ON A SINGULAR SUBLINEAR POLYHARMONIC PROBLEM

SONIA BEN OTHMAN

Received 27 June 2005; Accepted 5 September 2005

This paper deals with a class of singular nonlinear polyharmonic equations on the unit
ball B in R" (n = 2) where the combined effects of a singular and a sublinear term al-
low us by using the Schauder fixed point theorem to establish an existence result for the
following problem: (—A)™u = ¢(+,u) + y(-,u) in B (in the sense of distributions), u > 0,
limyyj— u(x)/(1 = |x|)™~! = 0. Our approach is based on estimates for the polyharmonic
Green function on B with zero Dirichlet boundary conditions.
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1. Introduction

In this paper, we study the existence and the asymptotic behaviour of a positive solution
for the following higher-order singular problem involving sublinear term

(=A)"u=¢(-,u)+y(-,u)in B (in the sense of distributions),

u>0,
(P)

1m Am—l
=1 (1 = |x])

>

where B is the unit ball in R” (n = 2) and m is a positive integer.
Our motivation to study the problem (P) comes from [11], where Shi and Yao inves-
tigated the existence of nonnegative solutions for the following elliptic problem:

Au+k(x)u™”+Au*=0 inQ,
(1.1)

u(x) >0, xeQ,

where Q is a bounded C'! domain in R” (n > 2), y, a are two constants in (0,1), A is
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a real parameter, and k is a Holder continuous function in Q. The pure singular elliptic
equation

Au+px)u? =0, y>0,xeDcR", (1.2)

has been extensively studied for both bounded and unbounded domain D in R" (n > 2).
We refer to ([3-5, 7-9], and references therein) for various existence and uniqueness
results related to solutions for above equation. On the other hand, the problem (P) with
a sublinear term y(-,u) and a singular term ¢(-,u) = 0, has been studied in the unit
ball by Maagli et al. in [10]. Thus a natural question to ask is, for more general singular
and sublinear terms combined in the nonlinearity, whether or not the problem (P) has a
solution, which we aim to study in this paper.

Our tools are based essentially on some inequalities satisfied by the Green function
Gum,n of (—A)™ in B with Dirichlet boundary conditions (9/9v)/u = 0;0 < j < m — 1. This
allows us to state some properties of functions in the Kato class K, ,(B) = K, which was
introduced in [1] (see Definition 1.1 below).

In [2], Boggio showed that G,,,, is positive and it is given by

[x,y)/1x=yl (V2 _ l)m’l

G (%, 9) = kyulx — 27" J1 dv, (1.3)

yn—1
where k,, is a positive constant and [x, y]> = [x — y|>+ (1 — [x]?)(1 — | y|?) for x, y € B.
Note that the positivity does not hold for the Green function of the m-polyharmonic
operator in arbitrary bounded domain (see, e.g., [6]).

Only for m = 1, we do not have this restriction.

Definition 1.1. A Borel measurable function g in B belongs to the class K, , if q satisfies
the following condition:

. S(\" _
lim (sup JBOB(x,u) (6(x)> Gun(x, )| q(y) | dy) =0, (1.4)

a=0\ xeB
where §(x) = 1 — | x| is the Euclidian distance between x and oB.

We refer in this paper to the potential of a measurable nonnegative function f, defined
on B by

Vfx) = L G (%) f(7)d. (15)

Our plan in this paper is as follows. Section 2 is devoted to collect some preliminary
results about the Green function G, ,(x, ¥) and the class K, ,,. In Section 3, we suppose
that ¢ and y satisfy the following hypotheses.

(H1) ¢ is a nonnegative Borel measurable function on B X (0, ), continuous and
nonincreasing with respect to the second variable.

(H,) Forall ¢ > 0, x — ¢(x,c(8(x))™)/(8(x))" ! € Ky

(Hs) v is a nonnegative Borel measurable function on B X (0, ), continuous with
respect to the second variable such that there exist a nontrivial nonnegative function p
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and a nonnegative function g on B satisfying for x € B and t >0,

xM&EKmn, (1.6)
(8(x))"
px)f(t) = w(x,t) < q(x)g(t) for (x,t) € Bx(0,), (1.7)

where f is a measurable nondecreasing function on [0, ) satisfying

lim i)

—ot t =t (1.8)

and g is a nonnegative measurable function locally bounded on [0, ) satisfying

g

hmsup < lVyll.. (1.9)

Using a fixed point argument, we will state the following existence result.

THEOREM 1.2. Under hypotheses (H,)—(H3), problem (P) has a positive continuous solution
u satisfying for each x € B,

a(8(x)" <ulx) < V(p(-,ad(-)"))(x)+bVq(x), (1.10)

where a, b are positive constants.

Typical examples of nonlinearities satisfying (H,)—(H3) are

o(x,t) = p(x) (8(x))™ "y (1.11)

for y = 0, and

(3 1) = q(x) (8(x))™ 't Log (1+tF) (1.12)

for a, f = 0 such that a + f3 < 1, where p and g are nonnegative functions in K, ,,.

Notations. In order to simplify our statements, we define some convenient notation.
(i) B:={x € R"; |x| <1} withn > 2.

(ii) We denote s A t = min(s,t) and s vV t = max(s,t) for s,t € R.

(iii) For (x,y) € B%, [x,y]? = [x — y|> + (1 — [x|*)(1 — [ y]?).

(iv) 9B(B) denotes the set of Borel measurable functions in B and B"(B) is the set of
nonnegative ones.

(v) Co(B) :={w continuous on B and limy_; w(x) = 0}. We recall that Cy(B) is a
Banach space with the uniform norm || w|le = sup,cp lw(x)].

(vi) Let f and g be two positive functions on a set S. We call, f ~ g, if there is ¢ >0
such that

%g(x) < f(x) =cg(x) VxeS, (1.13)
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f =g, if there is ¢ > 0 such that
f(x)<cglx) VxeSs (1.14)

(vii) For any f € B(B), we put

ol := sup (‘;gi) G 9) | F() | . (1.15)

xEB

2. Properties of the Green function and the Kato class K,,,

The existence result that we are going to prove suggests to collect in this section some
estimates on the Green function and some properties of functions belonging to the Kato
class Ky, -

ProposiTION 2.1. For each m > 1, the following estimates are satisfied on B*:

Gmn(1,) < (8x)8())" ™ Gral(x,p), 2.1)
(8x)8()™ 2 Gunlx, ). (2.2)
Forn >2m,
1
Gmu(x,y) X m (2.3)
Forn < 2m,
Gm,n(x:)/) = M (2.4)
[x, y]"
Forn=2m,

(2.5)

m—1 m—1
Gmn(x,y) < (8E)"_(00) Log<1+ 8(x)5()’)).

[x, y]2(m=1) lx — y|?2

Proof. The proof of assertions (2.1)—(2.4) can be found in [1]. If n = 2m, it follows from
(1.3) that for (x, y) in B2, we have

m—1
[x,y)/1x—yl 1 1
Gm,n(x,y)ﬁj —(1—— dv

1 v y2
x—yl2\" [x,y]
< (1— [,y ) Lo%(lx—yl) (2.6)
(8(x)" (6™ 8(x)8(y)
= Teypen B ey )

which gives (2.5). O
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ProrosriTioN 2.2 (see [10]). Let q be a nonnegative function in K, ,. Then the following
assertions hold:

(i) liqllp < oo,
(i) the function x — (8(x))*>™~1q € L'(B). In the sequel, we will give some estimates on
the radial potential

X — J G (x,rw)do(w), (2.7)
gn-1

where o is the normalized measure on the unit sphere S"~! of R".

ProrosITION 2.3. For x € B,andr € (0,1),
J Goun (6, @) (@) < (3G))™ (1= 1)y 1 p(Ix| v 1), (2.8)
sn—l

where for t € (0,1),
1- .
PTE ifn+2m,
py=1" (2.9)
Log n ifn=2m,

and (n —2m)" = max(0,n — 2m).

Proof. To show the claim, we use inequalities in Proposition 2.1.
For x € B and r € (0,1), we distinguish three cases.
(i) If n > 2m, we obtain by (2.1) and elementary calculus that

J G (6, r0)do(@) < (3()™ (1 —r)m-lj Grn(, r0)do (@)
Sn-1 sn-1

(2.10)
< (6(0)" (=1 2V
(lx| v r)
On the other hand, by (2.3) we have
Gun(x,rw)do(w) <X J Lﬂ))_
gn-1 g1 |x_ rw|“ 2m
T : n—2
= J (SIHH) (n—2m)/2 de
0 (|x|2+72—2r|x|cosB)
m (sin@)"2
= J 2 2, . (n—2m)/2 do
o [((Ixl A7) = (lxI vr)cosB)” + (Ix] v r) (sinh)?]
= ﬁ
(lx| vr)

(2.11)
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Using the fact that for each a,b > 0, we have min(a,b) ~ ab/(a + b), we obtain

LH Gun(x,rw)do(w)

. 1 m—1 _ m—1 1—|X|\/T )
ﬁmm(i(lxl vr)nfzm,(S(x)) (1-7r) 7(|x| \/T‘)(n_Z)
- (l—levr)m(l—le/\r)Wh1 ( 1 ) (2.12)
B (x| v r)"izm (x| v r)zmi1 +(1— x|V r)sz1
- (1—1|x|vr)"(1-|x| /\r)mf1
- (|x| Vr)n—Zm

(ii) If n = 2m, then we have from (2.5)

|, Gratrrardote)

< (S(X))m_l(l _ r)m—l Jﬂ (sin 9)2m—2

0 (|x2r2+1—2r|x| cos@)m_1

(1-Ix?)(1=r?)
xLog(l+ (Ix|2+72 —2r|x|c059))d0
< (s Mol me 4 (sine)z(m—l)
< (@)™ -1 Jo ((Ix|r = cos8)” + (sin0)2) " (2.13)

(1-1x?)(1-7r?) )de

X L 1+
og( (1x]2 +7r2 = 2r|x| cos 6)

(1-1x2)(1-7r?) )de

|x]2+ 72 — 2r|x| cos0)

< (8(x)" (1 =r)m? JnLog (1 + (

0

$(6(x))m71(1—r)m_lLog< ! )

x|V r

(iii) If n < 2m, then applying (2.4) we have by elementary calculus

L | Guu(x,rw)do(w)

s 3 n—2
< (06" (1= | (sin0)

0 (Ix|2r2+1-2r|x| cos@)n/2

m m " (sin@)"2 1
< (8(x) " (1—r1) Jo ((|x|r—c059)2+(sin9)2)(n_2)/2(|x|2r2+1_2r|x|cose)
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1
—2r|x| cos )

< (8(x)"(1=r)" <(1=|xlvr)"(1=Ixlar)""

1—rlx] —
(2.14)

This completes the proof. O
We characterize in the following the radial functions in the class K, .

PrOPOSITION 2.4. Let a be a radial function in B, then the following assertions are equiva-
lent:

(1) a € Kyp»

(2) Jo r 1 (1 = )2 Vp(r)|a(r)|dr < o,
where p is the function defined by (2.9).

Proof. See [1, Proposition 3.8]. O
Example 2.5. Let q be the function defined in B by

1

) = 60 (Log2/6G)"

(2.15)

By Proposition 2.4, q € K, , ifand only if A < 2mand y € RorA =2mand p > 1.

Example 2.6. Let p > max(n/2m,1),let g = 1 such that 1/p+1/g = 1, and let a be a radial
function in LP(B). Then for A <2m —1/p and py € R or A = 2m — 1/p and y > 1/q, the
function

- a(x)
8(x)*(Log2/8(x))"

(2.16)

is in Ky .

Indeed, using the Holder inequality we obtain

1 - (l_r)z(m—l)—)t
Lr (Log (2/(1-1)))

ap(r)|a(r)|dr

g (1—r)2m=1-2q )1/‘1

1
< el (] o) oy

o (1 — r)l2m=1-Alg a (2.17)
_ n—1 q
- ||a||p|:(J0 r (P(T)) (Log(z/(l_r))).“qdr>

1 - g (1 — r)l20m=D-2lq l/q]
+<L/2r (p(r)) (Log(2/(1—r)))#qdr)

= llall, (I + L).

Since for r € (0,1/2], we have 1 — r ~ 1, then we deduce from (2.9) that I; < co.
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On the other hand, using that Log(1/r) ~ 1 —r, for r € [1/2,1), then we obtain by
(2.9),

00 dr 1/q
IZ < (J4 t(szlfl)q”(Logt)W) . (218)

Hence, we have obviously I, < oo, for A <2m—1/pandy € Ror A =2m—1/p and py >
1/g. So, the result follows from Proposition 2.4.

Remark 2.7. For x € B, put ¢),(x) = 1/8(x)*(Log(2/8(x)))¥. Then it follows from (2.2)
that there exists a constant ¢ > 0 such that for each a € B*(B),

cd(x)"™ JB () a(y)gru(x)dy < V(aga) (x). (2.19)

In the next proposition, we will give upper estimates on V (a¢y ).

ProrosiTiON 2.8. Let p > max(n/2m,1) and let q = 1 such that 1/p +1/q = 1. Then for
A<m+1—1/panducRorforA=m+1—1/p and y > 1/q, there exists a constant ¢ >0,
such that for each nonnegative radial function a € LP(B) and x € B, the following estimates
hold:

0 —#
(6(x))2m_’1_(1/p)<L08$> ifm—%<)u<m+1—%,y€[R,

(6(x)" ifA<m—Il),ye R,

1/q
(8(x))m(LogLog$) if)L:m_%,‘u: l’

V(“@\,ﬂ)(x) <cllallp X 1

m 2\ D | 1
(6(x)) (Logm) 1f)t—m—l—),y<a,
m . 1 1
8 A: ) )
(6(x)) ifA=m rae
(6(x>)"’“(Lo 2)1/” A —mr1—L sl
L g (x) = p;‘bl q

(2.20)

Proof. Let p > max(n/2m,1), let ¢ = 1 such that 1/p+1/g = 1 and let a(x) = a(|x|) be
a nonnegative function in L?(B). Using Proposition 2.3 and the Holder inequality, we
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obtain that for each x € B,

< ! n—1 (Il(i’)
Viagi) () = Cjo ' (1-r)*(Log(2/(1—1)))" (LH Gm,n(x,rw)da(w))dr

B met (U (A=)t
<¢(8(x)) LT (Log (2/(1-1)))

ap (x| vr)a(r)dr

(1 _r)(mflfl)q
Log(2/(1—71)))

< c(a(x»m*‘nanp(jol " i (o151 v r))dr )

(2.21)
First, if |x| € (0,1/2], then we deduce by (2.9) that
! _ #)(m=1A-1) Ve
-1 (1 7') q \ )
n d
(L” (Log (2/(1—7r)))* (p(lxl v r))idr
(2.22)

by (L=r)tmA-Da g, )\
5(L’ (Log (2/(1 =)™ P dr) <1

Now, if |x| € [1/2,1), we have p(x) < (1 — |x|) and

P (1=r)mA-la q v
(L " (Log (2/(1—1)))™ (p(IxI vr)) dr)

x| ~ (1- r)(m—/l—l)q 1/q 1 - (1- r)(’"*")q 1/q
n—1 n—1
ﬁé(x)<‘[° ’ (Log(Z/(l—”)))Mdr) +<J\xl ' (Log(Z/(l—r)))”qdr>

=I(x) +](x).
(2.23)
By elementary calculus, we obtain that for |x| € [1/2,1),
1/2 || 2 —kq 1/q
I(x) ~5(x)<f " ldr + (l—r)(”’_"_l)q(Log(7>> dr)
0 1/2 1—-r
(2.24)
2/(1-1xl) 1/q
~8(x) [1 n (L t@“*mw(Logt)*wr) }
Hence, we distinguish the following cases.
(i) If A > m — 1/p, then we have
N m—A+1/q L) s
I(x) ~ (8(x)) (Log o) (2.25)

(ii) If A < m — 1/p, then we have

I(x) ~ 8(x). (2.26)
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(iii) If A = m — 1/p, then we have

( 5 2\ ey L
(x)(LogLogl_—M) ifp= E’
16) ~ 1o 2\, ] (227)
x ~ =< —_— .
(x)(Logl_|x|) i y<q,
5(x) T
{ “ q
On the other hand, we have
(e8] l/q
J(x) ~ (J t(A’m)q’z(Logt)’”q) ) (2.28)
2/(1-1x|)
So, by elementary calculus, we obtain
A+1/ 2 " 1
m—A+ q = . =
(8(x)) <L0g8(x)> ifA<m+1 p,ye[R,
) ~ ., (229)
a-u 1 ]
Log —— ifAl=m+1——, u>-—.
( o 6<x>> 1 P

Hence, for |x| € [1/2,1), we have

Lo (T=r)m=A=lq \ >1/q
(Lr (Log(2/(1_r)))ﬂq(P(|x|Vr)) dr

- -
(S(x))mhl/q(Logﬁ) ifm—%<l<m+l—%,‘ue[R,
1/q—u
2 . 1 1
5(x)(L0g6(x)) 1f)L—m—§,‘u<a,
1/q
2 . 1 1 (2.30)
8(x)(LogLog> ifA=m-——, u=—,
<1 8(x) p q
d(x) ifA=m—%,‘u>é,
8(x) if)t<m—ll),y6[R,
v 11
‘<L0g6(x)> /\=m+1—1;,[4>5.

Thus, by combination of the two cases, we obtain the result. O
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3. Proof of the main existence result

In this section, we aim at proving Theorem 1.2, so we need the following result (see [10,
Proposition 4]).

ProrosITION 3.1. For a fixed nonnegative function q in Ky,
My :={f € B*(B); f <q}, (3.1)

then the family of functions

{w()c)l)mlJ;S(6(},))m—le,n(x,y)f(y)dy; fEJl/Lq} (3.2)

is relatively compact in Cy(B).

Proof of Theorem 1.2. Assuming H;—Hj3, we will use a fixed point argument to construct
a solution of the problem (P).

By (1.6), the function 0(x) = g(x)/(8(x))"~! € K,,», then using Proposition 3.1, we
obtain

V(@)™ 0)l, = | V4ll. < oo (3.3)

Consequently, we deduce by (1.7) and (1.8), that p is a nontrivial nonnegative function
in L{,.(B), then there exists a compact K in B such that we have

0<ais JK (6(3)" p(y)dy < oo. (3.4)

Put §:= min{(§(x))™; x € K}, then from (1.8), we deduce that there exists a constant
a > 0 such that

caf(ap) = a. (3.5)

Take 0 < 77 < 1/]1Vqll », then we deduce by (1.9) that there exists p > 0 such that for ¢ > p,
we have g(#) < nt. Hence, put y = sup,_,,&(f), then we obtain

0<g(t)<yt+y Vt=0. (3.6)

Finally, it follows from (2.2) and (1.6) that there exists a constant ¢; > 0 such that for each
x €B,

a1 (8(x)" < Vq(x), (3.7)

and using further the hypothesis (H,) and the Proposition 3.1, we deduce that ||V (¢(-,
a(8(+))")lle < co. Hence, let b=max{a/c1, (7| V(e(-,a(8(-))")lo+y)/ (1 =1lVqlls)}
and consider the closed convex set

A:={ueCyB):a(8())" <u<V(p(-,a(8(-))")) +bVq}. (3.8)



12 Existence result for a nonlinear polyharmonic problem

Obviously, by (3.7) we have that the set A is nonempty. Define the integral operator T on
A by

Tu(x) := JB G ) [@(y,u(») +v(y,u(y))]dy VxeB. (3.9)

Let us prove that TA C A. Let u € A and x € B, then by (1.7) and (3.6) we have
Tu(x) < V(p(-a(8()"))(x) +JB Gumn(x,)q(y)g (u(y))dy

<V (p(-a3C)" @+ | Gl y)a)lnuty) +yldy

(3.10)
< V(p(-a(8(-)") )
+JBGm,n(w)q(y)[ﬂ(IIV(qo(-,a(@(-))m))llw+bHVq||oo)+y]dy-
Since (I V(¢(+,a(8(-))™")lle) +y < b(1 = 5llVqll«), then
[ Gl a1V (9N ™) +b1Vala) +71dy
<b| Guaw»a(dy = bVa(), (3.11)

Tu(x) < V(p(-a(8(-))™)) (x) +bVq(x).

Moreover, from the monotonicity of f and using the relations (1.7), (2.2), and (3.5),
there exists a constant ¢ > 0 such that for each x € B, we have

Tu(x) = jB Gonn (5, 9)¥ (ou(1))dy = c(3(x))" L (6())" () f (u(y))dy

(3.12)
> cf(a)( | 000" p(dy) (6)" = a(5(x))"

On the other hand, we have that for each u € A,¢(-,u) < ¢(+,a(6(+))™) and y(-,u) <

g(u)q < bg, which implies that

(s u) +y (-, u) € Mig(-a(6(-))m)+bg)- (3.13)

So we deduce by (H;), (1.6), and Proposition 3.1 that TA is relatively compact in Cy(B).
In particular, for all u € A, Tu € Cy(B) and we deduce that TA C A.

Next, we prove the continuity of T in A. Let (1 )k be a sequence in A which converges
uniformly to a function u in A. Then since ¢ and y are continuous with respect to the
second variable, we deduce by the dominated convergence theorem that

Tur(x) — Tu(x) asx — oo. (3.14)

Now, since TA is relatively compact in Cy(B), then we obtain the uniform convergence.
Hence T is a compact operator mapping from A to itself. So by the Schiuder fixed point
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theorem, there exists a function u € A such that

u(x) = JB Gunn( ) @(y,u(y)) +yv(y,u(y))]dy VxeB. (3.15)

Finally, we need to verify that u is a positive continuous solution for the problem (P).
Indeed, since the functions 6(x) = g/(8(-))" ! and x — ¢(+,a(8(-x))™)/(8(x-))™ ! are in
Kn,n, we deduce by (3.13) and Proposition 2.2 that the function

o(-,u)+y(-,u) €L} (B) (3.16)

holds. Moreover, since u € Cy(B), we deduce from (3.15) that V(¢(-,u) +w(-,u)) is in
L}, .(B). Hence u satisfies ( in the sense of distributions) the equation

(=A)"u=¢(-,u)+y(-,u) inB. (3.17)

Moreover, since u satisfies
u(x?ﬁ_1 - 1
(0(x)) (8(x))

then it follows from hypotheses (H,), (1.6), and Proposition 3.1 that lim|y_(u(x)/
(8(x))™=1) = 0. This completes the proof. O

ad(x) < 1 (V(p(-,ad™))(x)+bVq(x)), (3.18)

Example 3.2. Let o, > 0 such that 0 < a+ 5 < 1, max(o,1) < m, and y > 0. Then the
problem

(=A)"u = (80)™  (u(x)) "+ (8(x) " (u(x))“Log (1+ (u(x)") inB,

u>0,

(3.19)

x=1(8(x))

has a positive solution u € Cy(B) satisfying
a(8(x))" < u(x) <b(8(x))", (3.20)

where a, b are positive constants.
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