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Abstract

In this paper, fuzzy h-bi-ideals, fuzzy h-quasi-ideals and fuzzy h-interior
ideals of a I'-hemiring are studied and some related properties are investi-
gated. The notions of h-intra-hemiregularity and h-quasi-hemiregularity of a
I'-hemiring are introduced and studied along with h-hemiregularity and their
characterizations in terms of fuzzy h-ideals are also obtained. The concept
of fuzzy h-duo T'-hemiring is introduced and some of its characterizations are
obtained.
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1 Introduction

Semiring is a well known universal algebra. This is a generalization of an as-
sociative ring (R,+,.). If (R, +) becomes a semigroup instead of a group then
(R,+,.) reduces to a semiring. Semiring has been found very useful for solving
problems in different areas of applied mathematics and information sciences,
since the structure of a semiring provides an algebraic framework for modelling
and studying the key factors in these applied areas. Ideals of semiring play
a central role in the structure theory and useful for many purposes. However
they do not in general coincide with the usual ring ideals and for this reason,
their use is somewhat limited in trying to obtain analogues of ring theorems
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for semiring. To ammend this gap Henriksen[4] defined a more restricted class
of ideals, which are called k-ideals. A still more restricted class of ideals in
hemirings are given by lizuka[6], which are called h-ideals. LaTorre[9], investi-
gated h-ideals and k-ideals in hemirings in an effort to obtain analogues of ring
theorems for hemiring and to amend the gap between ring ideals and semiring
ideals. The theory of I'-semiring was introduced by Rao[12]. These concepts
are extended by Dutta and Sardar|[2].

The theory of fuzzy sets, proposed by Zadeh[15], has provided a useful math-
ematical tool for describing the behavior of the systems that are too complex
or illdefined to admit precise mathematical analysis by classical methods and
tools. The study of fuzzy algebraic structure has started by Rosenfeld[13].
Since then many researchers developed this ideas.

Various relationship between the fuzzy sets and semirings have been considered
by Dutta and Biswas[1]. The concept of fuzzy h-ideals in hemiring was studied
by Jun et al[7]. Recently Zhan et al[16], Yin et al[14], Huang et al[5] intro-
duced and studied the concepts of h-hemiregularity, h-intra-hemiregularity of
a hemiring and gave some of their characterization using fuzzy h-ideals. Ma
et al [10] extended some of these results in more general setting of hemiring
i.e. I'-hemiring . In this paper we study some of these properties by using
o-composition instead of ['-composition thereby encompassing some results of
Ma et al [10]. We also study h-intra-hemiregularity and h-quasi-hemiregularity
in [-hemirings and h-duo I'-hemirings.

2 Preliminaries

We recall the following preliminaries for subsequent use.

Definition 2.1. [3] A hemiring [respectively semiring] is a nonempty set
S on which operations addition and multiplication have been defined such that
the following conditions are satisfied:

(i) (S,+) is a commutative monoid with identity 0.

(i) (S,.) is a semigroup [respectively monoid with identity 1g]/.
(#ii) Multiplication distributes over addition from either side.
(iv) 0s=0=s0 for all s€S.

(’U) 15 7A 0

Definition 2.2. [11] Let S and I" be two additive commutative semigroups
with zero. Then S is called a I'—hemiring if there exists a mapping
SxI'xS—S ((aab)— aab) satisfying the following conditions:

(i) (a + b)ac = aac + bac,
(i1) aa(b+ ¢) = aab + aac,
(iii) a(a + B)b = aab + afb,
(iv) aa(bfBc) = (aab)Se.
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(v) Osaa = 05 = aalg,

(vi)aOrb = 0g = b0ra

for all a,b,c € S and for all o, € T.

For simplification we write 0 instead of Og and Or.

Example 2.3. Let S be the set of all mxn matrices over Zq (the set of all
non-positive integers) and I' be the set of all nxm matrices over Zg, then S
forms a I'-hemiring with usual addition and multiplication of matrices.

Example 2.4. Let S=I'= a non-positive cone of a totally ordered ring.
Then S is a I'—hemiring where ternary operation is the multiplication of the
ring. (It may be noted here that though non-negative cones of totally ordered
rings form semirings, non-positive cones do not as the induced multiplication
is not a binary composition in this case).

Throughout this paper, unless otherwise mentioned S denotes a I'—hemiring.

A subset A of a I'-hemiring S is called a left(resp. right) ideal of S if A is
closed under addition and STA C A (resp.AI'S C A). A subset A of a hemir-
ing S is called an ideal if it is both left and right ideal of S.

A subset A of a I'-hemiring S is called a quasi-ideal of S if A is closed under
addition and STAN AI'S C A.

A subset A of a I'-hemiring S is called a bi-ideal(resp. interior ideal) if A is
closed under addition and AT'STA C A(resp.STAT'S C A).

A left ideal A of S is called a left h-ideal if x,z€S, a,b€A and x+a+z=b+z
implies x€A. A right h-ideal is defined analoguesly.

The h-closure A of A in S is defined as A = {x € S |x+a+z=b+z, for some
a,be A and z€S}.

Now if A is a left (right) ideal of S, then A is the smallest left (right) h-ideal
containing A.

A quasi-ideal(bi-ideal,interior-ideal) A of S is called an h-quasi-ideal(resp. h-
bi-ideal, h-interior-ideal) of S if STA N AT'S(resp.A'ST A, STAI'S) C A and
x+a+z=b+z implies x€A for all x,z€S and a,beA.

Lemma 2.5. For a I'-hemiring S, we have
i) A C A for all ACS.
i) ACBCS=ACB.
iii) A = A for all ACS.
iv) ATB — ATB
v) For any left(resp. right) h-ideal, h-bi-ideal, h-quasi-ideal A of S, we have
A=A
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Note that every h-ideal of S is an h-quasi-ideal and h-interior ideal; Every
h-quasi-ideal of S is an h-bi-ideal of S. However the converse of these properties
do not hold in general.

Example 2.6. Let S=I' = My(Z; ), be the set of all 2x 2 matrices over Z; ,

the set of all non-positive integers. Let QQ={ g O) ca € Zy}. Then Q is a

0
h-quasi-ideal of S, but not a (left,right) h-ideal of S.

Definition 2.7. [15] A fuzzy subset of a nonempty set X is defined as a
function pn - X — [0,1].

Definition 2.8. [11]/Let 11 be a non empty fuzzy subset of a I'—hemiring S
(i.e. p(x) #0 for some x € S). Then u is called a fuzzy left ideal [ fuzzy right
ideal] of S if
(i) p(x +y) > minfu(z), p(y)] and

(i) p(zvy) > ply) [respectively p(zyy) > p(z)] for all z,y € S, v € T.
A fuzzy ideal of a I'—hemiring S is a non empty fuzzy subset of S which is a

fuzzy left ideal as well as a fuzzy right ideal of S.
Note that if v is a fuzzy left or right ideal of a I'—hemiring S, then p(0) >
p(x) for all z€ S.

Definition 2.9. [11] A fuzzy left ideal pu of a T'—hemiring S is called a fuzzy
left h-ideal if for all a, b, x, z € S, x + a + z = b + z implies
p(x) = min {p(a), n(b)}.

A fuzzy right h-ideal is defined similarly.
By a fuzzy h-ideal p, we mean that p is both fuzzy left and fuzzy right h-ideal.

Example 2.10. [11] Let S be the additive commutative semigroup of all
non positive integers and I' be the additive commutative semigroup of all non
positive even integers. Then S is a '—hemiring if ayb denotes the usual mul-
tiplication of integers a,~,b where a,b € S and v € I'. Let i be a fuzzy subset

1 of =0
of S, defined as follows p(z) = < 0.7 if x is even
0.1 if xis odd
The fuzzy subset p of S is both fuzzy ideal and fuzzy h-ideal of S.

Definition 2.11. [10] Let p and 0 be two fuzzy sets of a T'—hemiring S.

Define h-product of v and 6 by
pl'p8(z) = sup[min{u(ar), ulaz),6(b1), 0(b2)}]
z+ai1vb1+z=a20ba+2
=0, if x cannot be expressed as x + ayvby + z = axdbs + 2z

for x,z,a1,a2,b1,b0 € S and v,0 € T'.
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Definition 2.12. Let p and 0 be two fuzzy sets of a I'—hemiring S. Define
a generalized h-product of 1 and 6 by

ponf(x) = sup[min{min{z(a;), u(ci), 0(bi), 6(di) }}]

T+ i CLZ")/lbl +z= i CZ(SZdl +z
=1 =1

= 0, if x cannot be expressed as above
where x,z,a;,b;,¢;, d; €S and v;,0; € ', for i=1,...,n.

Lemma 2.13. Let pqy, pus be two fuzzy h-ideal of a I'—hemiring S. Then
pilnpe © pioppa € py O po € g, po.

Lemma 2.14. Let S be a I'-hemiring and A,BCS. Then we have
i) A C B if and only if xa C x5.
i) X4 N XB = XAnB
#1) XAORXB = XATB

For more preliminaries of semirings(hemirings) and I"'—semirings we refer
to [3] and [2] respectively.

3 Fuzzy h-ideals in I'-hemiring

Definition 3.1. [10] A fuzzy subset u of a I'-hemiring S is called fuzzy h-
bi-ideal if for all x,y,z,a0,b€S and o, 3 € I' we have
(i) p(x +y) > min{pu(z), p(y)}
(i) p(zay) = min{p(z), u(y)}
(iii) p(wayfz) > min{u(z), ()}
() t+a+2z=b+2z= p(x) > min{u(a), u(b)}

Definition 3.2. A fuzzy subset o of a U'-hemiring S is called fuzzy h-quasi-
ideal if for all z,y,2z,a4,0€8 we have
(1) p(x +y) > minfpu(z), p(y)}
(i) (ponxs) N (Xsonp) S p
(111) z+a+z=b+z= p(x) > min{pu(a), u(b)}

Definition 3.3. [10] A fuzzy subset p of a I'-hemiring S is called fuzzy h-
interior-ideal if for all z,y,z,a,6€S8 and o, B € I we have
(i) p(x +y) > min{u(z), p(y)}
(i) p(zay) = min{pu(z), p(y)}
(i1i) p(rayBz) > u(y)
(v) t+a+2z=b+2z= p(x) > min{pu(a), 1u(b)}

Example 3.4. Let S=I' = Z~, the set of all non-positive integers. Then

S is a I'-hemiring. Define p : S — [0,1] by u(x) = { t0 Zﬁthifw?si Let
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B=2S. Then for any t€[0,1], n, = {25}. Since {25} is a h-bi-ideal(resp.
h-quasi-ideal) of Z~, p; is a h-bi-ideal of Z~ for all t. Hence p is a fuzzy
h-bi-ideal(resp. h-quasi-ideal)of Z~.

For any fuzzy subset in a set X and any t€[0,1], define p = {z € X |
w(x) > t}, which is called a level subset of p. In [8],Kondo et al. introduced
the Transfer Principle in fuzzy set theory, from which a fuzzy set can be char-
acterized by its level subsets. For any algebraic system U = (X, F'), where F is
a family of operations defined on X, the Transfer Principle can be formulated
as follows:

Lemma 3.5. A fuzzy subset defined on U has the property P if and only if
all non-empty level subset p; have the property P.

As a direct consequence of the above Lemma, the following results can be
obtained.

Lemma 3.6. [10] Let S be a I'-hemiring. Then the following conditions
hold:
(i) 1 is a fuzzy left(resp. right) h-ideal of S if and only if all non-empty level
subsets py are left (resp. right) h-ideals of S.
(i) p is a fuzzy h-bi-ideal of S if and only if all non-empty level subsets p; are
h-bi-ideals of S.
(71) p is a fuzzy h-quasi-ideal of S if and only if all non-empty level subsets p
are h-quasi-ideals of S.

Lemma 3.7. Let S be a I'-hemiring and ACS. Then the following conditions
hold:
(i) A is a left(resp. right) h-ideal of S if and only if xa is a fuzzy left (resp.
right) h-ideal of S.
(ii) A is an h-bi-ideal of S if and only if xa is a fuzzy h-bi-ideal of S.
(iii) A is an h-quasi-ideal of S if and only if xa is a fuzzy h-quasi-ideal of S.

Lemma 3.8. A fuzzy subset u of a I'-hemiring S is a fuzzy left(resp. right)
h-ideal of S if and only if for all x,y,z,a,b€S, we have
(i) p(x +y) = min{pu(z), p(y)}
(i3) xsonp C p(resp. ponxs C p)
(71) x+a+z=b+z= p(x) > min{u(a), u(b)}.

Proof. Assume that p is a fuzzy left h-ideal of S. Then it is sufficient to
show that the condition (ii) is satisfied. Let x€S. If (xsoppu)(z) = 0, it is clear
that (xsonp)(z) < p(x). Otherwise, there exist elements z,a;,b;,¢;, d; € S and

vi,0; € I', for i=1,...,n such that x + Za;ylb +z= ché d; + z. Then we

=1 =1
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have

(xsonp)(2) = sup[min{min{xs(a:), xs(ci), p(bs), p1(di) }}]

‘”*Z a;yibi + 2 = Zcié'di—kz
= sup[miln{mln{ﬂ( i), ( )}}]

n

=1

gsupz[:min{min{u(ai%bi) p(cididi) }}]

x4 Z a;vib + z = Z ci0id; + z

=1
n

< Sup[mln{ﬂ(z aiibi), (Y ididi)}]

i=1 i=1

=1 =1
< sup u(x) — ().

;r-&—z&[)/lb +Z—chdd + 2

This implies that xgopp C p.

Conversely, assume that the given conditions hold. Then it is sufficient to show
the 2nd condition of the definition of h-ideal. Let x,ye S and v € I'. Then we
have

payy) = (xsonp)(wyy) = supmin{min{p(b;), 1(di) }}]

yy+ i a/ylbz +z= i ClézdZ +z
=1 =1

> p(y)(since zyy + 0yy + 0 = zyy + 0).
Hence p is a fuzzy left h-ideal of S. The case for fuzzy right h-ideal can be

proved similarly. O]

Lemma 3.9. Let i1 and v be a fuzzy right h-ideal and a fuzzy left h-ideal of
a U'-hemiring S, respectively. Then pNv is a fuzzy h-quasi-ideal of S.

Proof. Let x,y be any element of S. Then
(wOv)(z+y) =min(u(r +y),v(z+y))
> min(min(p(z), p(y)), min(v(z), v(y)))

(
= min(min(u(x), v(x)), min(u(y), v(y)))
min((p N v)(x), (LN v)(y)).
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Now let a,b,x,z€S such that x+a+z=b+z. Then

On the other hand, we have

(LN v)onxs) N (xson(ppNv)) C (ponxs) N (xsonv) C pNv.
This completes the proof. n
Lemma 3.10. Any fuzzy h-quasi-ideal of S is a fuzzy h-bi-ideal of S.

Proof. Let pu be any fuzzy h-quasi-ideal of S. It is sufficient to show that

p(rayBz) > min{u(z), u(2)} and p(xay) > min{u(x), u(y)} for all x,y,ze S
and o, 3 € I'.

In fact, by the assumption,we have

p(zayfBz) = ((Lonxs) N (xsonp))(zaybz)

= min{(uonxs)(xayBz), (xsonp) (xayBz)}

=min{  sup(min(u(a;), p(c:)))  ,  sup(min(u(b;), p(di)))  }

i=1 =1 =1 i=1

> min{min{u(()), w(x)), min_(u((]), u(z))}(singe rayBz + 070 0= zayfBz +0)
= min{p(x), u(2)}-

Similarly, we can show that p(zay) > min{u(z), u(y)} for all x,y€S and for
all a € I'. ]

4 h-hemiregularity

In this section we study the concept of h-hemiregularity in I'-hemiring by using
h-ideal, h-bi-ideal, h-quasi-ideal.

Definition 4.1. [10] A T'-hemiring S is said to be h-hemiregular if for each
2€ S, there exist a,b€S and «, 3,7, € I' such that x + raafx + z = xybdx + 2.

Definition 4.2. A I'-hemiring S is said to be h-interior-reqular if for each
z€S, there exist a,a’,b,b €S and o, 3,7,6 € I such that © + acxfad + z =
byxdb + z.

Lemma 4.3. [10] A T'-hemiring S is h-hemiregular if and only if for any
right h-ideal R and any left h-ideal L of S we have RT'L = RN L.
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Theorem 4.4. A I'-hemiring S is h-hemiregular if and only if for any fuzzy
right h-ideal p and any fuzzy left h-ideal v of S we have popv = pNv.

Proof. The proof of this theorem follows from simple generalization of
the proof of Theorem 5.5 of [10]. O

Proposition 4.5. Let S be a I'-hemiring. Then if S is h-interior-reqular,
I = STIT'S for every h-interior-ideal I of S.

Proof. Let S be a I'-hemiring and x€l. Since S is h-interior-regular, x +
aazfa + z = byxdéb + z. for some a,a’,b,b,z €S and «,,7,6 € I'. Now
aazfa’,byzéb € STITS. So, x€ STIT'S. On the other hand, since I is an
h-interior-ideal of S, we have ST'IT'S C I and so ST'IT'S C [ = I. Therefore
1 =STITS. m

We need the following Lemma which was stated in [10] without proof.

Lemma 4.6. [10] Let S be a I'-hemiring. Then the following conditions are
equivalent.
(i) S is h-hemiregular.
(ii)) B = BUST'B for every h-bi-ideal B of S.
(iii) Q = QI'STQ for every h-quasi-ideal @ of S.

Proof. (i)=-(ii) Assume that (i) holds. Let B be any h-bi-ideal of S and
x be any element of B. Then there exist a,b,z€ S and «, 3,7v,6 € I' such that
r+xaafr+z = rybdr+z. Then it is easy to see that raafx, xybdxr € BI'ST'B
and so x € BI'STB. Hence B C BI'SI'B. On the other hand, since B is an
h-bi-ideal of S, we have BI'STB C B and so BI'STB C B = B. Therefore
B = BI'ST'B.
(ii)=-(iii) This is straightforward.
(iii)=-(i) Assume that (iii) holds. Let R and L be any right and left h-ideal of S
respectively. Then we have (RN L)YTSNST(RNL) C RTSNSTLC RNL =
RNL and thus RNL is a h-quasi-ideal of S. Also, RNL = (RN L)I'ST(RN L) C
RTSTL C RTLC RNLC RNL = RN L. Therefore RIL = RN L. Hence
from Lemma 4.3 S is h-hemiregular. ]

Now we obtain the following characterizations of h-hemiregular I'-hemirings.

Theorem 4.7. Let S be a I'-hemiring. Then the following conditions are
equivalent.
(i) S is h-hemireglar.
(i) p C popxsonpt for every fuzzy h-bi-ideal p of S.
(7i) p C popxsont for every fuzzy h-quasi-ideal p of S.
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Proof. (i)=-(ii) Assume that (i) holds. Let u be any fuzzy h-bi-ideal of
S and x be any element of S. Since S is h-hemiregular there exist a,b,z€ S and
a, 3,7,0 € I" such that = + xaafr + z = xybdx + 2.
(onxsonp) ()
= Sup(min{(ﬂghXS)(ai% (MOhXS)(Ci% 11(bi), p(di)})

x+ Z aﬁzbz +z = Z Cz(gzdZ +z
=1

> min (uowxs) (za), (1owxs)(18), 1))
= min{ s:p(min{(u(ai), w(ei)}) , sup(min{ (p(as), p(c;))}) ;

raa+ Z al’nb@ +z = Xn: Clézdl + 2 avyb+ Zn: az%bz +z = Zn: CZ(Sle + z
=1 =1 =1 =1

p()}

> min{p(z), p(x), u(x) }(since zaa+raafraatzaa = rybdraa+zaa and xyb+
zaafzryb + zvb = xybdxyb + zvb).

= p(x)

This implies that u C popxson -

(ii)=-(iii) This is straight forward from Lemma 3.10

(iii)=-(i) Assume that (iii) holds and Q be any h-quasi-ideal of S. Then the
characteristic function xg of Q is a fuzzy h-quasi-ideal of S. Now xqo C
XQOnXsOnXQ = Xgrsrg- lherefore () C QI'ST'Q. On the other hand, since
Q is any h-quasi-ideal of S, we have QI'ST'Q) C STQ N Q'S C @ and so
QUSTQ = Q. Therefore S is h-hemiregular by Lemma 4.6. O]

Theorem 4.8. Let S is a I'-hemiring. Then the following conditions are
equivalent.
(i) S is h-hemiregular.
(ii) p N v C popvopp for every fuzzy h-bi-ideal p and every fuzzy h-ideal v of
S.
(1ii) p N v C popvopp for every fuzzy h-quasi-ideal v and every fuzzy h-ideal v
of S.

Proof. (i)=-(ii) Assume that (i) holds. Let x and v be any fuzzy h-bi-
ideal and fuzzy h-ideal of S, respectively and x be any element of B. Since S is
h-hemiregular, there exist a,b,z€ S and «, 3,7, € I' such that x+xaafr+z =
xybdx + z.

(Honvopp)(x)
= sup(min{(popv)(a:), (onv)(c;), u(bi), n(di)})

n

i=1

=1

> min{ (jio,v) (zaa), (pon) (270), p(x)}
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= min{sup(min{(x(a:), p(c;), v(bi), v(di))}), sup(min{ (p(ai), plc;), v(bi), v(di))}),
Taa+ Z aZ%bZ +z = Z clézd, + z zyb+ Z CLZ’)/lbZ + 2z = Z CldldZ + z
=1 =1 =1 =1

pl(z)}
> min{min{u(x), v(afzraa),v(bdxaa)}, min{u(x), v(afzyb), v(bdzyb) }, u(x)}
(since raa + raafraa + zaa = xybdraa + zaa and xyb 4+ raafryb + zyb =
xybdzyb + z7b)
> min{u(z), ()} = (4 0) (@)
(ii)=-(iii) This is straight forward from Lemma 3.10.
(ili)=-(i) Assume that (iii) holds. Let p be any fuzzy h-quasi-ideal of S. Then
since xg is a fuzzy h-ideal of S, we have = N xs C popxsopp. Therefore S
is h-hemiregular by Theorem 4.7. [

Theorem 4.9. Let S is a I'-hemiring. Then the following conditions are
equivalent.
(i) S is h-hemiregular.
(i) p N v C popv for every fuzzy h-bi-ideal p and every fuzzy left h-ideal v of
S.
(#ii) pNv C popv for every fuzzy h-quasi-ideal p and every fuzzy left h-ideal v
of S.
(iv) uNv C popv for every fuzzy right h-ideal p and every fuzzy h-bi-ideal v
of S.
(v) pNv C popv for every fuzzy right h-ideal p and every fuzzy h-quasi-ideal
v of S.
(vi) pNvNw C popvopw for every fuzzy right h-ideal p, for every fuzzy h-bi-
tdeal v and for every fuzzy left h-ideal w of S.
(vii)) u N v Nw C popropw for every fuzzy right h-ideal w, for every fuzzy
h-quasi-ideal v and for every fuzzy left h-ideal w of S.

Proof. The proof follows by simple verification. O]

Proposition 4.10. If a I'-hemiring S is h-hemiregular then any right h-ideal
R and left h-ideal L are idempotent and RUL is an h-quasi-ideal of S.

Proof. Assume that S is h-hemiregular and R, L. be any right and left h-
ideal of S respectively. Now RTR C R = R. Let x€R. Since S is h-hemiregular,
there exist a,beS and «, 3,7v,0 € I' such that  + xaafx + 2z = xybdx + 2.
Since R is a right h-ideal of S zaa,zvb €R and so xaafx,xybdr € RIUR.
Hence x € RT'R that is R € RI'R. Thus R = RT'R and so R is idempotent.
Similarly we can show that L is idempotent. Now since S is h-hemiregular we
have RN L = RI'L, and so RT'L is an h-quasi-ideal of S. O

Proposition 4.11. If a I'-hemiring S is h-hemiregular then any fuzzy right
h-ideal p and fuzzy left h-ideal v are idempotent and popv is an quasi-ideal of

S.
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Proof. Suppose S is h-hemiregular and p be any fuzzy right h-ideal of S.
Then popp C popxs € p. Moreover, since S is h-hemiregular, p C popp and
so pt = popp. Hence p is idempotent. Similarly, we can prove for fuzzy left
h-ideals.

Now since S is h-hemiregular popv = p N v, which implies popv is a fuzzy
h-quasi-ideal of S by Lemma 3.9. [

5 h-intra-hemiregularity

In this section we introduce the concept of h-intra-hemiregularity in I'-hemiring
and characterize some of its properties using h-ideal, h-bi-ideal and h-quasi-
ideal.

Definition 5.1. A ['-hemiring S is said to be h-intra-hemiregular if for
each 1€ S, there exist z,a;, ay, by, b; €S, and oy, 35,7, 6;,n € T, i€ N, the set of

natural numbers, such that x + Zaiozim]:vﬁia; +z= Zbi%xnx&); + z.
i=1 i=1

Example 5.2. Let S=I" = {0, a, b}with addition(+) and multiplication(.)

+10|al|b .1 0lalb
as follows: 0101a)b and 0101010 .

alalala al0|ala

blblalb bl O0|alb

Then S is a I'-hemiring where the ternary composition is defined as zay =
z.c.y. Here S is both h-hemireqular and h-intra-hemiregular.

Lemma 5.3. Let S be a I'-hemiring. Then the following conditions are
equivalent
(i) S is h-intra-hemireqular.
(ii)) LN R C LT R for every left h-ideal L and every right h-ideal R of S.

Proof. (i)=-(ii). Assume that (i) holds. Let L and R be any left and
right h-ideal of S respectively. Since S is h-intra-hemiregular, we have LN R C
ST(LNR)T(L N R)LS C STLTRLS C ITR.

(ii)=-(i). Assume that (ii) holds. Let x€S. Then STz + Nz and 2I'S + N
where N={0,1,2...} are the principal left h-ideal and principal right h-ideal of
S generated by x, respectively. Then z = 0yx + 1l = 270+ 21 € STz + Nz N
alI'S+ N C (STx + Nx)['(2I'S + zN)

= STzl'2l'S + SF%FZL‘N + Nalal'S + ]X[EFZL‘N.

Thus we have x—l—Zaiaixnxﬂia;jLz = Zbi%xnxéb;—l—z, for some z, a;, a;, b;, b;

i=1 i=1
€S, and o, §;,7:,0;,m € T', i€ N, the set of natural numbers. This implies S
is h-intra-hemiregular. O
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Theorem 5.4. Let S be a I'-hemiring. Then S is h-intra-hemiregular if and
only if pNv C popv for every fuzzy left h-ideal p and every fuzzy right h-ideal
v of S.

Proof. Suppose S is h-intra-hemiregular. Let 1 and v be any fuzzy left h-
ideal and fuzzy right h-ideal of S respectively. Now let x€S. Then by hypothesis
there exist z,ai,a;,bi,b; €S, and «y, B;,7i,0;,n € I', i€ N, the set of natural

numbers, such that x + Zaiaixmﬁﬁia; 4+ z= Zbi'yixnxéb; + z. Therefore

i=1 =1

(opv)(x) = sup[min{min{p(a;), u(c:), 0(bi), 6(di) } 1]

T+ i a/yzbl +z= i CZ(Sldl +z
> winfmin{ju(eiaso), w(birie), V(i) V(B
> min{u(x), v(x)} = (u1v)(@).

Conversely, Suppose the condition holds. Let L and R be any left h-ideal and
right h-ideal of S, respectively. Then the characteristic function y, and yg are
fuzzy left h-ideal and fuzzy right h-ideal of S, respectively. So, from Lemma
2.14 we obtain xrnr = Xz N Xr € X£0rXR = X7rg- From which it follows that
LN R C LTR, whence S is h-intra-hemiregular by Lemma 5.3. O]

Theorem 5.5. Let S be a I'-hemiring and z€S. Then S is h-intra-hemiregular
if and only if p(x) = u(axyz), for all fuzzy h-ideal(resp. fuzzy h-interior ideal)
wof S and for all v € I

Proof. Suppose S is h-intra-hemiregular I'-hemiring and p be any fuzzy
h-ideal of S. Let x€S. Then by hypothesis there exist z,ai,a;,bi,b; €S, and
a;, Bi, Vi, 0i,m € I', i€ N, the set of natural numbers, such that

x+ Zaiaixnm@-a; +z = Zbi%xnxéb; + z.

i=1 i=1
Then p(z) > min[min{u(aiaixnxﬁia;), u(bmwnx&b;)}] > p(znz) = p(z).
Therefore p(z) = p(xyz).
Conversely, suppose the condition holds.
Now Maxnx + STaxnz + znzl'S + STanal'S, where M={0,1,2... } is the prin-
cipal h-ideal of S generated by znz. So, Xirmzssremramrsssraars: the char-

acteristic function of Maznx 4+ STaxnx + xnaxl’'S + STaxnxl'S, is a fuzzy h-ideal
of S. Since xnz = lanx+0slznx € Manx + STanx + znxl'S + STanzl'S, we

have Xanx+SFxna:+x77xFS+SFxna:FS(x) = XMxnac—i—Sanw+manS+SFxnwFS(‘rnx) = 1.
Hence x € Mxznx 4+ STaxnx + xnxl’'S 4+ STaxnxl'S. Thus we have

x + Zaiaixnxﬁia; +z = Zbi%xnxéb; + 2, for some z,a;, ay, b;, b; €S, and
i=1 i=1
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i, Bi, Vi, 05, € T', i€ N, the set of natural numbers. Therefore S is h-intra-
hemiregular. O

Lemma 5.6. Let S be a I'-hemiring. Then the following conditions are
equivalent.
(i) S is both h-hemiregular and h-intra-hemiregular.
(ii) B=BT'B for every h-bi-ideal B of S.
(iii) Q=QT'Q for every h-quasi-ideal B of S.

Proof. (i)=-(ii) Assume that S is both h-hemiregular and h-intra-hemiregular.
Let x€B. Then x can be expressed as

x—l—z xaiaia;xnmﬁ;biﬁix%—z = Z :E%cm;xnx5;di5im—|—z where z,a;, b;, ¢;, d; €S

i=1 i=1

and o, 3;, 04;, B;, Yiy s ’y;, (5;, n € I'. Since B is a bi-ideal Z xaiaia;xnxﬂgbiﬁix,

=1

Z x%ci%{mnxégdi&x € BI'B, which implies # € BT'B that is BC BI'B. Since
i=1

B is a h-bi-ideal we have B['B C B. Therefore B = BI'B

(ii)=>(iii) follows easily.

(iii)=(7) Suppose L and R be left and right h-ideal of S respectively. Then LNR
is a h-quasi-ideal of S. So, LN R = (LN R)T(LNR)C RTLC RNL=RNL
and LNR = (LN R)T'(LNR) C LTR. Therefore S is both h-hemiregular and
h-intra-hemiregular. O

Theorem 5.7. Let S be a I'-hemiring. Then the following conditions are
equivalent.
(i) S is both h-hemiregular and h-intra-hemiregular.
(i) p = popp for every h-bi-ideal pn of S.
(#i) p = popu for every h-quasi-ideal p of S.

Proof. (i)=-(ii) Assume that (i) holds. Let x€ S and p be any fuzzy
h-bi-ideal of S. Since S is both h-hemiregular and h-intra-hemiregular there
exist z,a;,b;,c;,d; € S and ai,ﬁi,a;,ﬁ;,%,5i,7;,5;,77 € I', ie N such that

T+ Z xaiaia;xnxﬁ; b;Gix + z = Z x’yicm;xnx5;di5ix + z. Therefore
i=1 1=1

(ponp)(x)

= sup[min{min{z(a;), u(ci), p(b;), p(di) 1]

T+ Zn: CL[)/sz +z = Zn: cldzdz +z
=1 =1
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> min[min{p(za;a;a;x), u(xBbB8ix), p(zvyicy,r), p(zd,d;5ix)}]

T+ Z xoziaioz;xn:pﬁ;biﬁix +z= Z x%cw;a:nm(S;diéix +z
i=1 i=1

> p(x).
Now popp C popxs C p. Hence popp = p for every fuzzy h-bi-ideal p of S.
(ii)=-(iii) This is straightforward from the Lemma 3.10.
(iii)=-(i) Assume that (iii) holds. Let Q be any h-quasi-ideal of S. Then
the characteristic function xq of Q is a fuzzy h-quasi ideal of S. Now xo =
XQOhXQ@ = Xgrg, Which implies Q=QT'Q). Hence S is both h-hemiregular and
h-intra-hemiregular by Lemma 5.6. ]

Theorem 5.8. Let S be a I'-hemiring. Then the following conditions are
equivalent.
(i) S is both h-hemiregular and h-intra-hemiregular.
(ii) pNv C popv for all fuzzy h-bi-ideals p and v of S.
(iii) wNv C popv for every fuzzy h-bi-ideals p and every fuzzy h-quasi-ideal v
of S.
(iv) puNv C popv for every fuzzy h-quasi-ideals i and every fuzzy h-bi-ideal v
of S.
(v) pNv C popv for all fuzzy h-quasi-ideals p and v of S.

Proof. (i)=-(ii) Assume that (i) holds. Let x€ S and p and v be any
fuzzy h-bi-ideals of S. Since S is both h- hemiregular and h- intra—hemiregular
there exist there exist z,a;,b;,¢;,d; € S and i, Bi, o, B, %is 63,75, 05 € T ie N

such that x+z TOya;Q xnxﬁ bifix+z = Z x%clfyl:vnmé d;0;x + z. Therefore
=1 =1

(noww)(z)
= sup[min{min{yp(a;), u(c:), v(bi), (i) }}]

i=1 i=1
> min[min{p(resa;a;x), pleyicye), v(efbifir), v(eddidir)})
> min{pu(z),v(z)} = (pNv)(x), which implies N v C popv.
(ii)=(ili)=-(v) and (ii)=-(iv)=(v) are obvious from Lemma 3.10.
Now for (v)=-(i), suppose Q be any h-quasi-ideal of S. Then the character-
istic function xq of Q is a fuzzy h-quasi ideal of S. Now xo = xo N xg C
XQOhXQ = Xogrg, Which implies QC QI'Q). Since the converse inclusion al-
ways holds; Therefore Q= QT'Q). Hence S is both h-hemiregular and h-intra-
hemiregular, by Lemma 5.6. [
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6 h-quasi-hemiregularity

Definition 6.1. A I'-hemiring S is called (left, right) h-quasi hemiregular
if every (left, right) h-ideal of S is idempotent.
Then it is easily seen that, a I'-hemiring S is left(right) h-quasi-hemiregular if
and only if ac STal'STa(resp. a € al'STal's).

Theorem 6.2. A I'-hemiring S is left(right) h-quasi-hemiregular if and only
if every fuzzy left(right) h-ideal is idempotent.

Proof. Let S be a left h-quasi-hemiregular I'-hemiring and p be any fuzzy
left h-ideal of S. Let a€S. Since S is left h-quasi-hemiregular ac (ST'a)I'(STa).
So, there exist z,x;,y; € S and «;, §;,7; € I', i=1,2 such that
a+ (r10qa)P1(y1ma) + 2z = (zaasa)Ba(yay2a) + z. Therefore

(noppe)(a) = supfmin{min{s(a;), p(ci), p(bi), p(di) }}]
a+ Zn: az'Ysz +z = zn: Czcszdz + z

> min{u(z10na), p(zeasa), pu(y1ma), p(y2yea) }
a+(z101a)B1(y1710)+2=(20020) B2 (Y2 720)+2

> min{yu(a), p(a), p(a), pla)} = p(a).

Hence p C popp. Since p is a fuzzy left h-ideal of S, popp C p. Therefore
H = HOopHL.

Conversely, assume that every fuzzy left h-ideal is idempotent. Let a€S. Then
< al is a left h-ideal of S. So, Xz isa fuzzy left h-ideal of S. Now, X<T|F<T\(a) =
(Xzgonxza)(a) = x=j(a) = 1. So, a€ < a|l'< a| = STal'ST'a C ST'al'STa =
STal’STa. Thus S is left h-quasi-hemiregular. O]

Theorem 6.3. Let S be a I'-hemiring. Then the following conditions are
equivalent
(i) S is h-quasi-hemiregular
(i) p = (onxs)? N (xsonp)? for every fuzzy h-quasi-ideal p of S.

Proof. (i)=-(ii)
Assume that (i) holds. Let u be a fuzzy h-quasi-ideal of S. Since S is h-quasi-
hemiregular, the fuzzy right h-ideal (popxs) and the fuzzy left h-ideal (xgonu)
are idempotent. Therefore (p0xs)? N (xsonit)? = (ponxs) N (xsonp) < p.
To prove the reverse inclusion, let a€S. Since S is left h-quasi-hemiregular
a€ (STa)l'(STa). So there exist z,x;,y; € S and «, 5;,7; € T', i=1,2 such that
a+ (r10qa)B1(yimna) + z = (vaa2a)Ba(yey2a) + z....(1). Therefore
(xsont)*(a) = ((xsontt)on(xsonn))(a)
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= Sup[miin{min{<XSOhu)(ai)7 (xsonp)(ci); (Xsont)(bi),(xs0npt)(di) } }]
a+ i az'%bz +z = zn: Cz(szdz + z

> min{ (xsont)(r1010), (Xs0nit)(T20020), (Xs0nt) (Y1710), (XsOnt) (Y2y20) } ... (2)
a+(z110)B1(y1710)+2=(20020) B2 (Y2720)+2

Now from (1) we have, zyia+(z100 2100061 y1 ) 1a+x100 2 = (T100T200052Y2) Y20
+ x100 2, Taoea + (Taeri1af1yr) Y10+ Taanz = (TaaaXanafals)Vea + Tacvez,
yiv1a+ (yimriciabiy)via+ iz = (Y171T202afy2) V20 + Y1712 and yayea +
(y2yexr101aB1y1)1a+Yay2z = (Yo yoTateaPays)Vea+ya2y22. So from (2) we have
(xsonp)? > min{x,(z10qx100a8111), Xs(T100 22020 02Y2), Xs(T20210005131),
Xs(T20aTa02a2y2), Xs (V171171010 8191), Xs (V17172020 5292), Xs (Y2 271000 191),
Xs(Y27222020322), pla), p(a), p(a), pla), u(a), pa), pla), u(a)} = p(a).
Therefore (xsopp)? 2 p. Similarly we obtain (popxs)? 2 .

So (ponxs)? N (xsonp)® 2 p. Hence (popxs)® N (Xs0np)? = pu.

(i) (i)

Conversely, assume that (ii) holds. Let u be any fuzzy right h-ideal of S. Then
since u is a fuzzy h-quasi-ideal of S, we have

ft = (ponxs)* N (xsonp)* C (ponxs)® S ponp S popxs C pu.

So, p = popp. Therefore it follows from Theorem 6.2 that S is right h-quasi-
hemiregular. Similarly, it can be prove that S is left h-quasi-hemiregular. Thus
(i)=(i). O

Theorem 6.4. Let S be a I'-hemiring. Then the following conditions are
equivalent
(i) S is both h-intra-hemiregular and left h-quasi-hemireqular
(i) pNvNw C popvopw, for every fuzzy h-bi-ideal w, every fuzzy left h-ideal
i and every right h-ideal v of S.
(11) pNvNw C popvopw, for every fuzzy h-quasi-ideal w, every fuzzy left h-ideal
w and every right h-ideal v of S.

Proof. (i)=-(ii)
Suppose (i) holds. Let p,v,w be fuzzy left h-ideal, fuzzy right h-ideal and
fuzzy h-bi-ideal respectively. Since S is h-intra-hemiregular and left h-quasi-
hemiregular, any element a€S can be expressed as a+(z1a1a) 31 (ana)dy (y1y1a)+
z = (xg0na)Ba(ana)de(yoyea) + z....(1) for z,z;,y; € S and 0, ay, 5, 7vi,0; € T,
i=1,2. Therefore
(Hopvopw)(a)
= supfmin{min{(a;), u(cs), (v0) (5. (voni) (di) 1]
a+ Z a,%bl +z = Z Cz5zdZ +z
i=1 i=1

= min{u(ri0nab1a), p(racmafea), (vopw)(ady1yia)(vopw)(adeysyea))}
a+(z101a)B1(ana)di (y1v1a)+2=(z2020)B2(ana)d; (y2v2a)+2



On fuzzy h-ideals in h-regular I'-hemiring... 81

> min{u(a), pu(a), (vorw)(adiyriyia)(vorw)(adeyayea))t...(2)

Now, from (1) we have

adyiatadiyiyiriaaBianad yryia+adiyiyiz = adiy1y1T200aF2anad212y20+

ad Y1712 and

adayaY2a-+ad2y2 Y2 T101aB1aNa01Y171a+a02Y2Y22 = adalyaY2T20i2a,B2a1aA02127Y20+

adalzy2%-

So, from (2), we have

(popvopw)

> min{p(a), u(a), v(adyimziaiafia), v(adyiyiraosaa), w(adiyina),
w(adayayaa), v(adayryoricnafia), v(adayryerazalaa)}

> min{pu(a), v(a),w(a)} = (pNvNw)(a).

(ii)=-(iii), follows from Lemma 3.10.

(iil)=(i)

Let p Be any fuzzy left h-ideal of S. Then p = pNxsNu C popxsonit C popps C

popxs € p. Therefore from Theorem 6.2, S is left h-quasi-hemiregular.

Now suppose v be a fuzzy right h-ideal of S. Then pNv = pNvNxs C

wopvopXs C popv. Hence from Theorem 5.4, we deduce that S is h-intra-

hemiregular. O]

7 Fuzzy h-Duo I'-hemiring

A T-hemiring S is called h-duo if every one-sided h-ideal of it is a h-ideal of S.
A T-hemiring S is called fuzzy h-duo if every one-sided fuzzy h-ideal of S is a
fuzzy h-ideal of S. A I'-hemiring S is called h-hemiregular fuzzy h-duo if it is
both h-hemiregular and fuzzy h-duo.

For simplicity in what follows we call h-duo I'-hemiring a duo I'-hemiring.

Lemma 7.1. Let S be a I'-hemiring. Then the following conditions are
equivalent.
(i) S is h-hemiregular duo T'-hemiring.
(ii)) LN R = LTR for every left h-ideal L and every right h-ideal R.

Proof. (i)=-(ii) Assume that (i) holds. Let L and R be any left h-ideal
and any right h-ideal of S respectively. Then since S is duo I'-hemiring both
L and R are h-ideals of S. Moreover since S is h-hemiregular, it follows from
Lemma 4.3 that LN R = LTR.

Conversely, assume that (i) holds. Let L. and R be any left h-ideal and any
right h-ideal of S respectively. Since S itself is an h-ideal of S, we have L =
LNS=LTSDLTS and R=SNR=STR D STR. Hence both L and R are
h-ideals of S and so S is duo. Now for every right h-ideal R and left h-ideal L
we have RN L = RI'L whence S is h-hemiregular. O
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Lemma 7.2. Let S be a I'-hemiring. Then S is h-hemiregular duo I'-
hemiring if and only if ANQ = ATQU A for every h-ideal A and every quasi-
ideal @) of S.

Proof. Suppose S be a I'-hemiring. Assume that S is h-hemiregular
duo I'-hemiring. Let A and Q be any left h-ideal and any h-quasi-ideal of
S, respectively. Then ATQTA C A = A and ATQTA C ATQN QLA C
ATQ N QTA C STQ N QLS C Q. Hence ATQT'A C AN Q. Now let = €
ANQ. Since S is h-hemiregular, there exist a,b€S and «, 3,7, € I" such that
x + xaafr 4+ z = xybdx + z. Then we have xaafr + raafraalfx + zaafr =
rybdraafx + zaafx, xybdx + xaafrybdx + zybdxr = xybdxrybdx + 2ybdxr and
T+ xaafx + 2 + xaafraafr + zaafr + raafrybdx + zybdxr = raafraafe +
zaafr + xaafrybdx + zybdx + xybdxr + z. So, x + xybdraafx + xaalxybdx +
7 = zaafraafc + xybdzybdr + 2 where 2 = z 4+ zaafx + 2ybdz. Since
A is an h-ideal of S, we have xaa,xvb,afx,bdr € A and in consequence
(xybdraafz + raafrybizx), (zaafraalfs + xybdxybdzr) € ATQT'A and so
x € AUQT'A. Hence ATQT'A = ANQ.

Conversely, suppose the condition holds. Let L and R be any left and right h-
ideal of S, respectively. Then both L and R are h-quasi ideals of S. Since S itself
is an h-ideal of S, we have STLT'S = SNL = L and STRI'S = SNR = R. Now,
LTS = STLTSTS C STLI'S = L and STR = ST'STRI'S C STRI'S = R.
Hence both L and R are h-ideals of S, i.e. S is duo. Moreover by the assump-
tion, we have RN L = RTLI'R C RTL C RN L = RN L. Therefore S is
h-hemiregular. O]

Lemma 7.3. Let S be h-hemiregular I'-hemiring. Then S is duo if and only
if it is fuzzy duo.

Proof. Assume that S is duo. Let pu be any fuzzy left h-ideal of S. Then
since the set STz is a left h-ideal of S, it is an h-ideal by the assumption. Since
S is h-hemiregular, we have zyy € xI'ST2I'S C 2I'ST2I'S C STz this implies
that there exist a,b,z€S and a, # € I' such that zyy +aax + 2z = bGx + 2. Since
p is a fuzzy left h-ideal of S, we have u(zyy) > min{u(acz), u(bfzx)} > pu(z)
and so p is a fuzzy right h-ideal of S. It can be seen in a similar way that any
fuzzy right h-ideal of S is a fuzzy h-ideal of S. Thus S is fuzzy duo.
Conversely, assume that S is fuzzy duo. Let L be any left h-ideal of S, then the
characteristic function y of L is a fuzzy left h-ideal of S. By the assumption
Xz is a fuzzy h-ideal of S and so L is a h-ideal of S. Thus S is duo. This
completes the proof. Il

Lemma 7.4. Let § be a h-hemiregular fuzzy duo I'-hemiring. Then every
fuzzy h-bi-ideal of S is a h-ideal of S.

Proof. Let u be any fuzzy h-bi-ideal of S and x,y€S. Then since the set
STz is a left h-ideal of S, it is an h-ideal of S. Now since S is h-hemiregular,
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xyy € xl'STaxl'y C 2I'ST2l’S C 2I'STal'S C 2I'STa2l'S C «2I'STx = «I'STx
this implies zvy + raafx + 2z = xnbdx + z for a,b,zeS and «, 3,1, € I'. Since
 is fuzzy h-bi-ideal of S, we have p(xyy) > min{u(zaafz), p(znbdx)} > p(z)
and so p is a fuzzy right h-ideal of S. In a similar way it can be easily seen
that p is a fuzzy left h-ideal of S and so p is a fuzzy h-ideal of S. [

By a routine verification we can get the following result.

Theorem 7.5. Let S be a I'-hemiring. Then the following conditions are
equivalent.
(1) S is h-hemiregular duo T'-hemiring.
(2) S is h-hemiregular fuzzy duo T'-hemiring.
(8) pNv = popv for every fuzzy h-bi-ideal p and v of S.
(4) w N v = popv for every fuzzy h-bi-ideal p and every fuzzy h-quasi-ideal v
of S.
(5) pNv = popv for every fuzzy h-bi-ideal p and every fuzzy right h-ideal v of
S.
(6) wNv = popv for every fuzzy h-quasi-ideal p and every fuzzy h-bi-ideal v
of S.
(7) pNv = popv for every fuzzy h-quasi-ideal p and v of S.
(8) uNv = popv for every fuzzy h-quasi-ideal p and every fuzzy right h-ideal
v of S.
(9) pNv = popv for every fuzzy left h-ideal p and every fuzzy h-bi-ideal v of
S.
(10) pNv = popv for every fuzzy left h-ideal 1 and every fuzzy right h-ideal v
of S.

Theorem 7.6. Let S be a I'-hemiring. Then the following conditions are
equivalent.
(i) S is h-hemiregular duo I'-hemiring.
(ii) N v = popvopp for every fuzzy h-ideal p and every fuzzy h-bi-ideal v of
S.
(#i) p N v = popvopp for every fuzzy h-ideal p and every fuzzy h-quasi-ideal v
of S.

Proof. (i)=-(ii) Assume that (i) holds. Let u be any fuzzy h-ideal and v
be any fuzzy h-bi-ideal of S. Then we have popvopp C (popxs)onxs C popxs <
1. Also,popvonp C xsonvopxs C v. Hence popvopp C pNu.

Now let x be any element of S. Since S is h-hemiregular, there exist a,beS
and a,3,7,6 € I' such that x 4+ xaafxr + z = xybdxr + z. Then we have
raafr + raafaafr + zaafr = rybdxaafr + zaalfx, xybdx + raafrybdr +
z2ybéxr = xybdxybdx + zybéxr and z + raafr + z + xaafraafx + zaafx +
raafrybdx + zybdr = raafraalfx+ zaafx +xaaBrybdr 4 zybdx + xybdx + 2.
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So, = 4+ zybdzaafz + zaafrybds + 2 = raafraalr + rybdzybdx + 2 where
2 = 2+ zaafBx 4+ zybdz. Hence we have
(nonvopp)(x)

= Sup[min{m(ﬁzozfz) (a), +(Z/wh1/)(6),u(b), pd)}]

> min{(popv)(x), plafraafz + bdxybix), u(bdxaafz + afzybéx)}

= min{sup[min{u(a), u(c),v(b),v(d)}], p(bdzaafz + afrxybox), u(adxaafx +
r+ayb+z=cdd+z

bBzybox)}
> min{u(zaa), p(zyd), v(x), p(bdraafr + afrybdzx), padzaalx + bFzybix)}
> min{u(x),v(x)}=(uNv)(z) and so (uNv) C popvopu.
Hence (uNv) = popvop .
(il)=-(iii) This is straightforward from Lemma 3.10.
(iii)=(i) Assume that (iii) holds. Let A and Q be any h-ideal and h-quasi-
ideal of S, respectively. Then the characteristic function x4, xqo of A and
Q respectively is a fuzzy h-ideal and fuzzy h-quasi-ideal of S. Now by the
assumption we have xang = Xxa N XQ = XA0nXQOnX4 = Xargra and so AN
@ = AT'QT'A. Hence from Lemma 7.2 we have S is h-hemiregular duo I'-
hemiring. [

8 Conclusion

Various relationships between fuzzy h-ideals of a I'—hemiring and those of its
operator hemirings[2] can be established which will be effective in extending
the study of I'—hemirings in terms of fuzzy subsets.
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