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We consider a biharmonic equation under the Navier boundary condition and with a
nearly critical exponent (Py): A’u =47, u >0 in Q and u = Au = 0 on 9Q, where Q is a
smooth bounded domain in R>, £ > 0. We study the asymptotic behavior of solutions of
(P¢) which are minimizing for the Sobolev quotient as ¢ goes to zero. We show that such
solutions concentrate around a point xy € Q as € — 0, moreover x is a critical point of
the Robin’s function. Conversely, we show that for any nondegenerate critical point x, of
the Robin’s function, there exist solutions of (P,) concentrating around xy as € — 0.

Copyright © 2006 Khalil El Mehdi. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction and results

Let us consider the following biharmonic equation under the Navier boundary condition

Au=uP, u>0inQ

Au=u=0 onodQ, (Qo)
where Q is a smooth bounded domain in R”, n > 5, ¢ is a small positive parameter, and
p+1=2n/(n—4) is the critical Sobolev exponent of the embedding H*(Q) N Hj(Q) —
LG/("_4>(ﬂ).

It is known that (Q,) is related to the limiting problem (Qp) (when & = 0) which ex-
hibits a lack of compactness and gives rise to solutions of (Q.) which blow up as ¢ — 0.
The interest of the limiting problem (Qy) grew from its resemblance to some geometric
equations involving Paneitz operator and which have widely been studied in these last
years (for details one can see [4, 6, 10, 12-14, 17] and references therein).

Several authors have studied the existence and behavior of blowing up solutions for
the corresponding second order elliptic problem (see, e.g., [1, 3, 9, 18, 21, 22, 24-26]
and references therein). In sharp contrast to this, very little is known for fourth order
elliptic equations. In this paper we are mainly interested in the asymptotic behavior and
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2 Single blow-up solutions for a biharmonic equation

the existence of solutions of (Q,) which blow up around one point, and the location of
this blow up point as ¢ — 0.

The existence of solutions of (Q,) for all e € (0, p — 1) is well known for any domain Q
(see, e.g., [16]). For € = 0, the situation is more complex, Van Der Vorst showed in [28]
that if Q) is starshaped (Qy) has no solution whereas Ebobisse and Ould Ahmedou proved
in [15] that (Qo) has a solution provided that some homology group of Q) is nontrivial.
This topological condition is sufficient, but not necessary, as examples of contractible
domains Q) on which a solution exists show [19].

In view of this qualitative change in the situation when ¢ = 0, it is interesting to study
the asymptotic behavior of the subcritical solution u, of (Q,) as ¢ — 0. Chou and Geng
[11], and Geng [20] made a first study, when Q is strictly convex. The convexity assump-
tion was needed in their proof in order to apply the method of moving planes (MMP
for short) in proving a priori estimate near the boundary. Notice that in the Laplacian
case (see [21]), the MMP has been used to show that blow up points are away from the
boundary of the domain. The process is standard if domains are convex. For nonconvex
regions, the MMP still works in the Laplacian case through the applications of Kelvin
transformations [21]. For (Q;), the MMP also works for convex domains [11]. How-
ever, for nonconvex domains, a Kelvin transformation does not work for (Q,) because
the Navier boundary condition is not invariant under the Kelvin transformation of biha
rmonic operator. In [5], Ben Ayed and El Mehdi removed the convexity assumption of
Chou and Geng for higher dimensions, that is n > 6. The aim of this paper is to prove
that the results of [5] are true in dimension 5. In order to state precisely our results, we
need to introduce some notations.

We consider the following problem

ANu=u""% u>0inQ
Au=u=0 onoQ,

where Q) is a smooth bounded domain in R® and ¢ is a small positive parameter.
Let us define on () the following Robin’s function

o(x) = H(x,x), with H(x,y)=|x—y|™"' = G(x,y), for (x,y) € QX Q, (1.1)
where G is the Green’s function of A2, that is,

VxeQ A’G(x,-)=cd; inQ

1.2
AG(x,-) =G(x,-) =0 on o€, (1.2)
where 8, denotes the Dirac mass at x and ¢ = 3ws, with ws is the area of the unit sphere
of R°>. For A >0 and a € R%, let

CO/\I/Z /8
5“”‘(x):(1+12|x—a|2)”2’ co = (105)8, (1.3)

It is well known (see [23]) that §,,) are the only solutions of

ANu=1v°, u>0inR> (1.4)
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and are also the only minimizers of the Sobolev inequality on the whole space, that is
S = inf {|Aulf gs lul [io(gsy» s-t. Au € L2, u € L', u # 0}, (1.5)
We denote by P§, ) the projection of 8, ) on #(Q) := H*>(Q) N H} (Q), defined by
AP, =A%,, inQ,  APS,, =P8, =0 ondQ. (1.6)
Let
ea,)t = 861,/1 - P(Sa,)u
1/2
lull = (J IAu|2> , (u,v) =I Aulv, u,v € H*(Q)NH(Q) (1.7)
Q Q
llullg = lulra)-
Thus we have the following result.
THeOREM 1.1. Let (u,) be a solution of (P;), and assume that
2 -2
el Muell 1o — S ase—0, (H)

where S is the best Sobolev constant in R> defined by (1.5). Then (up to a subsequence) there
exista, € Q, Ae >0, ae > 0 and v, such that u, can be written as

U = APy ), + Ve (1.8)

with oz — 1, ||vell = 0, a. € Q and Aed(a,,0Q) — +0 as e — 0.
In addition, a, converges to a critical point xo € Q of ¢ and we have

lsifrol€||ue||iw(o) = (c16}/c2)p(x0), (1.9)
where ¢; = i [gs(dx/(1+1x12)%?), ¢; = ¢} [gs(og(1+ |x|2)(1 — |x|?)/(1+ |x|*))dx and
co = (105)1/8,

Our next result provides a kind of converse to Theorem 1.1.

THEOREM 1.2. Assume that xy € Q is a nondegenerate critical point of ¢. Then there exists
an &y > 0 such that for each € € (0,¢&], (P¢) has a solution of the form

Ug = AP, ), + e (1.10)

with ae — 1, ||vell = 0, a. — xo and Aed(ae,0Q) — +00 as e — 0.

Our strategy to prove the above results is the same as in higher dimensions. However,
as usual in elliptic equations involving critical Sobolev exponent, we need more refined
estimates of the asymptotic profiles of solutions when ¢ — 0 to treat the lower dimensional
case. Such refined estimates, which are of self interest, are highly nontrivial and use in a
crucial way careful expansions of the Euler-Lagrange functional associated to (P;), and its
gradient near a small neighborhood of highly concentrated functions. To perform such



4  Single blow-up solutions for a biharmonic equation

expansions we make use of the techniques developed by Bahri [2] and Rey [25, 27] in the
framework of the Theory of critical points at infinity.

The outline of the paper is the following: in Section 2 we perform some crucial esti-
mates needed in our proofs and Section 3 is devoted to the proof of our results.

2. Some crucial estimates

In this section, we prove some crucial estimates which will play an important role in
proving our results. We first recall some results.

PropositioN 2.1 [8]. Leta € Q and A > 0 such that Ad(a,0Q) is large enough. For 0(,,)) =
Oa,1) — P(a,)), we have the following estimates

0<0u1 <8ar» O =cod 2 H(a,")+ far)» (2.1)

where f,,)) satisfies

1 af(a,/l) 1 1 af(a,,\) 1
fan :O<W>’ A oA :O<)L5/2d3>’ A :O<)t7/2d4>’ (22)

where d is the distance d(a,0Q)),

(6000 = O(AD ), 18l = O(Ad) ),
2.3
‘ AB@(a,A) _of L , 106wy | _ of 1\ (2.3)
oA w0 (Ad)12 A da |po (Ad)2

ProrosiTioN 2.2 [5]. Let u, be a solution of (Pe) which satisfies (H). Then, there exist
a. €Q, a. >0, A; >0 and v, such that

Ug = AP, ), + Ve (2.4)

Wlth Qe — 1) Asd(amaﬂ) — 00, C(;ZHusH%o/As - 1: ||uE||io -1 and ”VeH - 0.
Furthermore, v € E(a,),) which is the set of v € #(Q) such that

(v,Pé,,).) = (v,0P8,,1./0A:) =0, (ve, 0P8, 1./0a) = 0. (Vo)
LemMa 2.3 [5]. A8 = 14 0(1) as € goes to zero implies that
87 — g A2 = O(elog (1+A2 | x — ac| %)) inQ, (2.5)

where 8, = 0,,, and d. = d(a.,0Q)).

ProrosITiON 2.4 [5]. Let (u.) be a solution of (Pe) which satisfies (H). Then ve occurring
in Proposition 2.2 satisfies

||vell < Cle+ (ede) ™), (2.6)

where C is a positive constant independent of ¢.
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Now, we are going to state and prove the crucial estimates needed in the proof of our
theorems. In order to simplify the notations, we set 8, = 0a,1., P8 = PS4, 1,> O = 04,1,
and d. = d(a.,0Q)).

LEmMA 2.5. For € small, we have the following estimates

(1) [o02(1/A¢)(OP8:/0a) = —(c1/2A2)(0H/da)(ae, a:) + O(1/(Aede)?),

(i) [ P8?~¢(1/A¢)(0PS:/0a) = —(c1/A2¥2)(0H/0a)(ae, a:) + O(1/(Aede)® + €/ (Aede)?),
where ¢, is the constant defined in Theorem 1.1.

Proof. Notice that

1
8l°=0 ) 2.7
Jors 2 ((Agdas) (27
Thus, we have, for 1 <k <5
9laP8£_J 9i88€_J' 9i89£__J' o 1 06 1
[ Tl Koo i K5 bl M5 el (owen) HICS
where B, = B(a,,d,). Expanding 00./day around a, and using Proposition 2.1, we obtain

o1 00 _ <o MJ 9 1
JB& 66 )Le aak B Z)Lg/z da B, 88 +0 (/\gdg)3 : (29)

Estimating the integral on the right-hand side in (2.9) and using (2.8), we easily derive
claim (i). To prove claim (ii), we write

9513P5 J 975L%_J 97£l__ N J 8¢ 135
IPS %eoom Jo% Taa Jo¥ taa O 0 "0y
(9_8)(8_£)J 7—¢ 21& J i%' J 7-en3
e é; GEAak +0 5 i + | 6,762
(2.10)
and we have to estimate each term on the right-hand side of (2.10).
Using Proposition 2.1 and Lemma 2.3, we have
7-¢p3 7
jﬂas 02 < cle.|l, | o7 - (M)s)
» (2.11)
1 00 8
Jateo| 2% <ot |1 2% || [ o=k )

We also have

9*8i%_}[ 975i%_ 1
Joo Teoar o Aooa O\ ) ) (2.12)
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Expanding 0, around a, and using Proposition 2.1 and Lemma 2.3, we obtain

8- i_a_ ¢ OJH(aea.) 1 £
I‘S Noar 227 aa O\ dy T hdo?)

s 1 35 1
Lfss b o~ O\ udy )

(2.13)

In the same way, we find

_. 106 ¢ 0H(aea:) 1 €
89— 78 (@) . 2.14
JQ € e Oap 2)EHe2 oa * (Asde)a ! (’lst)z ( )

Combining (2.10)—(2.14), we obtain claim (ii). O

To improve the estimates of the integrals involving v, we use an idea of Rey [27],
namely we write

Ve = [Tve + W, (2.15)
where ITv, denotes the projection of v, onto H> N H{j (B.), that is
A’TIv, = A’v, in By Allv, =IIv, =0 on 9dB;, (2.16)

where B, = B(a,,d,). We split ITv, in an even part ITv¢ and an odd part I1v? with respect
to (x — ag)x, thus we have

=IIv¢+IIv? +w,  in B, with A’w, = 0 in B.. (2.17)

Notice that it is difficult to improve the estimate (2.6) of the v,-part of solutions. However,
it is sufficient to improve the integrals involving the odd part of v, with respect to (x —
a¢)k, for 1 <k <5 and to know the exact contribution of the integrals containing the
we-part of v. Let us start by the terms involving w.

LEMMA 2.6. For ¢ small, we have that

s(se_ L Y108 — f ellvl
JBe 0 (65 cEA? ) Mg Day we=0 (ede)? ) (218)
Proof. Let y be the solution of
2y gt ge L |19 . o oy
Ay =6, (88 177 ) 1 9a in Bg; Ay=y=0 onodB. (2.19)
Thus we have
oy oAy
,: 2 _ 9% 9oy
I : IBE A yw, o5, 3 Aw, + LBS 5 We. (2.20)
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Let G, be the Green’s function for the biharmonic operator on B, with the Navier bound-
ary conditions, that is,

A’Ge(x,-) = c8; 1in Bg AG(x,-) = G(x,-) =0 on 0B, (2.21)

where ¢ = 3ws. Therefore v is given by

- s(ge_ L )19
v(y) = Le Ge(x, )6, (55 ch§/2> Loa V€ B, (2.22)
and its normal derivative by
dy, . [ 9G; o f ok 1 ) 196
> (y) = L% 5, (%, 9)6¢ (65 o Ai/z) aa )€ 0B.. (2.23)

Notice that for y € 0B, we have the following estimates: for x € B, \ B(y,d./2), we have

G, . (1Y G, . (1
> (x,y)—0<d82), 3, (x,y)—o<d§) (2.24)

for x € B, N B(y,d./2), we have
c JAG,

dG, )
S| 5w < (229
for x € B, N B(y,d,/2), we have
§(s—c 1 196 (slog)teds)
o (58 CSA§/2> reaa O\ 0dp ) (2.26)
for x € B, \ B(y,d,/2), we have
g(ge_ L 105 _ 9 2y |2
&; (55 CS/\.‘E/Z) Yoda - O(87elog (1+A2 [x—ac|7)). (2.27)
Therefore
oy £
In the same way, we have
oAy €
Ty(y)‘ :O(A}/ng) (2.29)

Using (2.20), (2.28), (2.29), we obtain

€ €
Ie:O</1g/—2d£2 J’aBs |AW§| +Aé/_2d§JaBe |WE|) (230)
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To estimate the right-hand side of (2.30), we introduce the following function
w(X) = d"w,(a. +d.X), #(X) =d"?v.(a; +d.X) for X € B(0,1). (2.31)
w satisfies
A*W=0 inB:=B(0,1);  Aw=Ay, w=7ondB. (2.32)

We deduce that

172 172
_ _ _ 2
JBB|AW|+JBB|AW|SC(JB|AV|2> :C(JBE|AVS|) . (2.33)

But, we have

3/2 7/2
_ . 1 1
Jisste o= (z) [t (3) Ll s

Using (2.30), (2.33) and (2.34), the lemma follows. O

LeMmMmA 2.7. For € small, we have
(1) [p, A((1/Ae)(9T18:/0ar)) Awe = O(l[vell/(Aede)>?),
(ii) [5 68 TIvew, = O(llve [l ITIv2 I/ (Aede) V).

Proof. Using (2.17), we obtain

1 o114, B % . _ 1 JIé:
L}SA(A‘9 i )AWs = L en Aw,,  with yy = % oa (2.35)

Using an integral representation for y as in (2.23), we obtain for y € 0B,

0G;
B, 0V

0
L= | SEwns (2:36)

where G, is the Green’s function defined in (2.21). Clearly, we have

coAl? ce(ae,de)

H(SS(X)Z(SS(X)* (1-{—/\%(;{3)1/2 - 10

(|x—ac|*—d?), (2.37)

with ¢.(ae,d;) = A, . Thus we deduce that

1 99,
(x, y)&fA—B—Qk. (2.38)

Wiy —of e

v B. OV

In B, \ B(a,,d,/2), we argue as in (2.28) and (2.25), we obtain

9Ge s 100 _ 1
B, av (x$y)85 A«g aak - O(Ag/2d86> (239)




Khalil El Mehdi 9

Furthermore, since

G,
oy

‘V (x,y)’ = O(d%’) for (x, y) € B(ae,de/2) X 0B,

we obtain

9G, s 1 90 LJ Ny— gl = 1
JB(as,ds/z) ay (2270 Xe dar | = & Jpaoin) %lx—ac| =0 )

where we have used the evenness of §, and the oddness of its derivative. Thus

ok 1
P O(AS/ng)'

Using (2.35) and (2.42), we obtain

1 oITé, c
JB£A<A_5 day )AWE = A2d3 IBBS | Awe

Arguing as in (2.34), claim (i) follows. To prove claim (ii), let ¢ be such that

Ay =8%*IIv? in B Ay=y=0 onodB.

We have

A
J S vow, = J Ay LA +J a—v/AwE.
B 0B, OV B, 0V

As before, we prove that, for y € 0B,

Ay [ITTve]| IAY [ITTve |
)= O(Aé/zdg ) o )= O(/\é/zd:} )

Therefore

_ gl (1 1 cl[vel [[[Iv2|
Lag Toewe < Gty 597 LBE|WE|+ 7 IBB£|AW£| _ Cllvelllrvel}

(A£d£)1/2

The proof of the lemma is completed.

LemMmA 2.8. For € small, we have
(1) [p, 677 ve(1/Ae)(98/9ax) = O(IITIVE(I/AY2 + |lve [l /Aedl?),
(ii) st 58775951/5(1/}5)(865/8(1]() = O(”HVSH/)‘Sde + ”Vs”/(/\eds)yz)-

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

Proof. Claim (i) can be proved in the same way as Lemma 2.6, so we omit its proof. Claim

(ii) follows from Proposition 2.1 and claim (i).

O
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Let us now compute the contribution of the following integral which involves v2.

LeMMA 2.9. For € small, we have

2
e 190 _ o1 v
Jo 70925 g =0 Imellbll+ 5 % ). (248)

Proof. Using (2.17) and the fact that the even part of v? has no contribution to the inte-
grals, we obtain

1 96, 1 96,
7—€,,2 ~ € _ 7—e ~ 3 _ 0
0T G = [ e S v wwer ol v (2.49)
Let ¥ be the solution of
2 7—¢ 1 885 :
A =] — (2ve —we) in B AY =¥ =0 onodB,. (2.50)
A Oai

Thus, as in the proof of Lemma 2.6, we obtain for y € 0B,

oY |[vel| 0AY |[vel|
WV ):O<Ay2dg ’ av V)= (251)
and therefore
108 IlvelI?
8/t == (e — W)W, =0 | —— |. 2.52
B, € A—g ak( V. W, )W ((Asds)l/z ( )
Thus our lemma follows. O

Next we are going to estimate the integrals involving the odd part of v, with respect to
(x —ae)k, for1 <k <5.

LemMmA 2.10. For € small, we have

1
u9_5Hv”:9J SEIve) +o(|lmve|) +o | |mmve|| [ 2+ ——5 | |.  (2.53)
J, e =, arme)* vo(lmel) +o el @+ s
Proof. We have
I u?‘sl'[vgzcx?_sj P83_£va+(9—s)a§_sj P&y IIv?
B, B B

+o(j Po7 < |12+ | |vs|9‘f|nvs|) (2.54)
Bg Be

= a2 ¢| PO eI+ (9 o)ad e | PoYevTiv+O(velFlimuel)).
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We estimate the two integrals on the right-hand side in (2.54). First, using Proposition 2.1
and the Holder inequality, we have

0
J PSSS*SVEHVQ’:J 8¢y v + O [lve] Trve ] =J 85*5(Hv§)2+J S Ivow,,
e B, Asds B B

(2.55)

where we have used in the last equality the evenness of §, and ITv¢ and the oddness of
ITv?. By Lemmas 2.3 and 2.7 we obtain

JBE POty Iy — JBS 53 (M) +0 (%) _ (2.56)

Secondly, we write
J paf*mg:[ 859’£Hv§7(978)J' SE’SGSvanLO(J 65’893|Hv3|>. (2.57)
B B, B B

Thus, using the evenness of §;, the oddness of ITv? and Holder inequality, we obtain

JB‘ PO ITv° = O ( (”f;)”z) . (2.58)

Using (2.54), (2.56), (2.58) and Propositions 2.2 and 2.4, we easily derive our lemma. [

LeMMA 2.11. For & small, we have

1
mel|=0|e?+——5|. (2.59)
[ITIve]| ( ()Ld)yz)

ete

Proof. We write

o ana

(2.60)

[\4m
>-“,_.

with

(IIv?,T18,) = <ﬁvg, algfs> <H 0 a;& > =0 foreachre {1,2,3,4,5}. (2.61)
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Taking the scalar product in H> N H{ (B;) of (2.60) with IT6,, A.0I18./0A, A 101168,/0a,, 1 <
r < 5, provides us with the following invertible linear system in «, §, y, (with 1<r<5)

5
(18, 11v¢) = a(C' +o(1 )+ﬁ<mM oI, >+ZY <H5&laﬂ5 >

oA/ = Ae oar
ana R 8H8 ., oIS, 1 OIld,
<As g> < Ae >+/3(C +0(1)) +Zyr< o) L. 9a, >
< 1 oI1. 0> < 1 OIS, > /3<A o1, laH8£>
Ae Oay’ Ve s’/\ dag £ o0 A, Oax

i <18H8 ianae>
Ae Oax " Ae da, /[’

(S)

Observe that

JI16, 1
<H8€’A an > O(Agdg)’
< JIIs, ian5£>_o AT
SO dar /0 T\ (L))
3116, (2.62)
1 oIl 1
<H8£’A_5 aar > O ( (Asds)2> B

1916, 1918\ ., 1
<)Tg T 2, >_ (C +o(1))6kr+o(usd€)2),

where 8, denotes the Kronecker symbol.
Now, because of the evenness of §; and the oddness of ITIv? with respect to (x — a.)k
we obtain

e 11V, = e " Ve = v? =0. 2.63
I16,, TTv? ATIS, - ATIV? SoTIve (2.63)
B, B

In the same way we have

omg. _ ,\ /1M _ )\
< ST v€> = </\E %, ,Hv£> =0 foreachr #k. (2.64)

We also have

1 o115,
</1 oar Hv>

1 9116, .
JBEA(A_ aak) A(ve — TIVE — wy)

- — (2.65)
1 oIl 1 oI
J'BEA<A dax ) Ave_J A(/\ day ) Awe,
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where we have used in the last equality the fact that ITv¢ is even with respect to (x — a.)x.

Using (2.37) and Holder inequality, we obtain
12
1 9110, N [1vell
JBEA(AS oay, ) e = v <L)\BE A ) 9 ( (Aede)? ) (2:66)
Equation (2.66) and Lemma 2.7 imply that
1 dI18: _ ,\ _ 1A
<Ae oay ’HV€> =0 ( (ede)”* ) (2:67)
Inverting the linear system (S), we deduce from the above estimates

_ |[vell _ ||vell
“—O<(A£d£)7/z>> ﬁ_o((/\sde)m)’

9.
9

e
ak

1
Ae

[ el .
Ve Ve
=0 ——5 |, , =0 R k.
Yk ((Agds)w) Y ((lsdg)m) r#
This implies through (2.60)
|[Tve — T1ve|| = 0 vl . Ime|fP = ||+ o el . (2.69)
C (Aede) f 5 (Aed)’

We now turn to the last step, which consists in estimating || ﬁv;_’ ||. Since u, is a solution of
(P.), we have

J A*u ITv? =J u) " Iye. (2.70)
B ;
Because of the evenness of §, and the oddness of ITv? with respect to (x — a,)i, (2.70)

becomes

el = | w2, (2.71)

B

By (2.69), (2.71) and Lemma 2.10, we obtain

I -9 | a2mme)’ ol 1) = 0 ( o )3). e7)

Using now (2.72) and the fact that the quadratic form

v-Jn|Aw2—9J 882 (2.73)
B. B.
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is positive definite (see [6]) on the subset [Span(I1d,0Ild,/0A,0I18,/dax 1 < k <

5)];20%(35), we obtain
~ 1
el <C +e¥2 . (2.74)
(] ((Asds)m )
Our lemma follows from (2.69) and (2.74). O

Before ending this section, let us prove the following estimate which will be needed
later.

LEMMA 2.12. For ¢ small, we have

92P§, 3 1 32
<aaaak’”5> -0 ((Mls)“2 ) 273

Proof. We have
02PJ, 3 , [ 0*P4, [|vell
L)A(a)taa)mf a JBE A (8/\8ak)vg to ( (Aede)™?
9’P§ 9’Pé [|vell
_ 2 e 0 2 e
e (G o (550 (Gl
For the first integral on the right-hand side in (2.76), we have

02Pé, 1
2 £ 0 0 3/2
J;agA (3/\8 k)l_lvE =0o(|lme|]) = O((As 5)3/2 +e ), (2.77)

where we have used in the last equality Lemma 2.11.
Now let y4 be the solution of

(2.76)

9*PJ,
oAday

Ay, = AZ( ) in B, Ays=ys=0 onoB,. (2.78)

Thus, as in the proof of Lemma 2.6, we obtain for y € 0B,

oy 1 oAy, 1

and therefore

32po 7.l
2 3 _ el
JBEA (aAaak>Wf O((Agds)l/z ’ (280

From (2.76), (2.77), (2.80) and Proposition 2.4, we easily deduce our lemma. O
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3. Proof of theorems
Let us start by proving the following crucial result.

ProPoSITION 3.1. For ue = a:Pd, ), + ve solution of (Pe) with A =1+ 0(1) as € goes to
zero, we have the following estimates

(a) cre+0O(€2) — c1(H(ag, ag)/Ae) +0(1/Aed;) = 0,

(b) (c3/A2)(0H (ae,ac)/0a)+0(1/(Aede)?) +O(e¥2+elog(Ae)/(Aede)? +1/(Aede)¥?) =
where ¢y, ¢; are the constants defined in Theorem 1.1, and where c3 > 0.

Proof. Since claim (a) was proved in [5], we only need to prove claim (b). Multiplying
(P:) by (1/)¢)(0P6,/0ax) and integrating on (), we obtain for 1 <k <5

o JAZ 1 9P, Jug,g 1 9P,
Q &€

aak e Oag
:ocgj SSL—BP(SS —I |:((X€P5€)9_E+(9—8)(0€8P6£)8_6Vg (3.1)
a ‘A dag Q
O-e)@-¢) 7-e 2] 1 0Py,
+ Om829 gy z] L0 o),

We estimate each term on the right-hand side in (3.1). First, by Proposition 2.1 and the
Holder inequality, we have

2
| por ey aapi - | areeg g‘sk+o<“ vell ) (3.2)

Secondly, we compute

8—¢ iapaS_J 8*8 1 J 7—¢ i (J 7—-e02 )
Jﬂpag el I o7 “Our., 87502 | v, |
_ 8—¢ l% (J 8—¢ li )
_JQ‘Sf Yer 3a TON 0 vl |35,

7—¢ iﬁ
+@8- )J 0cOevero

v [ ool |2k ) +o( |, ercezvel ).
Q
(3.3)
By Proposition 2.1 and the Holder inequality, we obtain
J 8762 |v.| =0 1EA J 87746, | £| [lvel|
ot (hedk)’ oy’
(3.4)

196, _

;-

J 85878|V6 = (
Q
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We also have by Proposition 2.2

8—¢ i%_J 8 fS_CaE i%
JQ‘SS Vel aar )%\ % T3 Ve aa

0. o[l o
— 8 —-& _ Cas i_s Ve
= JBE 65 (85 Ag/Z)VgAS aak +O<(A£d€)9/2).
Using (2.17), Lemma 2.3 and the Holder inequality, we derive that
8- i%_J Y off 4 el
Jo 07 G = 1o 08 (0~ 5 ) 1, g e v i+ (Aed)”
(3.6)

of el vl
_O(()Lgds)l/z +e|[Tve|| + (Asds)wz)’

where we have used Lemma 2.6 in the last equality.
Using (3.2)—(3.6), Lemmas 2.5, 2.8, 2.9, Proposition 2.2 and the fact that A =1+
O(elogA,), we easily derive our result. O

We are now able to prove Theorem 1.1.

Proof of Theorem 1.1. Let (u,) be a solution of (P.) which satisfies (H). Then, using
Proposition 2.2, u, = a;Pd,, ), + ve with ae — 1, ¢ — 1, A.d(a,,0Q) — o0, v, satisfies (V;)
and ||v¢]| — 0. Now, using claim (a) of Proposition 3.1, we derive that

CaHa) | (1) _ (1
e—C2 py +o</1£d£)—0</18d8). (3.7)
Therefore, it follows from claim (b) of Proposition 3.1 that
oH(as,a;) (1
oua) (1), -

Using (3.8) and the fact that for a near the boundary (dH/da)(a,a.) ~ cd(a.,0Q) 2, we
derive that g, is away from the boundary and it converges to a critical point x of ¢.
Finally, using (3.7), we obtain

Ay — %‘P(XO) ase — 0. (3.9)

By Proposition 2.2, we have
||u5||im ~cile ase—0. (3.10)
This concludes the proof of Theorem 1.1. O

The sequel of this section is devoted to the proof of Theorem 1.2.
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Proof of Theorem 1.2. Let x; be a nondegenerate critical point of ¢. It is easy to see that
d(a,0Q) > dy >0 for a near xy. We will take a function u = aP8(, 1) + v where (a — a)
is very small, A is large enough, ||v|| is very small, a is close to xy and ap = S8 and we
will prove that we can choose the variables («,1,a,v) so that u is a critical point of ], with
[lull = 1. Here J; denotes the functional corresponding to problem (P;) defined by

Jo(u) = (jﬂ Bul?) (L |u|105>2/(10£). (.11)

M, = {(a,M,a,v) € R¥ X R* x Qx H(Q)/|a— ap | < o,

Let

o (3.12)
d, >do, A >vy!, elogh <, |Ivll <voand v € Ep ),
where vy and dj are two suitable positive constants and where d, = d(a,0Q2).
Let us define the functional
Ke: M, — R, Koa,a,1,v) =J(aPS,p +v). (3.13)

It is known that (a,A,a,v) is a critical point of K, if and only if u = aP§(,, 1) + v is a critical
point of J; on #(Q). So this fact allows us to look for critical points of J; by successive
optimizations with respect to the different parameters on M,.

First, arguing as in [25, Proposition 4] we see that the following problem

min {J (aP&,) +v), v satisfying (Vo) and [|v|| < v} (3.14)

is achieved by a unique function v which satisfies the estimate of Proposition 2.4. This
implies that there exist A, B and C;’s such that

oK, _ _ d > 0
W((x,l,a,v) = v]g((XP(s(a,,\) + V) = AP(S({Z))L) +Bap(§(,1,)t) + ; Cia—aiPS(a,,\), (3.15)

where g; is the ith component of a.
According to [5], we have that

1 e 1
A= o(slogm 1Bl + X)’ B=0(e+1), G = O(X ; F) (3.16)

To find critical points of K, we have to solve the following system

oK.
i
aKg 22P§ 9*PS
a < A2’> zc<a)ta > (E)

oK, 0°P8 _ 0°P8 )
30, _B<8Aaaj’v> +izlc,-<aaiaaj,v>, foreach j =1,...,5.
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Observe that for = Pd(,,1), 0PS(a,0)/0A, 0PS(a0)/0a; withi = 1,...,5 and for u = aP§(,) +
v, we have

(V] y) = 2e(u) (oc(P&a,m,w) w5 jﬂ |u|8*uw). (3.17)

We also have (see [5])

T (P8 +7) = S+O<slog/\+ %) (3.18)
oK, _ 5/4 805 1
2t~ (V].(aPd +7),PO) =2]s(u)<(xS (1-asS )+o<elogA+X)), (3.19)
)Laaﬁs = <V]s(aP6+V),A%> =]£(u)(occ1H(;’a) (1 -2a88%) +c,8°a’e

(3.20)

elogh 1
+O<szlogl+ 3 +)t_3)>

Following the proof of claim (b) of Proposition 3.1, we obtain, for each j = 1,...,5,

10K, _ _ 10P8\ = ca dH(a,a) . 55 sp, elogh 1
X0, <V]€(04P6+v),)L 3a; > =50 9 (1-2a°8)+0( %+ v T )
(3.21)
On the other hand, one can easily verify that
i/ O(i) TP _ O(\?) (3.22)
o0A2? - A2 ’ Baiaaj B ' )
Now, we take the following change of variables:
a=ay+f a=xy+& ! @ ! +p | Ve (3.23)
= &o > = X0 > 312 = N T . .
1172 et \ \H (x0,%0)

Then, using estimates (3.18)—(3.22), Lemma 2.12, Proposition 2.4 and the fact that xo is
a nondegenerate critical point of ¢, the system (E;) becomes

B =0(ellogel + |BI*)
p = Ol(elloge| + |BI> +1&|* + p?) (E2)
E=O(IBIP+ &> +€V2).

Thus Brower’s fixed point theorem shows that the system (E;) has a solution (S, pe,&:)
for & small enough such that

B.=OCellogel),  p.=Olellogel), & =O0("). (3.24)
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By construction, the corresponding u is a critical point of J, that is we =] (u,) ®~¥2/ 8-y,
satisfies

Awe = |wel e inQ, we = Aw, = 0 on 9Q (3.25)

with [w; |0 very small, where w; = max(0, —w,).

As in [7, Proposition 4.1], we prove that w; = 0. Thus, since w, is a non-negative
function which satisfies (3.25), the strong maximum principle ensures that w, >0 on
and then w; is a solution of (P;), which blows up at x; as € goes to zero. This ends the
proof of Theorem 1.2. O
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