.

Theorem 4.4 Forn > 3,

Cf2Ak+1), ifn=3kk>1
75(04@P”)—{2(k+2), ifn=3k+10r3k+2 k>1

Proof: Let C; be labeled as uq,us, u3, uy and P, be labeled as vy, vs...v,.
Then the following cases are arise.

Case 1: n =3k, k> 1.
In Cy @ P,, the subset A = {(u;,v3-1)/i = 2,4 and 1 < t < k} is the 7-
set. Clearly no dominating set with cardinality |A| or |A| + 1 split the graph.
The set B = A U {(uy,v2), (ug,v2)} dominates and split the graph. Hence
v4(Cy ® P,) = 2(k +1).

Case 2: n=3k+1or3k+2 k>1.

The subset B = A U {(u2,vn), (ug,v,)} is the y-set. Clearly no dominat-
ing set with cardinality |B| or |B| 4+ 1 split the graph. The set C' = B U
{(u1,v2), (us, v2)} dominates and split the graph. Hence, v,(C4®P,) = 2(k+2).

Theorem 4.5 For m = 3kq, k1 > 2,

. k1k2+4, an: 3]{32, kg Z 1
75(Cm @ P) _{ ki(ka 1)+ 4, ifn=3k +1 0r3ks+2 ko >1.

Proof: Let C,, be labeled as uy, us, ... u,, and P, be labeled as vy, vs, ... v,.
Then the following cases are arise.

Case 1: n = 3ko, ko > 1.

In C,, ® P,, the subset A = {(ugy,—1,v31,-1)/1 < t1 < k1,1 <ty < ko} is the
v-set. Clearly no dominating set with cardinality |A| or |A] + 1 or |A| + 2 or
| A|+3 split the graph C,,,® P,,. The set AU{(uy, v2), (ug, v1), (U, v1), (Um, v2)}
dominate and split the graph C,,, & P,. Hence, ~vs(Cp, ® P,) = kiko + 4.

Case 2: n=3ky+1o0r 3ky+ 2, ky > 1.

In C,, @ P,, the subset B = AU{(ust,—1,v,)/1 < t; < k;} is the y-set. Clearly
no dominating set with cardinality |B| or |B| + 1 or |B|+ 2 or |B| + 3 split
the graph C,,, ® P,. The set BU{(u1,v2), (uz, v1), (tm, v1), (Um, v2)} dominates
and split the graph C,, ® P,. Hence, v5(C,,, ® P,) = ki (k2 + 1) + 4.
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Theorem 4.6 Form #4, m # 3k, k> 1

_ [ Rkt )43, =3k, ky 2 1
78(0m@Pn)_{k1k2+/€1+k32+37 if n=3ky+1 or3ky+2, ky > 1.

Proof: Let C,, be labeled as uy, us, ... u,, and P, be labeled as v, vs,...v,.
Then the following cases are arise.

Case 1: m#4, m =3k +1or 3k +2, k; > 1 and n = 3ky, ky > 1.

In C,, ® P,, the subset A = {(ugy;—1,v3,-1)/1 < t1 < k1,1 < tg < ko} U
{(tm,v31,-1)/1 <ty < ko} is the y-set. Clearly no dominating set with cardi-
nality |A| or |[A|+1 or |A|42 split the graph. The set AU{(u1, v2), (u2, v1), (Um, v1)}
dominates and split the graph C,, ® P,. Hence, v5(C,, ® P,) = ko(ky + 1) + 3.

Case 2: m # 4, m = 3ky +1or 3k; +2, ky > 1 and n = 3ky + 1 or
3y + 2, ky > 1.

In Cm @D Pn, the subset A = {(U3t1_1,7)3t2_1)/]. S tl S kl,]_ S tg S ]{52} U
{(u3t1_1,vn)/1 S tl S kl} U {(um,v3t2_1)/1 S t2 S k?g} U {(um,vn)} is the
v-set. Clearly no dominating set with cardinality |A| or |A|+1 or |A|+2. The
set B = AU{(u1,v2), (u2,v1), (Um,v1)} dominates and split the graph. Hence,
’)/S(Cm D Pn) = ]ﬁ]ﬂg + /Cl + kz + 3.

5 Normal Product of C,, ® C,

Theorem 5.1 Forn > 3,

_ [ kH6 ifn=3kk>1

Proof: Let C5 be labeled as uq, us, uz and C,, be labeled as vy, v, ...v,. Then
the following cases are arise.

Case 1: n =3k, k > 1.

In C3 @ C,,, the subset A = {(u2,v3:-1)/1 <t < k} is the y-set. Clearly no
dominating set with cardinality |A| or |[A| +1 or |A]+2 or |A|+3 or |A| +4
or |A| + 5 split the graph. The set AU {(uy, va), (tm, v1), (u2,v1),

(us, v1), (ug, v2), (us,v,)} dominates and split the graph. Hence, v,(C5®C,,) =
k+ 6.

Case 2: n=3k+1or3k+2 k>1.
The subset B = A U {(u2,v,)} is the v-set. Clearly no dominating set with
cardinality |B| or |B|+1 or |B|+2 or |B|+3 or | B|+4 or | B|+5 split the graph.
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The set BU{(u1,vs), (tm,v1), (Ua, v1), (us, v1), (us, ve), (us, v,)} dominates and
split the graph. Hence, v,(C3 ® C,,) = k + 7.

Theorem 5.2 Forn > 3,

_ [ 2k+2), ifn=3kk>1

Proof: Let C, be labeled as uy, us, us,us and C,, be labeled as vi,vs...v,.
Then the following cases are arise.

Case 1: n =3k, k > 1.

In Cy & C,,, the subset A = {(u;,v5-1)/i = 2,4 and 1 <t < k} is the y-set.
Clearly no dominating set with cardinality |A| or |[A| + 1 or |A| + 2 or |A| + 3
split the graph. The set B = AU{(ug, v1), (u3, v2), (us, vy,), (ug,v1)} dominates
and split the graph. Hence v5(Cy & C,,) = 2(k + 2).

Case 2: n=3k+1or3k+2 k>1.

The subset B = A U {(ug, v,), (u4,v,)} is the y-set. Clearly no dominating
set with cardinality |B| or |B| + 1 or |B| + 2 or |B| + 3 split the graph. The
set C'= BU{(ug,v1), (us, v2), (us, v,), (ug,v1)} dominates and split the graph.
Hence, 75(Cy @ C,,) = 2(k + 3).

Theorem 5.3 For m = 3kq, k1 > 2,

o k’lk’Q +5, Zf?’L = 3l€2, k’g Z 1
75(Cm © Cn) = { ki(ka+1)+5, ifn=3ka+1 or3ke +2, ks > 1.

Proof: Let C,, be labeled as uq,us,...u,, and C, be labeled as v, vs,...v,.
Then the following cases are arise.

Case 1: m = 3k, k1 > 2 and n = 3ks, ky > 1.

In C,,, ® C,,, the subset A = {(us, —1,V31,-1)/1 < t1 < ki, 1 <ty < ko} is the -
set. Clearly no dominating set with cardinality |A| or |A|4+1 or |A|+2 or |A|+3
or | A|+4 split the graph C,,®C,,. The set AU{(uy,vy), (ug,v2), (uz, v,), (us, v1),
(us,v7)} dominate and split the graph C,,,®C,,. Hence, v,(C,,,&C,,) = k1ko+5.

Case 2: n=3ky+ 1 or 3ky + 2, ks > 1.

In C,,, ® C,,, the subset B = AU{(ugy, —1,v,)/1 < t1 < ky} is the y-set. Clearly
no dominating set with cardinality |B| or |B|+1 or |B|+2 or |B|+3 or |B|+4
split the graph C,,,®C,,. The set BU{(uy,v1), (ur, va), (uz, v,), (ug, v1), (us, v2)}
dominates and split the graph C,,, ® C,,. Hence, v4(C,, ® C},) = ky(ka + 1) + 5.
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Theorem 5.4 Form # 4, m # 3k, k> 1,

| k(R +1) 45, if n =3k, ko >1
73<Cm@0")_{ hoky + ki 4+ ko 45, ifn =3k +1 or3ky+2 ky > 1.

Proof: Let C,, be labeled as uq, us, . . . u,, and C,, be labeled as vy, vq, . .. v,.
Then the following cases are arise.

Case 1: m#4, m =3k +1or 3k +2, k1 > 1 and n = 3ky, ky > 1.

In C,, ® C,, the subset A = {(usy,—1,V31,-1)/1 < t1 < k1,1 <ty < ko} U
{(m, v31,-1)/1 <ty < ko} is the vy-set. Clearly no dominating set with cardi-
nality |A] or |A] + 1 or |A| + 2 or |A] + 3 or |A| + 4 split the graph. The set
AU {(uy,v1), (ur,v2), (ug, vn), (us, v1), (ug, v2)} dominates and split the graph
Cm @ Cp. Hence, v5(Cp, & Cy) = ka(k1 + 1) + 5.

Case 2: m # 4, m = 3ky+1or 3k; +2, ky > 1 and n = 3ky + 1 or
ko + 2, ko > 1.

In Cm D Cn, the subset A = {(U3t1_1,03t2_1)/1 S tl S k’l,]_ S tg S kfg} U
{(usty—1,v0)/1 < t1 <k} U {(tm,vst,-1)/1 < ta < kot U {(t,v,)} is the
v-set. Clearly no dominating set with cardinality |A| or |A] + 1 or |A| + 2 or
|A| + 3. The set B = AU {(uy,v2), (u1,vy), (ug,v1), (tm,v1)} dominates and
split the graph. Hence, v,(C,, ® C,,) = kiks + k1 + ko + 5.
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