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We investigate some interesting properties of the g-Euler polynomials. The purpose of this paper
is to give some relationships between Bernstein and g-Euler polynomials, which are derived by the
p-adic integral representation of the Bernstein polynomials associated with g-Euler polynomials.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper Z,, Q,, and C, denote the ring of
p-adic integers, the field of p-adic numbers, and the field of p-adic completion of the algebraic
closure of Q,, respectively (see [1-15]). Let N be the set of natural numbers and Z, = NU {0}.
The normalized p-adic absolute value is defined by |p|, = 1/p. As an indeterminate, we
assume that g € C, with [1 - g|, < 1. Let UD(Z,) be the space of uniformly differentiable
function on Z,. For f € UD(Z,), the p-adic invariant integral on Z,, is defined by

pN-1
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(see [7-10]). For n € N, we can derive the following integral equation from (1.1):
(= 1-1
I1(fn) = (—1)"f f(x)dp-(x) + 22(—1)”’ “f, (1.2)
Zp 1=0

where f,(x) = f(x + n) (see [7-11]). As well-known definition, the Euler polynomials are
given by the generating function as follows:

2
et +1

e
t
et = pE@E _ ZEn(x)ﬁf (1.3)
n=0 :

(see [3, 5, 7-15]), with usual convention about replacing E"(x) by E,(x). In the special case
x =0, E,(0) = E, are called the nth Euler numbers. From (1.3), we can derive the following
recurrence formula for Euler numbers:

2 ifn=0,
Eo=1, (E+1)"+E,= (1.4)
0 ifn>0,

(see [12]), with usual convention about replacing E" by E,. By the definitions of Euler
numbers and polynomials, we get

E.(x) = (E+x)" = i <7> x"E, (1.5)

1=0

(see [3, 5, 7-15]). Let C[0, 1] denote the set of continuous functions on [0, 1]. For f € C[0,1],
Bernstein introduced the following well-known linear positive operator in the field of real
numbers R:

B (f | %) - %f(%) <:>xk(1 -k éf(S)Bk,n(x), (16)

where ({)=n(n-1)---(n—k+1)/k! =n!/k!(n—-k)! (see [1,2,7,11,12, 14]). Here, B, (f | x)
is called the Bernstein operator of order n for f. For k,n € Z., the Bernstein polynomials of
degree n are defined by

Bin(x) = <:> x*(1-x)"*,  for x €[0,1]. (1.7)

In this paper, we study the properties of g-Euler numbers and polynomials. From these
properties, we investigate some identities on the g-Euler numbers and polynomials. Finally,
we give some relationships between Bernstein and g-Euler polynomials, which are derived
by the p-adic integral representation of the Bernstein polynomials associated with g-Euler
polynomials.
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2. g-Euler Numbers and Polynomials

In this section, we assume that g € C, with |1 -4|, < 1. Let f(x) = g*¢™. From (1.1) and (1.2),

we have

2
fzpf(x)dﬂl(x) = W-

Now, we define the g-Euler numbers as follows:

ge+1 ¢ q :ZE"’qE'

n=0

with the usual convention about replacing Ef by E, 4.
By (2.2), we easily get

2 2 ifn=0,

E,. =
O,q q+1/

q(Eq+1)" +Enq = {

0 ifn>0,

with usual convention about replacing Ej by E, 4.
We note that

2 2 2 2 & Y
qef+1_ef+q*1'1+q_1+q§)H"<_q >E’

where H,,(-g7!) is the nth Frobenius-Euler numbers.
From (2.1), (2.2), and (2.4), we have

f qxe’ddy,l(x) =Euq= iHn <—q*1>, forneZ,.
ZP

1+¢g

Now, we consider the g-Euler polynomials as follows:

2
get +1

f R t"
ex =e q(X :ZOEnlq(x)m,
n=

with the usual convention Ej (x) by Ej 4(x).
From (1.2), (2.1), and (2.6), we get

2

[ee) tn

x (x+y)t _ xt _ -

IZ q e Y d‘l/l_l (y) = —qet n 13 = Z()En,q(x) n'
p n=

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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By comparing the coefficients on the both sides of (2.6) and (2.7), we get the following Witt’s
formula for the g-Euler polynomials as follows:

[ o9t == 3} ) 28)
1=0

ZP
From (2.6) and (2.8), we can derive the following equation:

29 - 2 a_N nt
qet + 16 = 1+ q_le_te = ZEn,q’l (x)(_l) E (29)
n=0 .

By (2.6) and (2.9), we obtain the following reflection symmetric property for the g-Euler
polynomials.

Theorem 2.1. For n € Z., one has

(=1)"Eyp g1 (x) = gEnq(1 - x). (2.10)

From (2.5), (2.6), (2.7), and (2.8), we can derive the following equation: for n € N,

Enq(2) = (E;+1+1)" = i(’:) Eiq4(1)

1=0

12 /n 2 1y /n
:E,+_ El/(1)=——— <>El,
" q§<l>q T Tg q; 1)

2 2 18, /n
-2, 2 1 E

1+q q(1+q) ‘1%(1) !
1
P

(2.11)

1
7

+

qEn,q(l) = En,qr

<N
ESE NS

by using recurrence formula (2.3). Therefore, we obtain the following theorem.

Theorem 2.2. For n € N, one has

1
qEn,q(z) =2+ aEn,q- (2.12)
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By using (2.5) and (2.8), we get

[ ara-wrau@ = o[ g1
z, z,
, \ 2 1
= (1) Ep g (-1) = qup (x +2)"dp_y (x) = q(a + ?EM> (2.13)

:2+1E"’q:2+1f x"g*du_1(x), forn>0.
q q)z

P

Therefore, we obtain the following theorem.

Theorem 2.3. For n € N, one has

f g (1 - )" (x) =2+ 1 f i (). (2.14)
Z, q

Zyp

By using Theorem 2.3, we will study for the p-adic integral representation on Zj, of the
Bernstein polynomials associated with g-Euler polynomials in Section 3.

3. Bernstein Polynomials Associated with
g-Euler Numbers and Polynomials

Now, we take the p-adic integral on Z,, for the Bernstein polynomials in (1.7) as follows:

J‘ Bk,n(x)qxd//tq (x) = f <Tl> xk(l _ x)n—kqxd!/Ll (x)
Zp z, \k
< > < >(—1>""“ff X" g dp (%)
ZP
-k
QB e
7=0
n\ =k /n— )
< > < >(_1)]Ek+]‘,q, where n,k € Z,.
j=0

By the definition of Bernstein polynomials, we see that

(3.1)

N

:

Bk n(x) = By—kn(1 —x), where n,k € Z,. (3.2)
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Let n, k € Z, with n > k. Then, by (3.2), we get

[ 0 Beaa@ = [ Bia1 - 00
z, z,

_ < n > k <k> (_1)](7]“[ (1_x)n7jqxd‘u 1(x)
n-k/5\j z, l

— n g k _1\k-j n-j _x

-(D)2()) e (2], o)

(3.3)
n\ & /k e
= Z C)JEDT (2 gEn-jq1
k/ iz \Jj
2+qE, 41 if k=0,
= n k [k i
a>, (-1)TE,_j - if k>0.
k/ j=0\7j
Thus, we obtain the following theorem.
Theorem 3.1. For n, k € Z, with n > k, one has
2q+E,, ifk=0,
[ aBamdia =1 /a\ & /K (G4
Zy D (-1)*TE, ;g ifk>0.
k /=0 \j

By (3.1) and Theorem 3.1, we get the following corollary.

Corollary 3.2. For n, k € Z., with n > k, one has

1
2+6En,q ifk=0,

—k .
<11 . >(_1)]Ek+j,q1 =3 « /k q (3.5)
] Z( > (—1)“]515,1,,-,,1 if k> 0.

=0\ J

|
=~

n
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For m,n, k € Z, with m + n > 2k. Then, we get

J. Bk,n (x) Bk,m (x) ‘Tx d#—l (x)

ZP
n m\ 2k /2k . |
= _1\j+2k N T
<k><k>;§‘<1>( R A
2k /2k _ '
i <:> <1’1<1> Z( j > 1)"™q f 5 (x +2)"" g% dpq(x)
j=0 ,

(3.6)
n m\ 2k /2k )
QOB rdis
k k j=0 \ J q 4
1 .
2+ —Enimyg if k=0,
q
- n m\ 2k /2k .
> (—1)J+2k115n+m_]-,q if k > 0.
k k/i=o\ j q
Therefore, we obtain the following theorem.
Theorem 3.3. For m,n, k € Z, withm + n > 2k, one has
24+ Enimyg ifk=0,
f Bion () Bem (x)q' ™ dp1(x) = 3 /0 \ /m\ 2 /2k .
Zp > (1) Epmiq  if k> 0.
k k/j=o\ j
(3.7)
By using binomial theorem, for m, n, k € Z., we get
f Bk,n(x)Bk,m(x)ql‘xd H-1(x) (3.8)
ZP
n\ /m\ rm2k <n +m - 2k> . .
- )y T [ o o
<k> <k> j=0 ] Z,
(3.9)

<n> <m> n+§2k <n +m— 2k> (C1)E
=4 . - j+2k,q7! -
k)\k) & j j+2k,q

By comparing the coefficients on the both sides of (3.8) and Theorem 3.3, we obtain the
following corollary.
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Corollary 3.4. Let m,n, k € Z, with m +n > 2k. Then, we get

2+ lEer,q ifk=0,
mm=2k /'y +m -2k . q
> . (-1YEjiakg1 = 12k /2k : (3.10)
j=0 ] =3 . (-1 Epimiq if k> 0.
T30\ j

ForseN, letny, ny,...,ns k € Z, with ny + np + - - - + ng > sk. By induction, we get

f Biow (%) -+ Biow, () *dpi1 (x)

ZP
M +tng—sk _—x
>>f X1 =) G dp (x)
k)) )z,
sk sk i ‘
RIS ”f (1= )™ gy (x)
. i Z,
n; sk [sk . _
>> < , >(—1)Sk+fq f (x +2)" T g d () (3.11)
k j=0 ] Zy
sk /sk /201
. (_1)Sk+lq<_ + _En1+~-~+ns—', >
>>7=0<J > a g A

1
2+ aﬁnﬁ...w if k=0,

s [ n; 1.3k [ sk i
11 - (-1 Epinjq if k>0.
i1 \ k 150\ j

Therefore, we obtain the following theorem.

Theorem 3.5. Let s € N. For ny,ny, ..., ns, k € Z, with ny + np + - - - + ng > sk, one has

2q + En1+n2+-~-+ns,q Zf k=0,
f <HBk,ni(x)>ql_xd#—l(x) = s [n sk [ sk ,
Zp \i=1 H Z ) (_]-)Sk+]En1+n2+~-~+ns—j,q 1f k>0.
i=1 \ k =0\ J

(3.12)
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For ny,ny,...,ns, k € Z, by binomial theorem, we get

fz <HBk,n,~<x>>q'Xdy_1<x>
P i=1

m ns\ Mk Sy 4+ g — sk . .
= < > ( > Z < ) >(—1)1f x]+skq—xd‘u_1 (x) (3.13)
k k =0 j z,
m ng ny+-+ng—sk nm+-+ng— Sk> )
_ . _ (~1) Ejree .
< k > < k > ;Z;‘ < j Y

By using (3.13) and Theorem 3.5, we obtain the following corollary.

Corollary 3.6. Let s € N. For ny, ny, ..., ns, k € Z, with ny + np + - - - + ng > sk, one has

1 .
2+ _En1+n2+~-~+ns,q lf k=0,
mtedns=sk fy 4.+ g — sk . q

Z . (_1)]Ej+sk,q’1 = 1 sk [/ sk )
j=0 ] —Z (—1)Sk+]En1+n2+~-~+ns—j,q lf k> 0.

T\ j

(3.14)
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