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Recently, Kim (2011) has introduced the g-Bernoulli numbers with weight a. In this paper, we
consider the g-Bernoulli numbers and polynomials with weight a = 0 and give p-adic g-integral
representation of Bernstein polynomials associated with g-Bernoulli numbers and polynomials
with weight 0. From these integral representation on Z,, we derive some interesting identities on
the g-Bernoulli numbers and polynomials with weight 0.

1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q,, and C, will denote the ring
of p-adic integers, the field of p-adic rational numbers, and the completion of the algebraic
closure of Q,, respectively. Let N be the set of natural numbers and Z, = NU {0}.

Let | - |, be a p-adic norm with |x|, = p™, where x = p"s/tand (p,s) = (p,t) = (s,t) =1,
r € Q. In this paper, we assume that g € C, with |1 — g, < p~"/#1 so that g* = exp(xlogg),
and [x], = (1-¢)/(1 - q).

Let UD(Z,) be the space of uniformly differentiable functions on Z,. For f € UD(Zy,),
the p-adic g-integral on Z, is defined by Kim as follows:

pN-1

I,(f) :j f(x)dpg(x) = lim Zf(x)‘uq<x+pNZp)
Zp N—>oox=0 (1 1)

1 P
= lim —= > f(x)q",

N—oo [pN]q x=0

(see [1-5]). For n € N, let f,(x) = f(x + n). From (1.1), we note that

n-1 _1n-1
9"y (fa) = 1y(f) = (@-1) 24 F ) + ?O—lzrff’(l), (12)
1=0 &q 1=0
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where f'(I) = df (x)/dx|__,, (see [3, 6, 7]). In the special case, n = 1, we get

x=l’

_ q- 1 ’
q fZP £+ 1)dpg(x) — IZ,, F@uy () = (= DFO) + 2 0 13)

Throughout this paper, we assume that a € Q.
The g-Bernoulli numbers with weight a are defined by Kim [8] as follows:

2 ifn=1,

B =1, a(a"By +1)" - = 9 (1.4)
0 ifn>1,

with the usual convention about replacing (ﬁ(“)) with ﬁﬁ,“; From (1.4), we can derive the
following equation:

Sa) _ 1 L n T al+1
" (1—q)”[a]z§<l>( Vg,

(1.5)
= g il + (1-4) D"
[a]qm:() m=0
By (1.1), (1.4), and (1.5), we get
~(a) n L l al +1
o = x]oadpy (x —. 1.6
R e e o
The g-Bernoulli polynomials with weight a are defined by
~(@) n (T atxpoqn-i @
PraC) = | Ix+ylpdug(v) = 2( | )a™ =15 Ay (1.7)
P 1=0
By (1.6) and (1.7), we easily see that
(ﬂ) YL I _alx al+1
—_— -1 —_— 1.8
Pia = ) ZZ< >( T G (18)

Let C(Z,) be the set of continuous functions on Z,. For f € C(Z,), the p-adic analogue
of Bernstein operator of order # for f is given by

Bua(f 1) = 32 (5 )Brat0 = 327 (3) <:> (10, 19)
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where n,k € Z, (see [1, 9, 10]). For n, k € Z., the p-adic Bernstein polynomials of degree n
are defined by By ,,(x) = (})x*(1 - x)”_k for x € Zy, (see [1, 10, 11]).

In this paper, we consider Bernstein polynomials to express the p-adic g-integral on
Z, and investigate some interesting identities of Bernstein polynomials associated with the
g-Bernoulli numbers and polynomials with weight 0 by using the expression of p-adic g-
integral on Z, of these polynomials.

2. g-Bernoulli Numbers with Weight 0 and Bernstein Polynomials

In the special case, a = 0, the g-Bernoulli numbers with weight 0 will be denoted by ﬁfl(); = ﬁn,q.
From (1.4), (1.5), and (1.6), we note that

o n o o
Zﬁn,q_ = Zf x"dpg(x)— = j EXtdﬂq(x)
=0 Tl' =0 Zp n' 7

P

(2.1)
B <q—1><t+logq>
“\logg/\ get-1 /"
It is easy to show that
t+logg t [1-q" +logq 1-g7!
get-1 g-1\e'—g! g-1\et-qg!
t & N\ logg & N
- - H, - 2.2
q—1nZ=OH"<‘7 >n!+q—lnz=0 (a) @2)
1 & N\ t" logg & o\ "
——q_lénH;H(q >a+q_1nz:0Hn<q >E'
where H,,(q7!) are the nth Frobenius-Euler numbers.
By (2.1) and (2.2), we get
1 ifn=0,
Bug = n ) (2.3)
! @Hn_l (g7Y) +Hu(q') ifn>o0.
Therefore, we obtain the following theorem.
Theorem 2.1. For n € Z.., we have
1 ifn=0,
Praq = n (2.4)

logg (@) + Hu(a™) ifn>0,

where H,(q~') are the nth Frobenius-Euler numbers.
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From (1.5), (1.6), and (1.7), we have

_ o 17" ifn=1,
Pog=1, q(ﬁq + 1) —Bngq = 4 10849 (2.5)
0 ifn>1,

with the usual convention about replacing (ﬁq)” with ﬁn,q- By (1.7), the nth g-Bernoulli
polynomials with weight 0 are given by

~ n " /n 15
frat) = [ o) =37 ) 26)
Zp =0 !
From (2.6), we can derive the following function equation:

g-1 t+logq) o S "
<10gq>< qe =1 )" _nzzoﬁ"’q(x)n!' 2.7)

Thus, by (2.7), we get that
En,q’l(l -x) = (—1)"ﬁnlq(x), forneZ,. (2.8)

By the definition of p-adic g-integral on Z,, we see that
[ - = 0" om0 = (1)1, 29)
z, z,

Therefore, by (2.8) and (2.9), we obtain the following theorem.

Theorem 2.2. For n € Z.., we have
(=1)"Bug(x) = Brg (1 - ). (2.10)

In particular, x = -1, we get
f (1= ) "dug(y) = (-1)"Bug(=1) = Prg (2). (2.11)
ZP
From (2.5), we can derive the following equation:
2, Q) = ng =t g f., if n>1 2.12)
q nq q qugq q nqrs . .

Therefore, by (2.12), we obtain the following theorem.
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Theorem 2.3. For n € N withn > 1, we have

oy t(a-1y 1 14
pn,,,(z)_1+q<logq> q+q2ﬂ”"7' (2.13)

Taking the p-adic g-integral on Z, for one Bernstein polynomials in (1.9), we get

[ B - (Z)f (1= %) djty ()

z, z,

n-k —k

= <Z> Z <n ; > 1) jz xk”dyq(x) (2.14)
1=0 p
nk /n—k _

= (:)% <n : >(_1)lﬁk+l,‘1‘

From the symmetry of Bernstein polynomials, we note that

[ Badig@ = [ Buialt = 0
Z

4 ZP

N (2.15)
- ()2 () e fa-xrtdp o
k) G\
ZP
Let n > k + 1. Then, by Theorem 2.3 and (2.15), we get
n\ & [k n-1/qg'-1 o~
Bion(x)djtg (x) = D1 — ~ 4+ G Putg
Izp kg k ,z(; I 77\ Togg ) 1T TPt
( -1 -
1+n<?0gq>—q+q2ﬁn,ql if k=0,
(2.16)

1- . . .
iy n<10g2> +ng*Pugr + g P if k=1,

" Sk K+l
7, D) B ifk> 1L
[ \k =0 \ !

By comparing the coefficients on the both sides of (2.14) and (2.16), we obtain the
following theorem.
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Theorem 2.4. For n, k € Z, withn > k + 1, we have

n=l/p—1 ~ 1- ~ -
1! _ 1. 28 . +2 .
1=0 < I >( 1) ﬂ1+l,q = logq + q ﬂn,q + q ﬁn—l,q s

(2.17)
nk /n—k - k /k -
< >(—1)’ﬁk+,,q - q2z< >(—1)k+’ﬁn_,,q-1, if k>1.
=\ ! =0 \!
In particular, when k = 0, we have
i<n>( Dy =1+n 11— g4 qB (218)
- lg = n——m-— gl .
S\ '7 logq 179 Fra
Letm,n, k € Z, with m + n > 2k + 1. Then we see that
f B () B (X)djtg ()
ZP
n m 2k n+m-2k
= x(1-x du,(x
(k><k>jzp (1= 2"y (x)
n m\ 2k /2k
- -1 l+2kI 1-x n+m—ld x
<k><k>l=0<l>( : Zp( : #q( :
(2.19)

AYEASSIEL 2k YARAY 0
<k><k>§<l>(l) (1 (n+m l)<logq> q+qﬂn+mfz,qfl>

-1 -
1+ (n+m)<q ) — 4+ G Primg if k=0,

n m 2k [ 2k L2k
i 7>, l (1) Bramor g1 if k> 0.
1=0

For m,n, k € Z,, we have

fZ Bien (%) Bl (%) dljtg (x) = (") <m> J ) (1= 2y (3

_[n m\ "2k /n+m -2k N .

= <k> <k> % < l >( 1) fzp x*dpg(x)  (2.20)
n\ /m\mm2k /n+m -2k .

T

P
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By comparing the coefficients on the both sides of (2.19) and (2.20), we obtain the
following theorem.

Theorem 2.5. For m,n, k € Z, with m + n > 2k + 1, we have

n+m + - B 1 ~
) <n 1m> (-1)'Brg=1+(n+ m)@oE) g P oo
1=0

In particular, when k # 0, we have

nim-2k /[y +m -2k ~ 2k /2k ~
> < l > (-1)'Brokg =", < l > (1) Brim-tg- (2.22)
1=0

1=0

Fors € N, let k,ny,...,ns € Z, with ny + n, + --- + ng > sk + 1. By the same method
above, we get

r1+<zs ><q_1> N 25 fk 0
i - g+, i =0,
- i=1 logg "4 q
J‘ <HBk,ni(x)>d[/£q(x) =3 ) )
oA s [ s s -
<[ I<k > > T2 < ! > D" Prsrsnagt i k>0
i=1 =

(2.23)

From the binomial theorem, we note that

s s i 1+ +ns—sk .- k -
j (HBk,nxx))duq(x): <H<">> > <"1+ T ><—1>lﬂ1+sk,q. (2.24)
Zp \ i=1 i-1 \ k 1=0 l

By comparing the coefficients on the both sides of (2.23) and (2.24), we obtain the
following theorem.

Theorem 2.6. For s € N, let k,ny,...,ns € Z, withny + np + --- + ng > sk + 1. Then, we have

Ny+-+ng n 4+ oo+ g - s _ 1 -
Z < l >(—1)1ﬂ1,q =1+ (Z"i> (q_) -q+ qzﬂnﬁ...mwfl. (2.25)
i=1

= logq

In particular, when k # 0, we have

mtins=sk /4.4 g — sk ~ sk /sk sk
D ( z > (-D)'Preskq = 4° < z > (D" Brrinrqr. (226)
1=0

1=0
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