CRITICAL VALUES LIE ON A LINE

AZAT AINOULINE
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We prove that critical values set of a differentiable map lies on a line of certain smoothness
class.

1. Introduction

For those familiar with the “space-filling curves” topic, the headline of the paper is no

surprise. G. Peano in 1890 constructed the first such continuous function f, : [0, 1] outo,

[0,1]2. Nowadays, the topic is well developed by a number of mathematicians (see [9]).

A further question is how smooth can the line be? Or how far from rectifiable is the
line? In 1935, Whitney [10] published his example of a C'-function fy : [0,1]? o 10,1]
not constant on a connected set of critical points. The author in [2] constructed Whitney-
type examples of maps f € C*(R",R™) for maximal possible k.

TaEOREM 1.1 [2]. For any n,m € N, there exist a map f :[0,1]" — [0,1]™, contained in
C* for all real k < n/m, and a connected set E < [0,1]" such that every partial derivative of
f of order < n/m vanishes on E and f(E) = [0,1]™.

TaEOREM 1.2 [2]. Let n, m, p be nonnegative integer numbers, n > m > p; then there exists
amap f:R" — R™, contained in C* for all real k < (n — p)/(m — p), and a connected subset
E of points of rank p such that f (E) contains an open set.

The first theorem holds important information that [0,1]™ can be covered by a line of
smoothness class C<" (i.e., we write f € C<%0 if f € CF for every k < ko). In this paper,
the author determines the smoothness class of a line that can cover a critical values set of
a differentiable map.

MAIN THEOREM1. Let F : R" o R™ k€N, A € [0,1); then F(C,(F)) < f(Z,f) for some
C<¥- function f :R — R™, where y = max{1/(p+ ((n — p)/(k+1))),1/m} and 2, f :=
{x € R: any partial derivative of f of order < y vanishes at x}.
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This is a Sard-type theorem, and sharpness of the y can be seen in the results, where
necessary and sufficient conditions for the Morse-Sard theorem are establi shed, that are
in [11, 3] for the case CF(RY,R!), and [1] for the case CK(R",R!).

2. Notations and preliminary lemmas

Definition 2.1. Let f :R™ — R" be a continuous function and A € [0,1). It is said that
f € COMif f satisfies a A-Holder condition: for every compact neighborhood U, there
exists M >0 such that

f@) - fI<M-Ix—yl* Vx,yeU. (2.1)

Definition 2.2. For k € N, A € [0,1), a function f:R™ — R" is a Ck"*-function (or
f € Ck4)if f € C* and every kth partial derivative of f is a C°*-function. If f € C?*F for
allp+B<k+A, feCkh,

2
Definition 2.3. For f :R™ <« R", define partial derivatives of order A: flw,..., ,9) by
the formula

f(al)“-)aifl)ai-'—t)ai+l)--->a}'l) _f(a)
[t

P (a) = limsign(t) (2.2)

for a = (ay,...,a,) € R™. If all partial derivatives of order A are continuous, f € ch.

Clk]-k=[k]

Definition 2.4. For k € R*, a function f :R" R" is a Ck-function (or f € CF)
if f € CI¥ and every [k]th partial derivative of f is a C*~[¥l-function, where [k] is the
integer part of k. If f € C for every k < ko, f € C<ho.

We begin by setting Ky = {Q;,, iy € N}, where Qj, is a closed cube in R” with side
length 1 and every coordinate of any vertex of Q;, is an integer. In general, having con-
structed the cubes of K |, divide each Qj, ;, i,,..i. , € K{_; into 2" closed cubes of side 1/2¢,
and let K7 be the set of all these cubes. More precisely, we will write

n — PR . .. e . . . PR . n 7 n
Ks - {QIOJI:lvaalsflals’ QlOs’la’analsflvls = Qlo,ll,lzw,lr1 € stl’ 1 < Is < 2 } (2'3)

We also define

(1) K" = Ugs1en K (note that K" is defined for R");
(i1) S(8)—the length of a side of § € K™.

LemMma 2.5. Let E,, E, be copies of R. For all n,m € N, there exists continuous Hyp :
onto

[0,1] — [0,1]? € E; X E, such that
(1) if € € Ky ). then Hy(a) = & X o', where « € K}, « €K, & € Ey, and

(n+m
o’ e E,,
(2) if o/ x " = [0,1]% such that «’ € Ey, «’ < Ey, &« € K}, and o’ € K., then

H, ! (int(a' X a”")) € a € K/

(n+m)-s*

Proof. We define for every n,m € N a space-filling function H,, », as follows.
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Figure 2.2. HD.

If the interval [0,1] can be mapped continuously onto the square [0,1]%, then after
partitioning [0,1] into 2"*™ congruent subintervals and [0,1]? into 2"*™ congruent sub-
rectangles with sides 1/2", 1/2™, each subinterval can be mapped continuously onto one
of the subrectangles.

Next, each subinterval is, in turn, partitioned into 2"*" congruent subintervals, and
each subrectangle into 2" congruent subrectangles with sides 1/22", 1/22" and the ar-
gument is repeated. If this is carried on indefinitely, [0,1] and [0, 1]? are partitioned into
(n+m)s congruent replicas, each with sides 1/2™, 1/2™ for s € N.

We need to demonstrate that the subsquares can be arranged so that adjacent subin-
tervals correspond to adjacent subsquares with an edge in common, and so that the in-
clusion relationships are presented, that is, if a rectangle corresponds to an interval, then
its subrectangles correspond to the subintervals of that interval.

We will use here combination of four different methods to construct these space-filling
curves. These methods are based on an idea of Peano [9]. For future use, we designate
them as VL(n,m), VR(n,m), HD(n,m), HU(n,m).

If we have a rectangle, then using any of those methods gives us 2"*" equal subrectan-
gles which are ordered according to the order assigned by the method used.

Figures 2.1, 2.2, 2.3, and 2.4 give us a basic idea of how these four methods work.
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Figure 2.3. VL.

Figure 2.4. VR.

Note. Assoon as the curves in all four methods are passing through all the subrectangles,
the only essential difference among the four methods is the disposition of start and end
points. That is denoted in abbreviations of the methods: V-vertical, H-horizontal, L-left,
R-right, U-up, D-down.

Further, to create the next iteration curve, we will give the means of how to present
each of the subrectangles from the previous iteration (see Figures 2.5, 2.6, 2.7, and 2.8).

Finally, in Figures 2.9 and 2.10, we indicate how this process is to be carried out for
the next iteration.

Now we can define H,,,, for any n,m € N.

Definition 2.6. Every t € [0,1] is uniquely determined by a sequence of nested closed
intervals (that are generated by our successive partitioning), the lengths of which shrink
to 0. With this sequence, there corresponds a unique sequence of nested closed squares,
the diagonals of which shrink into a point, and which define a unique point in [0,1]?, the
image H,, () of t.

The function H,,,, satisfies the properties (1), (2) of Lemma 2.5 by its definition. [J
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Figure 2.5. HU.
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Figure 2.6. HD.

LEmMMA 2.7. Let E,, E; be copies of R. For all i,i : N — N, there exists continuous function
onto

Him 2 [0,1] = [0,1]? < E; X E; such that

. 1
(1) if & € K3 aiemi
7 1
o’ EKse iy

o ’r ’ 1
) for some s € N, then Hp () = « X o, where o € KZLIﬂ(i)’
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Figure 2.7. VL.
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Figure 2.8. VR.

(2) ifa’ x &" < [0,1]% such that o’ € Ey, &' € E,, & € Kd iy and o'’ € Ké;:] (i) for
some s € N, then Hy 1, (int(a/ X a’’)) S a € KIZLI A HG)-

Proof. The proof is similar to the proof of Lemma 2.5, with the only difference that if we
used, for instance, a method VL(n,m) to decompose a subrectangle on an iteration s in
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Figure 2.9. Next iteration when started with method VL.
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Figure 2.10. Next iteration when started with method HD.

Lemma 2.5, then here we use a corresponding method VL(n(s),m(s)) on the iteration s.
|

Definition 2.8 [2]. Call a function f, : [0,1] — [0,1]" cubes-preserving if it has the follow-
ing properties:

(i) ifa = [0,1] and for some s € N, « € K} ; implies f,(a) < 8 for some § € K,
(ii) if 6 = [0,1]" and for some s € N, § € K? implies f,!(int(d)) < « for some a €
Kl

n-s>

where int(d) is the set of interior points of §.
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Note that a continuous cubes-preserving function f, is a space-filling and measure-
preserving function, that is, with the property that if @ < [0,1] and for somes € N, a €
K}.,, then f,(a) = 6 for some & € K.

THEOREM 2.9 (space-filling function) [2, Theorem 1]. For every n € N, there exists a con-
tinuous cubes-preserving function

fu:[0,1] 222 [0,1]". (2.4)

Definition 2.10. For m,n € N, k € R, a function y: B< R” — R" is Dk—function if there
exist K >0 such that for all b,b’ € B

ly(b) —yw(b') |* <KIb-b']. (2.5)

2.1. Properties of D-functions

Extension on closure property [1]. If f : A < R™ 2, R for some k > 0,and A is the closure

of A, then there exists a unique function f : A € R™ <. R” such that flA=f,and fis
a D*-function.

Composition property [1]. If g € D¥ and f € D?, then go f € D*?.
Subsets property [1]. If f: A < R™ 25 R™ for some k > 0, then f | B € D for any B < A.

C<k-extension on R property. If F:Bc R DY, R™, k >0, then F = f | B for some func-

tion f: R o R™, with range(F) < f(Z¢ f).

We prove this property as follows. Let f [ B be the D'/¥ extension of the function F on
the closed set B the closure of B, that exists and is unique by the “extension on closure
property.” Then let T be a real number such that

1/k

Vbt €B | f(b)- b)) <TIb-V], (2.6)
and let A = range(f | B); then range(F) < A.

We now define the function f : R — R as follows: if there exists a point b € R such
that b = max{b € B}, then for all x > b, f(x) = f(b), respectively, if there exists a point
b € R such that b = min{b € B}; then for all x < b, f(x) = f(b).

We designate Z(B) = {(b,b’) SR\ B; b< b’, b,b’ € B}; this set is countable and we
can write Z(B) = {(by,b,); n € N}, where b,,b], € B.

Let f = (fi,---»fi>---»fm), where f; :B — R, 1 <i< m,are the component functions of
the function f | B; then for all n € N, for all x € (b,,b},), and for all i (1 <i< m), we
define

160 = i5) ~ 56 g (22 ) + o), @)

n
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where (following [6, page 6]) g : R! — [0,1] is a smooth map such that

g (=00,0] =0,
gx)>0 for0O<x<l1.

Then f is defined for all x € R, continuous, smooth on R \ B and A < range( f). To finish
the proof of C<-extension on R property, it suffices to show that

f21B=0 Vi(1<i<m), Ve {1,2,...,[k]} U ([k],k). (2.9)
It is evident for nonlimit points of B. Let B’ < B be the set of limit points of B.
Case 1. If k <1, thenforall b € B’ and some fixed t: 0 < t < k,

(b+h) — fi(b
O] =lim LA +|}f|t AN (2.10)

Note that we may suppose without loss of generality that

h>0,

b+he (b,,b,) forsomenéeN, (2.11)
Ap:=b+h—b,

Then
| fi(b+h) f(b| | fi(bn) — fi®) | + | fib+h) — fi(b) |
|t s (b —b] +As)
|f b)l MR ACARORAC )!
(|0, —b|+A (|bp—b| +A,)
T bubl L)~ ()]
(16w —b])! A, '

(2.12)

We consider each summand of (2.12) separately:

k—t

k _ k
M:T’<|bn—b| , (2.13)

(1ba=b])'
where k — t > 0;

b +h) — filb) | 1A~ b | Lg(AsB,-b)| AL

A; (b, —b,)" An/(by=bn) (b, —b,)"
A (2.14)

’ k—t
b;, _ bn (bn b”l) b4

< Tk max(Dg)

wherek—t>0,1—-1¢t>0,and A, < b, — by,.
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Turning back to (2.12), we see that

1-t
Ifi(t)(b)l<Lin(1)(Tk|bn—b\k_t+T"max(Dg)(b,A_nb) (b;—bn)"‘t>=0 (2.15)

because either A,/(b;, —b,) or b, — b, tends to 0 as h tends to 0. Let U, be a compact
neighborhood of b; then for the M required by Definition 2.1, we can take the number

max {T% | b, = b|"™" + T*max(Dg) (b}, — b) ™ : b, b}, b € Up}

(2.16)
< T*(diam (Ub))kft(l +max(Dg)).
Case 2. Ifk > 1 forevery t € R, 1 < t < k, we can suppose by induction that
_ _ [t] ift €N,
B=0, t= 2.17
f F {t -1 ifteN. ( )
Then forall b € B,
AR A ()
| £7®)] =lim | o | (2.18)
and using (2.11),
ACET R O) Db+n)|
hi=t C (|by—b| +A)
If (b+h) = £ (by) (2.19)
Al’ i

_ ‘fi(ﬁl)(g) . AL-Hft‘

for some & € (by,b),) (note that ﬁ(ﬂ(b) = fi(f)(bn) = 0 because b,b, € B, and also that
fie C® on (b,,b),)).
From (2.7), it follows that

)fi(m)(f)‘ | fi(ba flb,)|_‘gt+l)<f by )‘

(b, — ba)"™"! b= bn (2.20)
% b, b, |" Tk (b, — b,)" '
<W' E+1=W'7’E+1,

where r7;; = max{g™(a); a« € [0,1]}.
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Then for fi(t)(b), we can write

1+t

0) v ATty A, , k-t
wy| < o a =Thac || BT 2D
it means that
£ | <lim ( Thrg,, - 'i T (b, — )" (2.22)
! h—0 b;, — by, " ’

where k > t, A,/(b, — b,) <1, 1+ > t. The limit is equal to 0 because either A,/(b], —
bn) or (b, — by) tends to 0 as h tends to 0. Let U, be a compact neighborhood of b;
then for the K required by Definition 2.1, we can take the number T*r,, - (diam(Uj))*~*
so that, by finishing the proof of (2.9), we finish the proof of the “C<*-extension on R
property.”

LemMa 2.11. Letn,p €N, p <n, k € R, k > 1. Then there exists a continuous space-filling
function

iy = (m,m)  [0,1] =2 [0,1]" (2.23)
D\ pk+n—p)/k Dpktn—p

such that m : [0,1]
tions of .

[0,1]? and m, : [0,1] [0,1]""P are component func-

Proof. We consider the following:

(a) functions 7,7 : N — N such that for every s € N,

a(s) = P (Lks] = [k(s = 1)]), (2.24)
m(s) =n—p,

where [ks] is the integer part of ks;

(b) a function Hj g : [0,1] Snte, [0,1]? defined in Lemma 2.7 and let hy,h; : [0,
1] — [0, 1] be the component functions of Hz 4 so that for all t € [0,1], Hp () =
(hi(t),ha(1)) € [0,1]%

onto

(c) A function 7, = (m1,72) : [0,1] — [0,1]", where

P
m = fpohi, M = fupohy. (2.25)

Additionally,
fp 10,11 222 (0,117, fuop:[0,1] 222 [0,1]"7P (2.26)

are some continuous space-filling cubes-preserving functions, the existence of
which follows from Theorem 2.9.
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We establish some properties of the functions 7, 7,, which we will need to finish the
proof of Lemma 2.11.

(D) If & € K, s p)s for some s € N, then

fr(m(@) = (m(a) € Kfy,

Foep(ha(@) = (m(a)) e K7 (2.27)

We prove this property as follows. As p[ks] + (n — p)s = >.;_, Ai(i) + (i), by prop-

erty (1) of Lemma 2.7, one has that Hp 5(a) = &' X &', where h;(a) = o’ € Kitlﬁ(i) =

p[ks and hy(a) = o’ € K i) K(ln,p)s. Then according to Definition 2.8 of cubes-
preserving functions f, f,1 p> We can see that

folh(@) €Ky fup(a(a) e K7 (2.28)
(I Ifa € K} plks]+(n—p)s for some s € N, then
Jal = (S(mi(a))) PRIV (5 (my () ) PIETHORR, (2.29)

where S(71 (), S(m2(«)) are lengths of sides of cubes 71 (), 72(«x), respectively.

We prove this property as follows. If « € Kll,[ks]+(n_P)s for some s € N, then by property
(2.27), it means that

1 1
S(T[I(“)) = 2[1(5] 5 S(ﬂz(“)) = E (230)
On the other hand, « € K} Dlks]+(n—p)s SO that
_ 1
ol = e
ol = (S(m (a))) Pl IVl (2.31)

_ (S(ﬂz(a)) )( [ks]+(n—p)s)/5'

(IIT) To prove that 7, € DPk+n=PVk 7y € DP+7=p it suffices to show that there exists
K >0 such that for all a,b € [0,1],a< b,

(diam (m1 ([, b)) " P* < K(b - a) > (diam (m([a,b]))) " 2. (2.32)

We prove this property as follows. If [a,b] < [0,1], then there exists s; € N, 57 > s,
such that

1 1
PG D e SV TS S (2.33)
then [a,b] € &’ Ua” for some a’,a”" € K} lksi+(n—pys> & N’ # &, and also
b—a> o | A (2.34)

7 op(k(si+D]=lksiD+(n=p) = 22kp+n
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From property (2.29), we can see that
| = S(m(‘X/))(p[k51]+(n—p)sl)/[kS1] _ S(nz(a/))(p[k51]+(n—p)sl)/sl (2.35)

and using the fact that

diam (7 (' U ")) < 24/pS(m (&),
diam (my (o’ Ua'")) < 2n— pS(m(a’)), (2.36)

we get

diam (71 (o U ")) < zﬁ(zp([k(sl+1)]7[ksl])+n7p (b— a))[ksl]/(P[ksl]Jr(n*P)Sl)’ (2.37)

diam (my (o U ")) < 2/m= p ekt DI=lksiinp . (py _ g)) W/ (Plksiltnmpis) =) 34y
Considering inequality (2.38), we may suppose that diam(m([a,b])) < 1; also using

[a,b] cad’ U,

[k(si +1)] = [ks;] <2k +1, (2.39)

and after the routine arithmetic transformation, we find that there exists n, € N, which
does not depend on sy, such that

(diam (m2([a,61)))" " ? < (b~ a). (2.40)

Now we look at inequality (2.37). Knowing that (b — a) > 1/2PkE+DI+(1=p)(s1+1) 'inequal-
ity (2.37) can be transformed into

diam (1 ([a,b])) < 2 (2221 - (b — q)) /P P/0
1 ) [ks11/(plksi]+(n—p)s))—1/(p+(n—p)/k)

2kp+n
X (2 2PKGH DI+ = p) (51 1)

(2.41)

Note that [ks;]/(plksi]+ (n—p)s1) — 1/(p+(n— p)/k) <0 and there exists a number
n; € N, which does not depend on sy, such that

(diam (m ([a,6])))""" P < i (b - a). (2.42)

The existence of such n; only depends on whether the expression

[ksl] 1
(p[k(51+1)]+(np)(51+1))<p[k51] PP p+(n—p)/k> (2.43)
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is bounded above. Expression (2.43) can be easily transformed into

plk(si+1)]+(n=p)(si+1) _ (n—p)(ks; — [ks1])
P[k51] +(n —p)Sl X Pk+1’l —p > (2.44)

noticing that the first multiple is bounded and ks; — [ks;] < 1, it follows that expression
(2.43) is bounded above.

Now choosing K = max{#;,#,}, we finish the proof of property (2.32).

(Iv) rr,?)p is continuous space-filling function.

This is proved as follows. (1) Continuity of 7 , follows from the continuity of the
component functions 7, 71, that are continuous as compositions of the continuous func-
tions f, with h; and f,—, with hy, respectively.

(2) Now let y = (y1,y2) € [0,1]", where y; € [0,1]7, y, € [0,1]"P.

Functions f, : [0,1] — [0,1]? and f, , : [0,1] — [0,1]""? are space filling so that there
exist z1,2; € [0,1] such that f,(z1) = y1, fup(22) = y2. On the other hand, the point
(z1,22) €[0,1])> and Hy 7 : [0,1] oM, 10, 1]2 so that there exists t € [0,1] cHum(t) =(21,22)
or hy(t) = zi, hy(t) = z;, and by the definition of ﬂ,?’p : n,’:,p(t) =y.

From (1) and (2), it follows that n,t’,P is a continuous space-filling function. O

Lemma 2.12. If f € CHMR"R™), k> 1,1 € [0,1), and Df, is a linear isomorphism, then
f is invertible in a neighborhood of x and f~" is of class CK.

Proof. Similar to the proof of the Ck*#* inverse function theorem in [7]. O

Lemma 2.13. Ifk > 1, f € CFY(R",R), x € R", f(x) = 0, Df(x) # 0, then there is a neigh-
borhood N of x in R" and C**(n — 1)-submanifold S < R" such that f~1(0) NN CS.

Proof. Similar to the proof of Zygmund preimage theorem in [8]. O

Lemmas 2.14 and 2.15 are generalized Morse vanishing lemma and Morse theorem;
see Morse [5], and for more general version of the lemmas, see also Norton [7, 8] and
Moreira [4].

LEmMA 2.14. Let k, n be nonnegative integers, A € [0,1), and A = R" = R""P X R? for some
p < n. Then there are sets Ay, A,,... = A such that A = ;| A;, where for eachi=1,2,...,
there is a function y; : V; X B; < R", V; is a bounded ball in R? and B; is a bounded ball in
some R" (0 < r; < n— p) such that
vi(x,y) = (%, i(x, »)),
[yi(xi, 1) —vilx, ) | = | (x1,01) = (x2,92) | Y (x1,31), (x2,92) € Vix B, (2.45)
A; Cy;(VixB;)
with the following property: every f € CFA(R",R) vanishing on A satisfies for each i and
some K; > 0,
| f (yi(x0,5)) — f(yi(x0, 0)) |

. (2.46)
<Kily— ol VY (x0,y) € Vi X B, yi(x0,y0) € Ai.
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Proof. Fix A. The proof is by double induction on # and k. Let (n,k) stand for the state-
ment of the lemma for R” and C***. We will prove (0,k) for all k, (1,0) for all n, and
(n—1,k) and (n,k — 1) imply (n,k).

(a) Proof of (0,k) for all k is trivial.
(b) Proof of (n,0) for all n follows directly from the definition of f € COoA,
(c) Induction step: we assume (n — 1,k) and {(n,k — 1), and we prove {(n,k).

Define

A** ={(x,y) €EA:x €RP, y e R" P, and every g € C**(R",R)
vanishing on A satisfies Dy,g = 0 on A}, (2.47)
A* = A\ AF*

We prove the result separately for A** and A*.

On A**. Since f vanishes on A, D, f = (Dyjf)pqgn =0 on A**, where y = (yp+15-..>
Yj»-+->¥n) so that for each j (p < j <n), if any, Dy, f vanishes on A**, and D), f €
Ck14(R™R). Hence by the (n,k —1) hypothesis, we have A** = J AF*, A}* C
(Vi X B;), y; as in the statement, and

(xo’)’)>(x0:yo) S ViXBi;
vi(x0, y0) € Af* = 3Kj; > 0 such that Vj (p < j < n), (2.48)

Dy, f (yi(%0, %)) — Dy, £ (yi(x0,70)) | <Kijly—yo|*™

>

orlet K; = /n— pmax,. <, Kijj, then

(x0,¥), (%0, y0) € Vi X By,

oy (249)
¥i(x0,y0) € AF* = | Dy f (wilx0,¥)) = Dy f (yi(x0,70)) | <Kily —yo |

Now by the mean value theorem,

(x0>¥)5 (%0, y0) € Vi X B;,
vi(x0, y0) € A = f(i(x0,y)) = f (yi(x0, y0))
=D(f o yi) (x0,0) - ((x0, ) — (x0,0))
(for some 6 € B; lying on a line segment betweeny and y;)
= (Df [yi(x0,0) ] - Dyi(x0,6)) - (0,y = yo)
= Df[yi(x0,6)] - (Dyi(x0,0) - (0,y = y0)).

(2.50)

We recall that v;(x, y) = (x,¥i(x, y)) so that Dy;(x, y) is presented in the following
matrix consisting of n rows, where the last # — p rows constitute the Jacobian matrix for
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the function ¥;(x, y):

1 Zeros
1 Zeros
Zeros 1 Zeros (2.51)
i Di(x, y) i
Thus
Dy;i(x0,0) - (0,y — y0) = (0,D¥i(x0,0) - (0,y — y0)). (2.52)
Knowing that (a,b) - (0,c) = (0,b) - (0,c), we get
Df[yi(x0,0)] - (0,Dyi(x0,6) - (0,5 = y0)) (253)
= (0,D, f[yi(x0,0)]) - (0,Dyi(x0,60) - (0,5 = y0)). '
Now using (2.52), (2.53), (2.49) in (2.50), we have
| f (yi(x0,5)) = f (yi(x0,0)) |
< Dy fyi(x0,0)]] - [0,Di(x0,0) - (0,5 = yo) |
< | Dy flyi(xo, )] =Dy f (i (x0, 7)) | Ki| (0,y = y0) |
(where D, f (y;(x0, y0)) = 0 because y;(xo, o) € A**, (2.54)
and K; is a Lipschitz constant of the C'-function ;
on the bounded cube V; X B;, that we may suppose to exist)
<Ki0-yol"Rily = yol <KiKily - yol".

On A*. If (xo, y0) € A*, there is g as above, and by Lemma 2.13, there is € > 0 such that

£71(0) N Be(x0, yo) is contained in the image of ¥ : V X B o U, where B is a ball in
R"P~1, Visa ball in R? as in the statement, and A N B;(xo, yo) < g~ '(0). Taking a count-
able subcovering of A* by these balls, we reduce the proof in this case to a case with
smaller 7. |

LEmMA 2.15. Let k, n be nonnegative integers, A € [0,1), and A = R" = R""P X RP for some
p < n. Then there are sets A1, As,... € A such that A = J;> | A;, where for each i = 1,2,...,

there is a function y; : V; X B; < R"™, V; is a bounded ball in R? and B; is a bounded ball
in some R" (0 < r; < n— p) such that (2.45) holds with the following property: every f €
CHY(R™,R), such that Dy f = 0 in A, satisfies (2.46) for each i, and some K; > 0.
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Proof. The same as in the case “On A**” of Lemma 2.14 if we make there the following
corrections:
(1) delete “f vanishes on A,”
(2) replace “(n,k — 1) hypothesis” with “Lemma 2.14,”
(3) replace A** with A,
(4) replace A]* with A;. O

3. Proof of the main theorem
It follows from [2, Theorem 1] and Theorems 3.2, 3.3, and 3.4.

Definition 3.1. A set A € R™ is a Zi-set for some positive k € R if A is a subset of ®([0,1])
for some continuous function @ : [0,1] — R™ such that there exists P > 0 such that for all
ae ®'(A), b e [0,1], the following is true:

|®(a) - ©(b)| < Pla—bl~. (3.1)

If a set A = ;e Ai and every A; is a Zg-set for some fixed k, then the set A is called a
o — Zy-set.

THEOREM 3.2. Let F :R" ot R™, k€N, A€ [0,1). Then F(C,(F)) is o —
Z1/(p+(n-p)/(k+r))-set in R™ for every p < min{m,n}.

Proof. Since C,(F) = Uf:o {x e R":rank(DF(x)) =r}andr+(n—r)/(k+1) < p+(n—
p)/(k+A)for 0 < r < p, we may restrict our attention to CP(F) = {x € R:rank(DF(x)) =
p).

Ifxy € CP(F ), we can consider with accuracy to within a change of coordinates of class
CkA that

F(z,y) = (z,G(z,y)), (z,y) ERF xR" P,

P . (3.2)

G(z,y) € R™? inaneighborhood U of xy = (20, o).
We have x = (z,y) € C,(F) if and only if D,G(z,y) = 0. By applying the results of
Lemma 2.15to aset A = {(z,y) € U:D,G(z,y) = 0}, we obtain the decomposition A =
Uiz1 Ai Ai € yi(V; X By). Tt is not difficult to see that the proof of the theorem is reducible
to a proof of the following statement: for each i, and some K; > 0,

F(A,' N lp,'(V,‘ X B,)) isa Zp+(n—P)(k+/\)'Set- (3.3)

Since every component function F; : R” — R (1 < j < m) of the function F = (F,,...,Fj,
..., Fy) satisfies F; € CkA, DyF; =0 on A, then by Lemma 2.15, F; satisfies (2.46), and
then it is not difficult to see that F itself satisfies (2.46), it means that for each #; and for
some K; > 0,

| F(yi(x0,y)) — F(y(x0, y0)) |

(3.4)
<Kily— ol ki YV (x0,y) € Vi X Bi, (x0,¥0) € Ai.
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Now we fix such A;. We may suppose without loss of generality that V; € Kﬁk s Bi €

K;;fp for some sy € N, where [(k+A)so] is an integer part of (k + 1)s.
We consider the following:

(a) asetay € K} ol kﬂ)so]ﬂn P’
(b)asetD = {a € K} DlkN)s]+(n—p)s> & S Q05
(¢) a function 7 = (ﬂ* m**), where n* =T, om [ ag, 7** = oy | (o3 1, 72

are the component functions of a function 7}, , » defined in Lemma 2.11; I; :

m*(ag) LR A A ** (o) M0, B, are the identity maps;

(d) and finally a function @ : [0,1] — F(y;(V; X B;)) € R™ such that

®(a) = F(yi(n(a))) Va€<a,

®(a)=P(a) Va<a lqrolx, (3.5)
®(a) =D(a) Va>a=maxx.
XEag

It follows from property (3.2) of F and the property of y; (see Lemma 2.15) that ®(a) =
(m*(a),G(yi(n(a)))) for every a € [0, 1].

Now, we are ready to prove (3.3).

From (c) and (d), we see that F(A; N y;(V; X B;)) < ©([0,1]).

The function @ : [0,1] — R™ is continuous as a composition of continuous functions
(see (d)). To finish the proof of property (3.3), we need to evaluate ®([a,b]) for any
[a,b] < & such that yi(n(a)) € A, or y;(n(b)) € A

We suppose that y;((a)) € A; (the other case is similar to this one). Then

|®(b) — D(a) |

= |F(yi(n(b))) — F(yi(n(a))) |

< | E(yi(n*(a),m** (b)) — F(yi(n* (a),n**(a))) |
+ | F(yi(m* (), 7% (b)) = F(yi(*(a), 7" (b)) |

<K | (b) - (a) | "™V £ L (b) - 7 (a) |
(by (3.4) and that L is a Lipschitz constant of the C' 3:6)
function F o y; | V; which we may suppose to exist)

< K (K* |a b|)(k+)t (p(k+A)+n—p) +L(K** |a b|)(k+)t (p(k+A)+n—p)
(for some positive numbers K*, K** by (¢) and Lemma 2.11)

<P-la- b|(k+/\)/(p(k+/1)+n—p)’

where P = (K; + L)(max{K*, K**})(k+)/(p(k+d)+n=p)
We finish the proof of property (3.3) and thereby the proof of Theorem 3.2. O
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THEOREM 3.3. If A = R™ is a Zy-set in R™, then A < f(Zk f) for some f : [a,b] = R! Lo
R™,
Proof. If A < R™ is a Zi-set in R™, then by Definition 3.1, A is a subset of ®([0,1]) for

some continuous function @ : [0,1] — R™ such that there exists P > 0 such that for all
a€ ®1(A), b e [0,1], the following is true:

|®(a) - D(b)| < Pla—bl* (3.7)

so that a function F = ® | ®~!(A) is a D"*-function such that A < range(F).

Now, the conclusion of this theorem follows from the “C<¥-extension on R property.”
O

THEOREM 3.4. IfA = Ujcry, Ai € R™, and for alli € N, there exist f; : [a;, b;] = R! o R™
such that A; < fi(Zx f;). Then there exists f : R} S R such that A < fFEkf).
Proof. We may suppose without loss of generality that for all i € N,
(1) A; is closed,

(11) iy bi € zkﬁ')

(iii) {[asbi], i € N} is disjoint, .

(iv) [[bi a1 1| > max{| fir1 (@) = f;(D)|}; j < i, a € [@ir1,bin], b € Uiy a), bj].
Using functions similar to (2.7), we can construct C®-function fy : R' \ Ujen(ai b)) —

R™ such that {a;,b;; i € N} € X fo. Then define the required function f : R! — R™ as
follows:

f1 (Rl U (a,-,b,)) = fo,

ieN (3.8)
f1laibi]=fi, ieN O
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