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We will study the following polyharmonic nonlinear elliptic equation (—A)"u+ f(-,u) =
0 in R", n > 2m. Under appropriate conditions on the nonlinearity f(x,t), related to a
class of functions called m-Green-tight functions, we give some existence results for the
above equation.
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1. Introduction

In this paper, we deal with the higher order elliptic equation
(_A)mu:f('au)a in IR”; (11)

where m is a positive integer such that n > 2m.

In the case m = 1, (1.1) contains several well-known types which have been studied
extensively by many authors (see for example [1-3, 8, 9, 11, 12, 14] and the references
therein). Their basic tools are essentially some properties of functions belonging to the
classical Kato class K,,(R") and the subclass of Green-tight functions K;*(R") (some prop-
erties pertaining to these classes can be found in [1, 4, 14]).

In this paper, we are concerned with the high order. Our purpose is two folded. One is
to extend the Kato class K,,(R") and the subclass K;°(R") to the order m > 2. The second
purpose is to investigate the existence of positive solutions for (1.1). The outline of the
paper is as follows. The existence results are given in Sections 3, 4 and 5. In Section 2, we
give the explicit formula of the Green function G, ,(x, y) of (—A)™ in R”. Namely, for
each x, y in R”

1

Gmn > :km,n—> 1.2
(%) P (1.2)
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2 Solutions of polyharmonic equations in R”

where k,, , is a positive constant which will be precised later. The 3G-Theorem proved in
[13] for the case m = 1, is also valid for every m. Indeed, for each x, y,z in R", we have

G (%,2)Gu(2, ) < pn-2m-1

Gm,n(x,)/) [Gm,n(x;Z) +Gm,n(z,y)], (1'3)

This 3G-Theorem will be useful to state our existence results.
Next, we study the Kato class K,,,,(R") defined as follows.

Definition 1.1. A Borel measurable function ¢ in R" (n > 2m), belongs to the Kato class
Ko (R™) if

lim ( sup Mdy) =0. (1.4)

=0\ xern J|x—yl<a Ix—y\”‘z'”

Indeed, first we prove some properties of functions belonging to this class similar to
those established in [1, 4]. In particular, we have the following characterization

=0 \ xernJO

t
¢ € Kpu (R") < lim ( sup sm_lj 2(5,%,9) | o(y)] dyds) =0, (1.5)
|RV‘

where p(t,x,y) = (1/(4mt)"?) exp(—|x — y|?/4t), for t € (0,0) and x, y € R", is the den-
sity of the Gauss semi-group on R".

Secondly, we study a subclass of K, ,(R") denoted by K;;,(R") and defined by the
following.

Definition 1.2. A Borel measurable function ¢ belongs to the class K} ,(R") and it is
called m-Green-tight function if ¢ € K, ,(R") and satisfies

i lo(») | )
lim | su J —1=""dy| =0. 1.6
M=eo (Jceﬂg31 lyl=M |x — y|n=2m Y (1.6)
In particular, we characterize the class K;;;, (R") as follows.

Tueorem 1.3. Let ¢ € BT (R"), (n >2m). Then the following assertions are equivalent
(1) ¢ € K3, (R).
(2) The m-potential of o, V@(x) := [gu Gun(x, y)@(y)dy is in C§ (R™).

This Theorem improves the result of Zhao in [14], for the case m = 1. A more fine
characterization will be given in the radial case.

One can easily check that L'(R") N K,,,(R") C K57, (R"). Also we show that for p >
n/2mand A < 2m — n/p < y, we have

- C K (R, (1.7)

and we precise the behaviour of the m-potential of functions in this class.
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In Section 3, we are interested in the following polyharmonic problem

(=2A)™u+ugp(-,u) =0, in R" (in the sense of distributions)
‘llim u(x) =c>0. (1.8)
x|—oc0
The function ¢ is required to verify the following assumptions.

(H,) ¢ is a nonnegative measurable function on R" x (0, o).

(Ha) For each A >0, there exists a nonnegative function g, € K;;,(R") with ay, < 1/2
(see (1.24)) and such that for each x € R", the mapping ¢ — t(qx(x) — ¢(x,1)) is continu-
ous and nondecreasing on [0,A].

Under these hypotheses, we give an existence result for the problem (1.8). In fact, we
will prove the following theorem.

THEOREM 1.4. Assume (H,) and (H,). Then the problem (1.8) has a positive continuous
solution u in R" satisfying for each x € R", ¢/2 < u(x) < c.

To establish this result, we use a potential theory approach. In particular, we prove that
if the function g € K, ,(R") is sufficiently small and f is a nonnegative function on R”",
then the equation

(=A)"u+qu=f, (1.9)

has a positive solution on R". In [6], Grunau and Sweers gave a similar result in the unit
ball of R", with operators perturbed by small lower order terms:

(=A)™u+ > ar(w)DFu = f. (1.10)

|k|<2m

In the case m = 1, the problem (1.8) has been studied by Maagli and Masmoudi in [7, 8],
where they gave an existence and an uniqueness result in both bounded and unbounded
domain Q.

In Section 4, we are concerned with the following polyharmonic problem

(=2)™u= f(-,u), inR" (in the sense of distributions)
lim u(x) =0. (1.11)
[x| =00
Here f is required to satisty the following assumptions.
(Hs) f is a nonnegative measurable function on R” x (0, ®), continuous with respect
to the second variable.

(H4) There exist a nonnegative function p in R” such that

p(y)

0<0£02=J ﬁd < 00 (112)
 (1y1+1)

and a nonnegative function q € K7, (R") such that for x € R" and t >0

po)h(t) < f(x,t) < q(x)g(t), (1.13)
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where / is a nonnegative nondecreasing measurable function on [0, o) satisfying

mo:= p ! <h0:=liminf@ < (1.14)
m,n &0 t—0* t

and g is a nonnegative measurable function locally bounded on [0, «) satisfying

0<g”:= limsup@ <My := ||Vr11|| .

t—oo t

(1.15)

By using a fixed point argument, we will state the following existence result.

THEOREM 1.5. Assume (Hs) and (Hy). Then the problem (1.11) has a positive continuous
solution u in R" satisfying for each x € R",

a

(%41 <u(x) <bVgq(x), (1.16)

)n—2m

where a, b are positive constants.

This result follows up the one of Dalmasso (see [5]), who studied the problem (1.11)
in the unit ball B, with more restrictive conditions on the function f. Indeed, he assumed
that f is nondecreasing with respect to the second variable and satisfies

f(x1) fx1)

lim min = 400, lim max ———- =0. (1.17)
t—0" xeB [=+% yeB

He proved the existence of a positive solution and he gave also an uniqueness result for
positive radial solution when f(x,t) = f(|x|,t).

When m = 1, similar conditions, but more restrictive, on the nonlinearity f have been
adopted by Méagli and Masmoudi in [8]. In fact in [8], the authors studied (1.11) in an
unbounded domain D of R", n > 3, with compact nonempty boundary 0D and gave an
existence result as Theorem 1.5.

On the other hand, Brezis and Kamin proved in [3], the existence and the uniqueness
of a positive solution for the problem

—Au=p(x)u* inR",
liln‘linfu(x) =0, (1.18)
X|— 00

with 0 < @ < 1 and p is a nonnegative measurable function satisfying some appropriate
conditions. We improve in this section the result of Brezis and Kamin in [3] and the one
of Maagli and Masmoudi in [8].

In Section 5, we will study the existence of solutions to the following polyharmonic
problem

(=A)"u= f(-,u), inR" (in the sense of distributions)

. 1.19
u(x) >0, inR", ( )

under the following assumptions on the nonlinearity f.
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(Hs) f is a nonnegative measurable function on R” x (0, «), continuous with respect
to the second variable on (0, o).

(He) f(x,t) < q(x,t), where g is a nonnegative measurable function on R" X (0, )
such that the function t — g(x,t) is nondecreasing on (0, ).

(H7) There exists a constant ¢ > 0 such that q(-,c) € K7 ,(R") and

IV(q(-,0)ll, <c (1.20)

Put ¢* = c— [|[V(g(+,¢))llw. We give in this section the following existence result.

THEOREM 1.6. Assume (Hs), (Hs), and (H7). Then for each § € (0,c*], the problem (1.19)
has a positive continuous solution u in R" satisfying for each x € R"

0 <ulx) <g,

lim u(x) = 6. (1.21)
If m = 1, Yin gave in [11] an existence result of the following problem
Au+ f(x,u) =0, inGjg,
(1.22)

u(x) >0,

where Gg = {x € R", |x| > B}, for some B > 0. His method relies on the technique of

radial super/subsolutions. Our approach is different, in fact we will use a fixed point ar-

gument. We improve the result of Yin under more general assumptions (see Remark 5.3).
In order to simplify our statements, we define some convenient notations.

Notations.
(i) B(R™) denotes the set of Borel measurable functions in R” and B*(R") the set
of nonnegative ones.
(ii) Co(R™) := {w continuous on R” and lim |y w(x) = 0} and C{(R") the set of
nonnegative ones.
(iii) For ¢ € B*(R™"), we put the m-potential of ¢ on R” by

o(y)

VW) i= Via9() = | G5, 7)0(3)dy = i

(iv) For ¢ € B*(R"), we put

G (%,2) G (2, ¥)
®y = sup

z)|dz. 1.24
xyeRn JR" Gm,n(-x’)’) | §0( ) | ( )

(v) Let A € R, we denote by A* = max (A,0).
(vi) Let f and g be two positive functions on a set S.
We call f ~ g, if there is ¢ > 0 such that

%g(x) < f(x) <cg(x) VxeS. (1.25)



6  Solutions of polyharmonic equations in R”
We call f < g, if there is ¢ > 0 such that
f(x) <cg(x) VxeS. (1.26)

The following properties will be used several times: for s, > 0, we have

. st
min(s,t) =sAt~—,
s+t (1.27)
(s+t)P ~sP+tP, peR*.

2. Properties of the Kato class

In this section, we characterize functions belonging to the Kato class K, ,(R") and the
subclass K7, (R") of m-Green-tight functions and we prove Theorem 1.3. We recall that
throughout this paper, we are concerned with n > 2m.

We set p(t,x,y) = (1/(4mt)"?) exp(—|x — y|?/4t), for t € (0,0) and x, y € R", the den-
sity of the Gauss semi-group on R". By a simple computation, we obtain that the Green
function of (—A)™ in R", for each m > 1, is given by

J s" p(s,x,y)ds, forx,yin R (2.1)

0

1
Gmu(x,y) = (m—1)

Then we have the following explicit expression

1
mn |x_y|n—2m’

Gn(x,y) =k for x, y in R", (2.2)

where k, , = [(n/2 — m)/4"n"*(m — 1)\.
2.1. The class K, ,(R"). We will study properties of functions belonging to K, ,(R").
First we remark the following comparison on the classes K; ,(R"), for j > 1.

Remark 2.1. Let j,m € N such that 1 < j < m, then we have for each n > 2m

Ky (R") := Kl,n([Rn) < Kj,n([Rn) < Km,n([Rn)) (2.3)
where K, (R") is the classical Kato class introduced in [1].
Example 2.2. Let ¢ € B(R"). Suppose that for p > n/2m, we have

sup J lo(y)|Pdy < co. (2.4)
[x—yl<1

xeR?

Then by the Holder inequality, we conclude that ¢ € K, ,(R").
In particular, we have that for p > n/2m, LP(R") C Ky, (R").

To establish the characterization (1.5) of the Kato class K, ,(R"), we need the follow-
ing lemmas.
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LEmMA 2.3. Foreacht >0 and x,y € R", we have
t
J s" 1 p(s,x,)ds X Gon(x, y).
0
Moreover, for |x — y| < 2./f, we have that

t
Gn(x,y) < J s" 1 p(s,x, y)ds.
0

Proof. Lett >0 and x,y € R". Then (2.5) follows immediately from (2.1).
If we suppose further that [x — y| < 2./%, then we have

t , L
J sm-lp(s,x,y)ds = CJ Sm—n/2—1exp ( _ [x — yl )ds
' 0 4s

C [oe}
— n/2—m—1 ,—r
rE |n72mJ r e "dr
xX—y [x—yl2/4t
C (o]
> | |n " J rn/Z—m—le—rdr
xX—=y|" 1
=cGmu(x,y),

where the letter ¢ is a positive constant which may vary from line to line.
LEmMA 2.4. Let ¢ € Ky, (R"). Then for each compact L C R", we have

sup | |o(y)|dy < oo

xeRn Jx+L

In particular, we have Ky, ,(R") C L} (R™).

Proof. Let ¢ € K,,,,(R"), then by (1.4) there exists a > 0 such that

J o) |

su
b lx—yl<a lx — y[n=2m

xeR"

dy <1

Let ay,...,a, € L such that L < J;;-, B(a;,«). Hence for each x € R", we have

IA
~

J lo(y)|dy J lo(y)|dy
x+L 1 B(x+aj,x)

1

p

Szan—ZmJ |‘P()’)|n_2mdy
o Blx+ap@) |x+a; — y|

< pan—Zm‘

80, SUP s [yrr, [9(¥)ldy < co.

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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ProrosriTioN 2.5. Let ¢ € Ky (R™). Then for each fixed o > 0, we have

sup (sup t" p(t,x,y) | o(y) |dy> = M(a) < . (2.11)
0<t<1 \xeRrJ|x—y|>a

Proof. Let ¢ € K;,n(R"),0< t < 1. Let a > 0, then we have that

sup " p(tx, y) [9(y) | dy
xeRnJx—ylza (2 12)
exp (— a?/8t) lx — yI? '
< —
- /2—m+1 fé’lng 7 exp 8 | ¢(y) | d)’
So to prove (2.11), we need to show that
lx—yI?
sup exp(— Sy > lo(y)|dy < o. (2.13)
xeRn JR"
Indeed, using Lemma 2.4, we denote by
c:= supJ lo(y)|dy < . (2.14)
xeRn Jx+B(0,1)

On the other hand, since any ball B(0,k) of radius k > 1 in R" can be covered by «a(n) :=
Apk" balls of radius 1, where A, is a constant depending only on 7 (see [4, page 67]), then
there exist a1,ds,...,dqn) € B(0,k) such that

B(o,k)c |J Bl(asl). (2.15)

1<i<a(n)
Hence for each x € R", we have

a(n)

L o(y)|dy = ZJ _ |<p(y)|dy < cAuk", (2.16)

which implies that for each x € R”,

_ |2 ® k2
JW eXP<— %) lo(y)|dy = Zexp<— g) lex_y‘skﬂ lp(y)|dy
i ( k2> a1y (2.17)

< 00,

Thus (2.13) holds. This ends the proof. |
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ProrosritioN 2.6. Let ¢ € B(R"). Then ¢ € K, ,(R") if and only if

t
lim ( sup | s™! J[Rnp(s,x,y) lo(y) | dyds) =0. (2.18)

=0 \ yernJO

Proof. Suppose ¢ verifies (2.18), then from (2.6) we have that

J lo(») |

lx—yl<a lx — yl”’z’”

o?/4
dy < J ) Jo s p(s,x, ) [@(y) | dsdy, (2.19)

which implies that the function ¢ satisfies (1.4).
Conversely, suppose that ¢ € K, ,(R"). Let € > 0, then by (1.4), there exists « > 0 such
that

sup lo(») |

xeRn Jlx—yl<a |x — y[r=2m

dy <e. (2.20)
Thus from (2.5) and (2.11), we deduce that for each x € R” and ¢ < 1, we have

t
J s J p(s,%, )| 9(y)|dyds
0 R"

t
< JI ‘ L " p(s,x,9) | (y) | dyds
x-yl<a

t
+Jo L | " p(sx,y) [9(y) | dyds (2.21)
X—ylza
Lo |

= — - ———dy+tM

Jlx—y\ga |x—)}|f’l—2m y (“)
<e+tM(a).

This implies (2.18) and completes the proof. 5

2.2. The class K, ,(R"). We will characterize the subclass of m-Green-tight functions
Ky ,(R™). In fact, we will prove Theorem 1.3 and we give in particular a more precise
characterization in the radial case.

Example 2.7. Let p >n/2m. Then L?(R") N L'(R") C K3y, (R™).

Proof of Theorem 1.3. Let ¢ € B*(R"). First we suppose that ¢ € K7 (R"), then using
similar arguments as in the proof [9, Proposition 6], we obtain easily that Vg € Cj (R").

Conversely we suppose that Vg € Cj(R"). Then, we aim at proving that ¢ € K7 (R").
So we divide the proof into two steps.
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Step 1. We will prove that ¢ satisfies (2.18). Indeed it is clear from (2.1), that for each
x € R", we have that

Vo(x) = ﬁ L sml pr(s,x,y)q)(y)dyds

1 0
S, P eayds
=1 (x)+L(x).

(2.22)

From the properties of the density p(s,x,y), we deduce that x — I;(x) and x — I;(x)
are nonnegative lower semi-continuous functions in R”. Then using the fact that V¢ €
Cy (R™), we get that the function x — I (x) is also in Cj(R"). So, for each x € R", the
family { [ 5™ [ga p(s,%, ¥)@(y)dyds, t >0} is decreasing in C§ (R"), which together with
the fact that for each x € R”,

t
lim | s"! J p(s,%,9)p(y)dyds =0 (2.23)
0 R

10
imply by Dini Lemma, that (2.18) is satisfied.

Step 2. We will prove that ¢ satisfies (1.6). Let € > 0, then since Vg € Cj (R"), there exists
a > 0 such that for |x| = a, we have that Vo(x) < e.

Let M > 24, then

o(y) o(y)
gy < gy
le\zM =yl = P e =yl T P

_8+J| 9(y) dy.

ylzm |y|n=2m

I ¢(y)

7
lyl=M |x — y|n=2m 4

Su
xeR?

(2.24)
Now, since V¢(0) < co, we deduce that
lim Lyle Wgﬁi—yimdy —o. (2.25)
Then (1.6) holds and this ends the proof. O
For a nonnegative function p in K3}, (R"), we denote by

M= {p € B(R"), o] <p}. (2.26)

ProprosITION 2.8. For a nonnegative function p in K, (R"), the family of functions
V(M) := {Vo, 9 € M,} (2.27)

is uniformly bounded and equicontinuous in Co(R") and consequently it is relatively com-
pact in Co(R™).
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Proof. Letp € K, ,(R"). Obviously, since each function ¢ in M, is in K, ,(R"), we obtain
by Theorem 1.3 that the family V/(M,) C Cy(R") and is uniformly bounded. Next, we
prove the equicontinuity of functions in V/(M,) on R” U {co} by same arguments as in
the proof of [9, Proposition 6]. Thus by Ascoli’s Theorem the family V(M,) is relatively
compact in Cy(R"). This ends the proof. O

Remark 2.9. We recall (see [12, 14]) that for m = 1 and n > 3, a radial function is in
K& (R") ifand only if [ r|¢o(r)|dr < .

Similarly, we will give in the sequel a characterization of radial functions belonging to
Ky (R™).

ProposITION 2.10. Let ¢ be a radial function in R", then ¢ € Ky, (R") if and only if
J 1| o(r) | dr < oo, (2.28)
0

In order to prove Proposition 2.10, we will use the following behaviour of the m-
potential of radial functions on R".

ProrosiTioN 2.11. Let ¢ € B*(R") be a radial function on R", then for x € R", we have

0 rnfl

V(p(x) ~ ,[0 W(p(r)dr (229)

Proof. Let ¢ € B*(R"). First, we recall the well known results for x, y € R”,

¢(y) ) =1
~ Dk | A= oo e
(n—2)k, J(R" x— y|n2 Y Jo (lxlvr)" 2P (2.30)

J dz B Cn
Re [x — 2|2y —z|"=2  |x -yt

This implies that there exists a constant ¢ > 0 such that

9(y) J“’ el J“’ !
—r " dy=c| r r dtdr
Jnv =yl =g P, (Ix| v £)" (£ v r)r2

> CJ " lo(r) !
0

Ixlvr 773

c (° rlo(r)
JO ( dr

> "y Lz ar.
n x| v r)

dtdr (2.31)

Hence, we obtain by recurrence that

vt ¢(y)
—_— dr < J ——"——y. 2.32
Jo (]x| v r)nizm p(r)dr Re |x — y|n=2m 4 (232)



12 Solutions of polyharmonic equations in R”

On the other hand, there exists a constant ¢ > 0 such that for each x € R",

JW Ix (p;yw 2m J L (|x|2+r2 2r)|§:|11c1005)9)(” s 40T
_cJ L L szl:ﬁ);)nz ~—dfdr (2.33)
_ g( JO”(sine)M*Zde) (J: u;ﬁ%m)
Thus (2.29) holds. U

Proof of Proposition 2.10. Suppose that ¢ is a radial function in K, (R"), then by
Theorem 1.3, V¢(0) < oo and so we deduce (2.28) from (2.29).

Conversely, suppose that ¢ satisfies (2.28). Let a > 0 and ¢ = |x/|, then by (2.29), we
have

|(P()/) | t+o 1’”_1
J — I ——dy < ————|o(r)|dr
lx—y|<a |X— |n72m (t—a)* (t Vi r)n—Zm
g 4 t (2.34)
t+a
< J ™ o(r)|dr.
(t—a)*
Let ¢(s) r2m=o(r)|dr, for s € [0, 00]. Using (2.28), we deduce that ¢ is a continuous
functlon on [O oo]. This implies that
t+ta
J Pt o(r) | dr = ¢+ ) — $((— o)), (2.35)
(t—a)*
converges to zero as « — 0 uniformly for ¢ € [0, c0]. So ¢ verifies (1.4).
Next, we have by (2.29)
[ [ e ldr= [P g lar, (236)
lyl=M |x — y[n=2m M (tVr)n=2m M

which, using (2.28), tends to zero as M — o and so ¢ verifies (1.6). This completes the
proof. O

We close this section by giving a class of functions included in K3}, (R") and we precise
the behaviour of the m-potential of functions in this class. We need the following lemma.
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LemMA 2.12. Let >0 and a,b > 0 such thata+b < n. Then

J A g, (2.37)
[x—yl<a [ylalx — )/|b

Proof. Let @ >0 and a, b be nonnegative real numbers such that a+ b < n. Then

J dy <J dy +J dy
x—yl=a 1 ¥121x = y18 7 Jxoylzanx—yi<iy) [x = ¥1940 " J(y1<ix-yl<a) [y]2+P
< J’arnfl—(a+b)dr (2.38)
0

< (xnf(a+b)

ProOPOSITION 2.13. Let p >n/2m. Then for A < 2m — n/p < y, we have
- C Koy (R™). (2.39)

Proof. Let p >n/2m and q = 1 such that 1/p +1/q = 1. Let a be a function in LP(R")
and A < 2m — n/p < . First, we will prove that the function ¢(x) := a(x)/(1+ |x|)#|x|*
satisfies (1.4). Let & > 0, then by the Holder inequality and Lemma 2.12, we have for
x € R”

1/q
d
I %d}, < |a||p<f = 4 )
[x—yl<a |X—y| [x—y|<a (1+|y|) |y|)\q|x_),|(n72m)q
dy Vq (2.40)
< ;
|a”p<—[xy|<rx |y|ql\ |x_y|(n2m)q)

— —1t
< llall o7,

which converges to zero as a — 0.
Secondly, we claim that ¢ satisfies (1.6). To show the claim we use the Holder inequal-
ity. Let M > 1, then we have

1/q
d
J |¢(y3_J2mdy5 |a||p<J S )
yi=u 1= | =M (14 1y )y x — y|(n-2ma
(J dy )”q (2.41)
~ lally yl=M | y|Fe|x — y|(r=2ma

= Jlall, (A(x)) .
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Furthermore
dy
A(x) X su J —_
|x|51\€/2 ylz=m |y|(=2mrua
1 d
+ sup —J 73;_21“)
=z [ XD ) (y1=myn(ix-yl<lxl2) [x =yl 1
+ su ;J‘ d—y (2 42)
o2 T2 J (1 an aiet/a< syl <2ix) Ly 1#4 '
d
+ sup J (;{zm )
Ix|=M/2 ) (lyl=M)n(Ix-y|221xl) [x = ¥l Ha
L s Log(31z|/M)
T MmN 2 2ma
which converges to zero as M — co. This ends the proof. O

Remark 2.14. Tt is obvious to see that for each ¢ € B*(R"), we have

km,n
| : P iy < Vo) (2.43)

(Ix+1)" " Jre (Jy] +1)

We precise in the following, some upper estimates on the m-potential of functions in
the class L (R")/(1+ | - |)*7*| - |*. Indeed, put for a nonnegative function a € L?(R") and
x e R"

I S e Ld_ 2.44
o ((1+|.|)“|.|a ) JW ’(xy)(Hlyl)HWy o

Then we have the following.

ProposITION 2.15. Let p > n/2m and A < 2m — n/p < p. Then there exists ¢ > 0 such that
for each nonnegative function a € LP(R") and x € R”", we have the following estimates

1 - .
WLOg(|X|+1)P/(P 1), If[,l-{-%:}’l
Wal(x) < c||al| (2.45)
’ : ifu+ L
(1 + |x|)(n—2m)A(y+n/p—2m) ’ P :
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Proof. Let p >n/2m and q = 1 such that 1/p +1/q = 1. Let a be a nonnegative function
in LP(R") and A < 2m — n/p < . Put ¢(x) = a(x)/(1+ |x|)*~*|x|*, then by the Holder
inequality, we have for each x € R”

dy 1/q
votor <y |
P “a”p< R |x—y|(”2’">f1(1+|y|)(”_mly|”> (246)

= llall, (1(x))".

Furthermore,
(i) if [x| < 1, we have by Lemma 2.12, that

I(x) < J dy ; +J dy
B(x2) lx — y[(=2ma| y|ah* © Jpe( oy [x — y|(1=2m)a| y |k

dy dy (2.47)
= (n—2myq |y | (n—2m+g)
B(x2) |x — y|(n=2m4| y|4 Be(0,2) |x — y|n=2mtuq
<1,

(i1) if |x| = 1, we have

I(x)ﬁj (d—)Z/) A +J- ((;{}2/)
(Iyl<1/2) [x = yl=2ma| y|Ad = )y 1= 1/2)n(1x—yI<lxl/2) |2 =y 172 ] y|ed

+J dy
(Iyl=1/2)n(xl/2<lx—yl<2lx]) |x = y|(=2ma| y|#a

+I dy
(Iylz1/2)n(lx—yl=2lxl) [x — y|(=2ma| y|#a

< 1 I dy 1 J 4y
x| =2 J(y1<172) 1y %109 J(1xmyi<ixi) |x — p|0=2m4

1 dy dy
e Tylea * i = y[(n-2mra
x| =24 J1/0<1y1<3020) [y 1#9 " J(1x-yis2ixly 1 — p|(n=2mtula

Log (|x|+1), ify+% =n

<L Jixgnm, ifut2<n
|X| (n—2m)q p
1 ifpu+ 2sn
b P .
(2.48)
By combining the above inequalities, we get the result. O

COROLLARY 2.16. The class of functions L®(R")/(1+ | - |)#=*| - |* is included in K, (R")
if and only if A < 2m < .
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Proof. “<” follows from Proposition 2.13.

“=” Suppose that the function ¢ defined on R" by ¢(x) = 1/(1+ lx)# x| is in
K, (R™). Then by Proposition 2.10, we have [;” r?"~'¢(r)dr < co. This implies that A <
2m < . ]

Remark 2.17. Let A < 2m <y and ¢(x) = 1/(1 +|x|)*~*|x|}, for x € R", then by simple
calculus, we obtain the following behaviour on the m-potential

1 .
WLog(lxl+l), 1fy=n
1

Veo(x) ~ . (2.49)
(o)
3. First existence result
In this section, we aim at proving Theorem 1.4. The following lemmas are useful.
LEmMA 3.1. Let ¢ be a nonnegative function in Ky, ,(R"). Then we have
[Volleo < atg < 2" |V . (3.1)

Proof. By (1.3) we obtain easily that a, < 2""?"||V¢||». On the other hand, by letting
|yl — oo in (1.24), we deduce from Fatou Lemma that | V¢, < . O

LEMMA 3.2. Let ¢ be a nonnegative function in K, ,(R"). Then for each x € R", we have

V((PGm,n('a}/))(x) = ‘xq)Gm,n(x))’)- (3.2)

Proof. The result holds by (1.24). O

In the sequel, let g be a nonnegative function in K, (R") such that a; < 1/2. For f €
MB*(R"), we will define the potential kernel V, f := V., 4 f as a solution for the perturbed
polyharmonic equation (1.9).

We put for x, y € R”,

> DR V@) (Gun (o) (), ifx#y
G (X, y) = 1 k=0 (3.3)
00, ifX:)/.

Then we have the following comparison result.

LEMMA 3.3. Let q be a nonnegative function in K, ,(R") such that ag < 1/2. Then for
X,y € R", we have

(1 - “q)Gm,n(xay) < Cgm,n(x)y) < Gm,n(x’)/)- (3.4)
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Proof. Since oy < 1/2, we deduce from (3.2), that

1 Gn(5,9)] =S () G, )

k=0

| (3.5)
= ?%Gm,n(x,y)
Furthermore, we have for x # y in R”
(gm,n(x)y) = Gm,n(x,y) - V(q(gm,n(':y))(x)) (36)
which together with (3.2), imply that
%q
(gm,n(x)y) = Gm,n(x)y) - licm,n(xay)
—ay
_ 1-24q (3.7)
T C o Gm,n(x7y)
> 0.
Hence the result follows from (3.6) and (3.2). O
Let us define the operator V,; on B*(R") by
Vaf ) = | e nf )y, xe R (3.8)
Then we obtain the following.
LEMMA 3.4. Let f € B*(R"). Then V, f satisfies the following resolvent equation
Vf=Vaf+Vo@V ) =Vef +V(qVyf). (3.9)

Proof. From the expression of 9, ,, we deduce that for f € B*(R") such that V f < oo,

Vof = X (-DN(V(g) V£ (3.10)

k>0

So we obtain that

V@V ) =S (=D(V(g) VgV ]

k=0
=—Z(—1)k(V(q-))ka (3.11)
k=1
=Vf-V,f.
The second equality holds by integrating (3.6). O

ProposrTION 3.5. Let f € Ll (R") such that V f € L}, (R"). Then V,f is a solution (in
the sense of distributions) of the perturbed polyharmonic equation (1.9).
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Proof. Using the resolvent equation (3.9), we have
Vof = VF=V(qVyf). (3.12)
Applying the operator (—A)™ on both sides of the above equality, we obtain that
(=A™ (Vaf) = f —qV4f (in the sense of distributions). (3.13)

This completes the proof. O
Now, we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. Let ¢ > 0. Then by (H,), there exists a nonnegative function q :=
g € Kj;; ,(R"), such that a; < 1/2 and for each x € R”, the map

t — t(q(x) — ¢(x,1)) is continuous and nondecreasing on [0,c], (3.14)
which implies in particular that for each x € R” and t € [0,¢],
0 < ¢(x,t) < q(x), (3.15)
Let
A={ueB"(R"): (1-ag)c<u<c} (3.16)
We define the operator T on A by
Tu(x):=c(1 - Vy(q)(x)) + Vo[ (g — @(-,u)) u] (x). (3.17)
First, we prove that A is invariant under T'. Indeed, for each u € A, we have
Tu < (1 - Vy(@)(x)) +cVy()(x) <. (3.18)
Moreover, from (3.15), (3.4) and Lemma 3.1 we deduce that for each u € A, we have
Tuz=c(l-Vy(q)(x) =c(1-V(g)(x) =c(1—-ay). (3.19)

Next, we prove that the operator T is nondecreasing on A. Indeed, let u,v € A such that
u < v, then from (3.14) we obtain that

Tv—Tu=V,([(q— 9(-,»)v] - [(q - p(-,1)ul) = 0. (3.20)

Now, consider the sequence (ux) defined by uy = (1 — ay)c and ugy1 = Tuy, for k € N,
Then since A is invariant under T, we obtain obviously that u; = Tuy > 1 and so from
the monotonicity of T, we have

Ug<uU3 <--+<uUg=<c (3.21)
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So from (3.14) and the dominated convergence theorem we deduce that the sequence
(ux) converges to a function u € A which satisfies

u=c(1-Vy(q)(x)) + Vgl (q— (- u)ul(x). (3.22)
That is
u—Vy(qu) = c(1-Vy(q)(x)) = Vy(ug(-,u)). (3.23)

Applying the operator (I + V(g-)) on both sides of the above equality and using (3.9) we
deduce that u satisfies

u=c—V(up(-,u)). (3.24)

Finally, we claim that u is a positive continuous solution for the Problem (1.6). To prove
the claim, we use Lemma 2.4. Indeed, since u ~ ¢ on R” and

0 <up(-,u) <cq, (3.25)

we deduce that either u and u¢(+,u) are in L} _(R").
Now, from (3.24) we can easily see that V(u¢(-,u)) € L}, (R"). Hence u satisfies (in
the sense of distributions) the elliptic differential equation

(=A)"u+up(-,u)=f inR" (3.26)

On the other hand, it follows from (3.25) that u¢(-,u) € M, and so by Proposition 2.8,
we obtain that V (ug(-,u)) is in Cj (R").
This implies by (3.24) that lim|y|— t(x) = ¢, which completes the proof. O

Remark 3.6. Let ¢ >0 and u be a solution of (1.8). Then we have by Theorem 1.4 that
for each x € R, 0 < u(x) < c. Let g be the nonnegative function in K7 ,(R") given in the
proof of Theorem 1.4. Then we deduce from (3.24) and (3.25), that

0 <c—u(x)=V(up(-,u))(x) <cV(g)(x). (3.27)

Example 3.7. Let p > n/2m and a be a nonnegative function in LP(R"). Let A < 2m — n/p <
p and «, B be two nonnegative constants.

Put g(x) = a(x)/(1+ |x|)#¥*|x|*. Then, for each ¢ > 0, the following polyharmonic
problem

(=2A)™u+Pu*'q =0, in R” (in the sense of distributions)
Iim u(x) =, (3.28)

|x|— 00

has a positive continuous solution satisfying ¢/2 < u(x) < ¢, provided that f is sufficiently
small.
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Moreover, by Remark 3.6 and Proposition 2.15, we have

1 - .
ey o+ DY, it =n
X
1

) (n—2m)A(u+n/p—2m)°

0<c—u(x)<cllall, (3.29)

if‘u+E #n.
(1+Ix] p

Remark 3.8. It is interesting to compare the asymptotics (3.29) with the results of Trubek
[10], for the case m = 1.

4. Second existence result

In this section, we aim at proving Theorem 1.5.

Proof of Theorem 1.5. Assuming (Hs3) and (Hy), we will use the Schauder fixed point the-
orem. From (1.14), there exists # > 0 such that

h(t) = mot, foreachte [0,7]. (4.1)

On the other hand, let a € (g, M)), then by (1.15), there exists p > 0 such that for t > p,
we have g(f) < at. Put § = sup,_,_,g(#). So we deduce that

0<g(t)<at+p, foreacht=0. (4.2)

By Remark 2.14, we note that there exists a constant «; > 0 such that

0 S ) ]
(1 + |x|)n—2m - Vq(x) (4 3)

Leta € (0,%) and b = max{a/a;, /(1 — «l|Vqll~)}. So we consider the closed convex set

a

A= {u € G, ot

)n_2m <u(x) <bVq(x), Vx e [Ri”}. (4.4)

Obviously by (4.3) we have that the set A is nonempty. Next we define the operator T on
A by

Tu(x) = JW G (%, 9) f (y,u(y))dy. (4.5)
Let us prove that TA C A. Let u € A, then by (4.2) we have
Tu(x) < JW G (%,9)9(y)g (u(y))dy

< JW Gn(%,y)q(y)[au(y) +pldy (4.6)

< (abllVqlle +B) Vg(x)
<bVq(x).
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Moreover, since h is nondecreasing, we deduce by (4.1) and (1.14) that

Tu(x) > JW Gunn (%) p(0)(u(y))dy

> | Gm,n<x,y>p<y>h(%)dy
R" )

(1+1yl
p(y)
> Gun(x,y)———-d .
zma [ Gt Py (47)
moakm,n J P()’)
> d
(1 1xl)" " Jao (1 1)
_ a
(1+|x|)n—2m'

On the other hand, by (1.13), we have that for each u € A

fl,u)<gblVylle)q. (4.8)

This implies by Proposition 2.8 that Tu € V(M,) C Co(R"). So TA C A.

Next, we prove the continuity of T in A. Let (1) be a sequence in A, which converges
uniformly to a function u € A. Then using (4.8) and (Hs), we deduce by Theorem 1.3
and the dominated convergence Theorem that for x € R”,

Tur(x) — Tu(x) ask — oo. (4.9)

Now, since TA C V(M,), we deduce by Proposition 2.8 that TA is relatively compact in
Co(R™), which implies that

||Tup — Tul|, — 0 ask — oo. (4.10)

Hence T is a compact map from A to itself. So the Schauder fixed point theorem leads to
the existence of u € A such that

u=V(f-u). (4.11)

Finally by (4.8) and Lemma 2.4, we conclude that y — f(y,u(y)) is in L} .(R"), which
together with (4.11) imply that u satisfies (in the sense of distributions) the elliptic dif-
ferential equation

(=2A)"u= f(-,u) inR" (4.12)

This ends the proof. O

Example 4.1. Let p be a nonnegative function in K3} ,(R") and 0 < a < 1. Then the fol-
lowing problem
(=2)"u+p(x)u*=0, xeR",

lim u(x) =0,

[x|—o0

(4.13)
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has a positive solution u € Cy(R") satisfying for each x € R”

1

<u(x) X Vp(x). (4.14)
(1+ x|

)n—2m

5. Third existence result
In this section, we aim at proving Theorem 1.6.

Proof of Theorem 1.6. Let ¢ >0 be the constant given by (H7) and ¢* = ¢ — [|V(g(+,¢)) |l -
Let § € (0,c*]. We will use the Schauder fixed point theorem, so we consider the closed
convex set

A={ue C(R"U{w}):0 <u(x) <c, Vx € R"} (5.1)
and we define the integral operator T on A by
Tu(x) =8+ V(f(-,u)(x). (5.2)

First, we prove that TA C A. Let u € A, then since f is a nonnegative function, we have
that Tu(x) = §, for each x € R”. Moreover by (Hg), we have for x € R",

Tu(x) <6+ V(g(-,u)(x) <c*+V(g(-,c))(x) <c (5.3)

Furthermore by (Hy), since for all u € A, f(-,u) € My ), then it follows from
Proposition 2.8 that V(f(-,u)) € Co(R") and more precisely TA is relatively compact
in C(R" U {oo}). Therefore TA C A.

Next, let us prove the continuity of T'in A. Let (1) be a sequence in A, which converges
uniformly to a function u € A. Since f is continuous with respect to the second variable,
we deduce by the dominated convergence theorem that for each x € R" U {0},

Tup(x) — Tu(x) ask — oo. (5.4)
Now, since T'A is relatively compact in C(R” U {o0} ), then
||Tup — Tul|, — 0 ask — . (5.5)
Finally the Schauder fixed point theorem implies the existence of u € A such that
ux)=0+V(f(-,u)(x), VxeR" (5.6)

Using (He), (H7) and Lemma 2.4, we deduce that the function y — f(y,u(y)) is in
Ll .(R™). So u satisfies (in the sense of distributions) the elliptic differential equation

(=2A)"u= f(-,u) inR". (5.7)

Moreover since V(f(+,u)) € Co(R"), then by (5.6) it follows that lim |~ u(x) = 8. This
ends the proof. O
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CoROLLARY 5.1. Assume that q(x,t) = p(x)g(t), where g is a nonnegative nondecreasing
measurable function and p is a nonnegative function in Ky, (R"). If the function g satisfies
either g(t) = o(t) as t — 0 or g(t) = o(t) as t — oo, then the problem (1.19) has a positive
solutionu € C(R* U {o0}).

Example 5.2. Among the equations of form (1.1), we have the Emden-Fowler equation
of order m

(=) "u+p(x)u*=0, a>0,xecR", n>2m, (5.8)

where p € K7 (R").
(i) For the sublinear (0 < a < 1) or the superlinear (« > 1) case, let ¢ > 0 such that

IVpllwe* < 1. (5.9)

Then applying Theorem 1.6, we deduce that for each & € (0,c(1 — ¢ 1| Vplle)), (5.8)
with & # 1 has a continuous positive solution u in R” with § < u(x) <¢, for all x € R"
and lim|y—o u(x) = 6.

(ii) For the linear case (a« = 1). If [ Vpll« < 1, then applying Theorem 1.6, we deduce
that for each ¢ >0 and 6 € (0,c(1 - [|Vpllw)), (5.8) has a continuous positive solution u
in R" with § < u(x) < ¢, for all x € R” and limy|— u(x) = 4.

Remark 5.3. We improve in this section the Yin’s result in [11]. Indeed, Yin proved in
particular the existence of bounded positive solutions for the Emden-Fowler equation

Au+px)u*=0, O0<a#1l,xe€R", n>3, (5.10)

provided that the function p satisfies

J?smax{p(x)}ds< 00, (5.11)

|x|=s
However by taking A > (n—1)/2 and

1

p(x) = p(x',x,) = (1+x§,)(1+27;11xi2))“ x eR", (5.12)
then we have
rl?lzi)s(p(x) = p(0,s) = e (5.13)

which implies that (5.11) is not satisfied. On the other hand, we have that p € L*(R") N
L'(R") € K;»,,(R™). This implies by Corollary 5.1 that the Emden-Fowler equation (5.8)
has a positive solution u € C(R” U {o0}), for each m > 1.
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