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Abstract

This paper contains some definitions and resultd déizzy normal sub\-
group of A- groups and generalized characteristics of L fuapymal subA-
group of aA- group.
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1 I ntroduction

L.A. Zadeh [10] introduced the notion of afuzzy subset p of aset Sas a function
from X into | = [0, 1]. Rosenfeld [7] applied this concept in group theory and
semi group theory, and developed the theory of fuzzy subgroups and fuzzy
subsemigroupoids respectively J.A. Goguen [2], replaced the valuations set [0,
1], by means of a complete lattice in an attempt to make a generalized study of
fuzzy set theory by studying L-fuzzy sets. In fact it seems in order to obtain a
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complete analogy of crisp mathematics in terms of fuzzy mathematics, it is
necessary to replace the valuation set by a system having more rich algebraic
structure. These concepts A-groups play a major role in mathematics and fuzzy
mathematics. G.S.V Satya Saibaba [9] introduced the concept of L- fuzzy A-
group and L-fuzzy A-ideal of A-group. In this paper, we initiate the study of L-
fuzzy normal sub A-groups. In this paper we study the properties of an L-fuzzy
normal sub A- groups under homomorphism are discussed.

2 Preliminaries

This section contains some definitions and results to be used in the sequel.

2.1 Definition [1, 2, 6] A lattice ordered group is a syste® = (G .[,<)
where
(i) (G.0) isa group,
i (G.=) isa lattice and
(i)  the inclusion is invariant under all ranslations X O
alxChb,

e, Xsy= alxCb<alylb for gl @&POG

2.2 Definition [10]: Let S be any non-empty set. A fuzzy supset S is a
functionz S - [0, 1].

2.3 Definition [7]: A L-fuzzy subset of G is said to be a L-fuzzy subgroup of G if
for any x , y/7G,

i H(Xy) > u(x) Op(y),
i H(x) = p(x).

2.4 Definition [9]: A L-fuzzy subset of G is said to be a L-fuzzy sabgroup of
G if for any x, y/G,

Lo p(xy) = p(x) Dudy),
i u(xt) = p),

i, p(xty) = p(x) Op(y),
iv. p(xty) = u(x) Op(y).

2.5 Definition [3,4]: If @ is an element oA group G, thenal (@) js
called the absolute value (& and is denoted t|,a | Any elemen @ of
an A -group G can bewritten as a=(aC0)C(@L0) je a=a"ba |

wherea® is called positive parto@ anda” is called negative part of
a
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2.6 Definition [8]: Let G and G be any twoA- groups. Then the function
f:G - G' s said to be a homomorphisn f(x¥) = F(X)f(¥) for all x, y7G.

2.7 Definition [8]: Let G and G be any twoA- groups. Then the function

f:G - G" is said to be anti homomorphism f(xy)=f(¥)f(X) for all
X, yiG

2.8 Definition [9]: Let G be aA- group. A L fuzzy sub- group A of G is said to
be L fuzzy normal subgroup (LFNS\-G) of G if ua(xy) = ta(yx), for all x and y
[G.

2.9 Definition [5, 9]: Let G be aA- group. A L fuzzy sul-group i of G is said
to be a L fuzzy characteristic sub group (LFCSA- G) of G if ua(X) = ua( f(x)),
for all xZG and f7Aut G.

2.10 Definition [9]: A fuzzy subset of a set X is said to be normalized if there
exist XX such thajnu(x) =1.

3  Propertiesof L Fuzzy Normal Sub A Groups

3.1 Theorem: Let G be anA-group. If A and B are two L fuzzy normal

sukA groups of G, then their intersectiomB is a L fuzzy normal sub- group
of G.

Proof: Let x and yOIG.

Let A ={ (X, ua(X)) /I xOG}and B ={ ( X, usg(X) ) / xOG} beal fuzzy normal
subA-groups of a A-group G.

LeeC=AnBandC={ (X, uc(x) )/ xOG}.
Then,
Clearly Cisal fuzzy subA-group of a A-group G,

Since A and B aretwo L fuzzy subA-groupsof a A-group G.
And,

(i) Helxy) = pakxy) L ps(xy)
asA and B are LFNSA Gsof a A group G.

= pa(yx) Lps(yx)
= Hc(yx).

Therefore, pc(xy) = Hc(yX).
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Hence AnB isan L fuzzy normal sub A-group of a A-group G.

3.2 Theorem: Let G be a M-group. The intersection of a family_dtizzy normal
sub A-group of G is an L fuzzy normal skdgroup of G.

Proof: Let { Aiy im be afamily of L fuzzy normal sub 4 groups of a4 group G and
let A=n Ai

Then for x and yOIG.

Clearly the intersection of afamily of L fuzzy sub A- groupsof a A- group G isa
L fuzzy sub A-group of a A- group G.

(|) HA(Xy): |:,UA1 (Xy)
= Lun (Y9 as{ Ai}io aeLFNS A- Gsof a A- group G
= Ha(yx).

Therefore, pa(Xxy) = Ha(yX).

Hence the intersection of afamily of L fuzzy normal sub A-groups of a A- group
Gisal fuzzy normal sub A-group of a A-group G.

3.3 Theorem: If A is a fuzzy characteristic of L fuzzy shlgroup of aA- group
G, then A'is a L fuzzy normal sab group of ar-group G.

Proof: Let A be a L fuzzy characteristic sub A- group of a A-group G and let
x,yUG.

Consider themap f : G — G defined by f(x) = yxy ™.

Clearly, fOAUG.

Now, Ha(xy) = Ha(f(xy)), asAisaLFCS/ Gof aigroup G
= pa( y(xy)y™)
= Ha(yx).

Therefore, pa(Xy) = Ha(yX).
Hence A isal fuzzy normal sub A group of a4 group G.

3.4 Theorem: A L fuzzy sub\-group A of aA-group G is a L fuzzy normal sub
A- group of G if and only if A is constant on thejcmate classes of G.

Proof: Suppose that A isaL fuzzy normal sub A-group of a A-group G and let x
and y[IG.
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Now, Ha( Y Xy ) = pa( xyyt), since A isaLFNSA Gof G
= Ha(X).

Therefore, pa(y™'xy) = pa(x).
Hence (x) ={ y*’xy/yOG}.
Hence A is constant on the conjugate classes of G.

Conversdly, suppose that A is constant on the conjugate classes of G.

Then, pa(xy) = pa(xyxx*)
= pa( x(yx)xt), as A is constant on the conjugate classes of G
= Ha(yx).

Therefore, pa(xy) = Ha(yx).

Hence A isal fuzzy normal sub A- group of agroup G.

3.5 Theorem: Let A be a L fuzzy normal sulgroup of aA- group G. Then for
any yG we haveua(yxy?) = ua( y'xy ), for every KG.

Proof: Let A bealL fuzzy normal subA-group of a A-group G.
For any yOG, we have,

Ha(yxy™?) = pa(x), since A isaFNSA-G of G
= pa( xyyt), since A isaFNSA-G of G
= Ha(yxy).

Therefore, pa( yxy™t) = pa(yxy).

3.6 Theorem: A L fuzzy sub\-group A of aA-group G is normalized if and only
if ua(e) = 1, where e is the identity element of Ailggoup G.

Proof: If A is normalized, then there exists XxOG such that pa(x) = 1,
but by properties of L fuzzy sub A-group A of the A-group G, pa(X) < pa(e),
for every xOG.

Since pa(x) = 1 and pa(x) < pa(€), 1 < pa(e).

But 1> pa(e).

Hence pa(e) = 1.



98 K. Sunderrajan et al.

Conversely, if pa(e) = 1, then by the definition of normalized fuzzy subset, A is
normalized.

3.7 Theorem: Let A and B be L fuzzy sub- groups of A-groups G and H,
respectively. If A and B are L fuzzy normal ubgroups, then AxB is a L fuzzy
normal subA-group of GxH.

Proof: Let A and B be L fuzzy normal sub? groups of the A groups G and H
respectively.

Clearly AxB isalL fuzzy subA-group of GxH.
Letx;and x; bein G, y; and y, bein H.
Then (X1, y1) and ( X2, y2) arein GxH.

Now,

Haxa [ (X1, Y1)(X2, ¥2) | = Haxs ( X1X2, Y1y2)
= pa(x1x2) L ps(yay2)
= pa(x2x1) Lps(y2ys)

Since A and B are LFNS 4 Gs of the groups G and H
= Haxe ( X2X1, Y2Y1)
= IJ'AXB [ (X2| yZ)(le yl) ]

Therefore, paxa[ (X1, Y1)(X2, ¥2) ] = Haxs [ (X2, Y2)(X1, Y1) |-

Hence AxB isal fuzzy normal sub 4 group of GxH.

3.8 Theorem: Let the L fuzzy normal sub- group A of aA-group G be
conjugate to a L fuzzy normal siegroup of G and a L fuzzy normal sub
group B of aA-group H be conjugate to a L fuzzy normal subgroup N of H.
Then a L fuzzy normal sub-group AxB of a group GxH is conjugate to a L
fuzzy normal sufd- group MxN of GxH.

Proof: Itistrivial.

3.9 Theorem: Let A and B be L fuzzy subsets of the groups G and H,
respectively. Suppose that e andaee the identity element of G and H,
respectively. If AxB is a L fuzzy normal shitbgroup of GxH, then at least one of
the following two statements must hold.

(i) (€)= u(x), forall xinG,
(i)  ua(e)=us(y), for ally in H.
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Proof: Itistrividl.

3.10 Theorem: Let A and B be L fuzzy subsets of thegroups G and H,
respectively and AxB is a L fuzzy normal sub group of GxH. Then the
following are true:

) if ta(X)=<us(€), then Ais a L fuzzy normal sab group of G.
(i) if (X )=pn(e), then B is a L fuzzy normal shigroup of H.
(iii) either A'is a L fuzzy normal sabgroup of G or B is a L fuzzy normal

sub A- group of H.

Proof: Itistrividl.
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