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This paper addresses the max-type difference equation x,, = max{ f,/x;_, B/ xﬁ,m }, n € Ny, where
k,meN, B >0, and (fu),ey, is a positive sequence with a finite limit. We prove that every positive

solution to the equation converges to max{ (lim,_ fn)l/ (@1 B1/(F+D} ynder some conditions.
Explicit positive solutions to two particular cases are also presented.

1. Introduction

The study of difference equations, which usually depicts the evolution of certain phenomena
over the course of time, has a long history. Many experts recently pay some attention to so-
called max-type difference equations which stem from certain models in control theory, see,
for example, [1-23] and the references therein.

The study of the following family of max-type difference equations

X! x2 X7k

0 1) n—-p1 2) “"n—p2 k) “"n—pk
xnzmax{Bfl),Bfl) iy R N K i } n e Ny, (1.1)

n=qu x”—qz Xr—gi

where p;,gi € Nsuchthat1 < p; < - <pr, 1 <q1 <+ < g, 1i,5i € Ry, k € Nand
Bﬁ,l ) (i=0,1,..., k) are real sequences, was proposed by S. Stevi¢ at numerous conferences, for
example, [10, 11]. For some results in this direction, see [1, 2, 4, 12-23].
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In the beginning of the investigation the following equation was studied:

1) (2) (k)

A A A

X, =max{ ——,—2—,..., =/}, neN,, (1.2)
Xn-1 Xp-2 Xn-k

where k € N, (AY ))neN ,» 1=1,..., k are real sequences and the initial values are nonzero (see,
e.g., [3,5,6,9] and the related references therein).
In [22], Sun studied the second-order difference equation

A B
Xy, =max{a—,ﬂ—}, n € Ny, (1.3)
2

with a,f € (0,1),A,B > 0, and proved that each positive solution to (1.3) converges to
the equilibrium point max{A/@*D BY#+1)} by considering several subcases. However, the
method used there is a bit complicated and difficult for extending. Hence in [14] Stevi¢
extended this, as well as the main result in [13], by presenting a more concise and elegant
proof of the next theorem.

Theorem 1.1 (see [14, Theorem 1]). Every positive solution to the difference equation

A A Ak
Xy = max{ T Th e , néeN, (1.4)
xn—m n-pa xnfpk

where p;,i = 1,...,k are natural numbers such that 1 < p; < --- <px, k € Nand A; >0, a; €
Al/(uﬁ-l)}

(-1,1), i=1,...,k, converges to maxi<j<k { A;

Definition 1.2. Let F : Ny x R — R be a function of k + 1 variables, then the difference
equation

X, =F(m,xp-1,...,%0-k), mn€Np, (1.5)

is called nonautonomous or time variant.

Note that the following nonautonomous difference equation

AD A 40
xn:max{a—rj,a—z,...,  (, neN, (1.6)
n-1 xn—Z xnfl

wherel € N, a; € R,and (A,(f))neNO,i =1,...,larereal sequences (not all constant), is a natural
generalization of (1.2), (1.3), and (1.4). It is a special case of (1.1) of particular interest.

The aforementioned works are mainly devoted to the study of (1.6) with constant or
periodic numerators.
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This paper is devoted to the study of the following nonautonomous max-type
difference equation with two delays:

B
Xy, :max{ {n ’ﬂ_}’ n € Ny, (1.7)
Xn-k Xo—m

where k,m € N, a, p € R are fixed and (fy),cy, is a positive sequence with a finite
limit. Inspired by the methods and proofs of the above-mentioned papers, here we try
to find some sufficient conditions such that every positive solution to (1.7) converges to
max{ (limy, o, )"/ @V, BV (1)},

This paper proceeds as follows. Several useful lemmas are given in Section 2. In
Section 3 we establish three main results about the global attractivity of (1.7) under some
conditions. Finally motivated by a recent theorem in [21], explicit solutions to two particular
cases of (1.7) are presented in Section 4.

2. Auxiliary Results

To establish the main results in Section 3, here we present several lemmas. First we extend
Lemma 2.4 in [21] by proving the following result.

Lemma 2.1. Consider the nonautonomous difference equation
zy = min{Cy(n) - a1(n)zy-1, ..., Cx(n) — ax(n)zy—k}, n €Ny, (2.1)

where k € Nand a;j(n),Ci(n), i =1,2,...,k are sequences. If C;(n)s are nonnegative sequences and
there always exists ip € {1,2,...,k} such that C; (n) = 0 for each fixed n € Ny, then

|zn| < max{lai (n)[|zn1| = C1(n), ..., lak(M)||znk| = Ck(n)}, 71 € No. (2.2)

Proof. Suppose that n € Ny is fixed, and denote by S C {1,...,k} the set of all indices for
which the terms in (2.1) are negative.

If S = @, which means all terms in the right-hand side of (2.1) are nonnegative, then
apparently

0 <z, £ —a;, (n)zpi, (2.3)
which implies
|1Zal < laiy(M)]|Zni| = Ciy (m). (2.4)

Otherwise, S# @, which means that there exist indices such that the corresponding
terms in (2.1) are negative, then we derive

Zy = r%isn{Cj(n) —aj(n)z,j} <0. (2.5)
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Since a;(n)z,-; must be positive for j € S, it follows from (2.5) that

|zn| = rg_leasx{aj(n)zn_j -Cij(n)} = I%ASX{ |aj(n)||zn-j| — Cj(n)}. (2.6)
Inequality (2.2) follows easily from (2.4) and (2.6). O

The following lemma is widely used in the literature.
Lemma 2.2 (see [24]). Let (a,),ey be a sequence of nonnegative numbers which satisfies the ine-
quality
Anek < qMax{@nik-1, Ansk-2,---,an}, for n €N, (2.7)
where q > 0 and k € N are fixed. Then there exists an M > 0 such that

an <M(3/q)", neN, (2.8)

which implies a, — 0asn — wif0<g<1
Lemma 2.3. Assume that (x,),s_y is a sequence of nonnegative numbers satisfying the difference
inequality

xp <max{yix,-1 —di(n),..., Yixpk —di(n)}, neN, (2.9)
where k € N,y; € [0,1), and di(n), i =1,..., k are nonnegative sequences. If there exists at least one
positive y;, then the sequence x,, converges to zero as n — oo.

Proof. This lemma follows directly from Lemma 2.2 since

xp <max{y1x,-1 —di(n),..., YixXnk — di(n)}
(2.10)

<max{y1Xp_1,..., YkXn-k} < ymax{X,-1,..., Xn-k},

where 0 <y =max{y1,y2,..., ¥k} <L O

Remark 2.4. If in Lemma 2.3, we assume y; = 0,1 = 1,...,k, then the statement also holds,
since in this case, if such a sequence exists, then the solution must be trivial, that is, x,, = 0,
n € Ny (for some results on the existence of nontrivial solutions, see, e.g., [25-27] and the
references therein).

Through some simple calculations, we have the following result.

Lemma 2.5. Every positive solution (x,),-_, to the first-order difference equation

xp = AV, )V, neN, (2.11)
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with A >0, w >0, x_1 >0, has the form
xp = ATV (VO e N, (2.12)

Note that Lemma 2.5 leads to the following corollary.

Corollary 2.6. Each positive solution (Zy),_y to the k th-order difference equation
Zn=A"VZ, VY, neN, (2.13)

where A >0, w >0, k € Nand the initial values Z_1, ..., Z_i are positive, has the following form:

n/k]+1

[
(Zoty)'" ", m>0, (2.14)

)[n/k]+1

Zn — Al—(l/w

where [-] represents the integer part function and p(n, k) =n—k - [n/k].

Remark 2.7. By Corollary 2.6 we have that for any positive solution (Z,),_, to (2.13) the
following three statements hold true if w > 1:

(1) im, . Zy = A;

(2) if Z; < Aforevery i € {~k,...,~1}, then the subsequences (Zjx;) j>0 are all strictly
increasing;

(3) if Z; > A for every i € {~k,...,~1}, then the subsequences (Zk;) j>0 are all strictly
decreasing.

3. Main Results

In this section, we prove the main results of this paper, which concern the global attractivity
of positive solutions to (1.7) under some conditions. In the sequel, we assume that there is a
finite limit of the positive sequence (f) ey, in (1.7).

Theorem 3.1. Consider (1.7), where (fy) ,en, is @ positive monotone sequence with finite limit A > 0.
Iflal <1, |l <1, B> APV @) then every positive solution to (1.7) converges to BY (P+1,

Proof. By the change x,, = y,B#*Y, (1.7) is transformed into

» = max Ca , L , mneNy, (3.1)
y a ]
y”_k Yo-m

with C,, = f,./ B@D/(F+1) 4 e N,. Note that the sequence (Cn)neNO is also monotone and
limy, s Cp = A/B@ /() < 1,

According to the assumption the sequence (f,),cy, is nondecreasing or nonincreasing.
If (fn) nen, i nonincreasing, then for some fixed ¢ € (0, BE““)/ (B+1) — A), there exists a natural
number N such that for every n > N we have f,, — A < ¢, which implies

0<C,<1, n>N. (3.2)
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On the other hand, if (f),cy, is nondecreasing then obviously C, < 1 for each n € Ny,
hence (3.2) also holds for this case.
Let D € (0,1) be fixed. Employing the transformation y,, = D*, (3.1) becomes

Cy 1
DDCZ'I*k / Dﬂzn—m

D = max{ }, n € Ny, (3.3)

which implies
zn = minf{log,Cy — aZp—k, ~Pzn-m}, 1€ Ny. (3.4)
Note that log,C,, > 0 for all n > N. From this and by Lemma 2.1 we get

120l < max{|allza_k| ~ 108, Cus |B|lznml}, 1> N. (35)

When both a and j are zero, it is clear that z, is always zero for n > N. Otherwise, it follows
from Lemma 2.3 that lim,, -, ;|z,| = 0, which implies

lim z, = 0. (3.6)

n— oo

Finally, from the above two transformations we get

lim x,, = BY#*D lim y,, = BY/ #*D plimi-cz: - gl/(F+1), (3.7)
n—oo n— oo
The proof is complete. O

Theorem 3.2. Consider (1.7). Let (fy),>_x be a positive solution to (2.13) such that f; < A (or
fi>A),i=-k,...,—-1, and denote

Infym—InA
el A ) o

Fw>1,0<aw<1, |BIT <1, B< APD/ @) then every positive solution to (1.7) converges to
Al/(a+1).

Proof. Employing the transformation x, = y, A/ @1, (1.7) becomes

Yn = maX{ —(i" L } n €N, (3.9)
yn—k yﬁ—m

where C, = f,/A, n € Ngand A = B/AF+D/ (@),
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Then by the change v, = C,", (3.9) is transformed into

Cﬁ"=max{%/%}r n > max{k, m}.
Cok Chin

In the sequel, we proceed by considering two cases.

Casel. Let fi< A, i=—-k,...,-1.
By Remark 2.7, we have 0 < C,, < 1, n € Ny. From (3.10) we get

Zn = min{ 1- a(logcn Cn,k>zn,k,logcn)t - ﬂ(logcn Cn,m)zn,m}

= min{ 1-awz,_x, 10gcn)u - ﬂ<logCnCn_m>zn_m },
for n > max{k, m}. By the change z,, = g, + 1/(aw + 1), (3.11) becomes
n = min{—awgn_k,Tn - ﬁ(logCnCn_m>gn_m}, n > max{k, m},

where

Ploge Cpom +1

Tn=loge A== 077

Claim 1. There exists an integer M > 0 such that T;, > 0 for every n > M.

Proof. Since f, = AC,, we easily have that

|Pllogc, Com < Iﬁlsgp{logc,cf—m} =|plr <1, nzm
j>m

Hence

ﬂlogcn Chpom+1
< _—

0
aw +1

<2, n>m.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

On the other hand, fore = A(1- \/X), there exists an M > 0 such that for each n > M we have

fn>A—-€= AV/A, which along with the fact C, € (0,1), n € Ny, implies that

logc A>2, n>M.

The claim follows directly from (3.15) and (3.16), as desired.

(3.16)

O
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Next, from Lemma 2.1 and (3.12) it follows that

|8| < max{aw|gu«], B(10gc, Com ) |gn-m| - T}

(3.17)
< max{aw|gn—k|, PU|gn-m| — Tu}, n >max{k,m, M}.
From (3.17) and by Lemma 2.3, we derive lim, _, .,|g»| = 0. Hence
lim Iny, = lim (z,InC,) = lim z, - ln< lim Cn> = 1 -In1=0, (3.18)
and consequently
lim x,, = AY* lim y,, = A" (3.19)
Case2. Let fi > A, i=—-k,...,-1.
By Remark 2.7, we have C,, > 1, n € Ny, and (3.10) is transformed into
Zy = max{ 1- a(logcn Cn,k>zn,k, logcn)u - ﬂ(logcn C,Hn)zn,m}
(3.20)
= max{ 1-awz,_x, 1Ogc,,)‘ - ﬂ(logcn Cn_m>zn_m },
for all n > max{k, m}. Then employing the following change
Zn=—8n+ PR (3.21)
(3.20) is transformed into
Qn = min{—awgn_k,Tn - ﬂ(logC"Cn_m>gn_m }, n > max{k,m}, (3.22)

where T, = —logcn)L + (ﬁlogcn Cu-m+1)/(aw+1). In this case, T,, > 0 obviously holds. The rest
of the proof is similar to that of Case 1 so is omitted.

O
To illustrate Theorem 3.2, we present the following example.
Example 3.3. Consider the difference equation
B
X, = max{ f r5— } n e Ny, (3.23)
Xn-1 Xy-m

where B> 0, m >2,and f, = Ag"/“"", w>1, A,g>0, g#1, neN,.
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By Theorem 3.2 and through some calculations, we obtain

Infym-InA w"*! ”
Pl A | i‘;}i’{ o } e o

Hence if 0 < a < 1/w, |B| < 1/w™, B < APD/(@+D then every positive solution to (3.23)
converges to A/(@*1),

Theorem 3.4. Consider (1.7). If (fy) e, is an increasing sequence converging to A, |al, || < 1 and
B = APD/ @) then every positive solution to (1.7) converges to Al (@+1),

Proof. By the change x,, = y, A" @1, (1.7) becomes

Yn = mMax %, L , mneN, (3.25)
Yk yﬁ—m

where C, = f,/A <1, n € Ny. The rest of the proof is analogous to that of Theorem 3.1 and
thus is omitted. O

4. Explicit Solutions
Recently, Stevi¢ and Iri¢anin in [21] proved the following theorem.

Theorem 4.1 (see [21, Theorem 2.8]). Consider

X, =max{xy" ..., x* |, neN, 4.1)

where k € N,a; € R,i = 1,..., k. Then every well-defined solution of the equation has the following
form:

L

o= di (4.2)

where [(n+k)/k] < ifll) +-~+i,(1k) <n+1, neNy, i;j) >0, j=1,...,k, and where d,, is equal to
one of the initial values x_y, ..., x_1.

The result is interesting since (4.2) holds for all real a;’s and for all nonzero initial
values if one of these exponents is negative. However, (4.2) does not give explicit solutions
to (4.1) since d,’s and i,(f Vs in (4.2) are uncertain. Thus the problem of finding more explicit

expressions of solutions to (4.1) is of interest.
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In this section we find explicit solutions to the next particular cases of (4.1)

Xy = max{i, L }, n € Ny, (4.3)
xP xpo
n-1
1 1
X, = max s (- nENoy, (4.4)
Xn-1 X, _,

with p > 1 and positive initial values x_», x_;. First we prove a useful lemma.

Lemma 4.2. Let (xy),ey, be a positive solution to (4.3) or (4.4). If there exists an N € Ny such that
XN+3 = xi,, XN+4 = xim, XN+5 = x’;prz/ (4.5)

then for each k € N the following equalities hold:

k k k
— 4P _ P _ P
XN+3k = Xnys XN+3k+1 = X417 XN+3k+2 = Xn4p- (4.6)

Proof. We will only consider (4.3), because similar proof can be given to (4.4). The case k =1
obviously holds due to (4.5). Next assume that (4.6) holds for 1 < k < m for some m € N.

Then by (4.3) we derive
1 } 11
=maxXq ——, P_m
XN+3m+2 XN+3m+1 xlliuz XN

m
1 P pm pm+1
=XN T XN
XN+1

Xy N+2

1 1 1
XN+3(m+1)+1 = Max "X = maX W' N
xN+3(m+1) N+3m+2 Xni3 XN+2

XN+3(m+1) = Max

= max

(4.7)
pm
= max ! = =X
P Xnea N+4 = XN+1/
N+3
1 1 1
XN+3(m+1)+2 = Max = max i
N+3(m+1)+1 XN+3(m+1) Xnia EN+3
P )
pm p"l+
= max =X =X .
{ xi{% XN43 } N+5 N+2
Thus (4.6) holds for k = m + 1, finishing the inductive proof of the lemma. O

Proposition 4.3. Let (x,),cy, be a solution to (4.3) with p > 1 and positive initial values x_5,x_1,
then for each k € Ny the following statements hold true.
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k+1 k+2 k+1

p p
(1) Ifxo>x",x1 21, then x3x = 1/x7, ,X3ke1 = X, X3ks2 = X',
k+1

k+1 k
P P p P
(@) Ifxo>x",xq <1, then xz =1/x_; , X351 = 1/x7, X342 = X .
k k+1
() Ifxa <xP),xPyx 1 > 1 then xz = 1/x7,, x50 = &, and

1 .
= W le_2<1.
X

k
X3k42 = xfz ifx,>1 or

k k+1

(4) Ifx_o <&, 2" yxo1 < 1then x5 = 1/%7 ), 3040 = &, and

1
zwifx,1<l.

k
X3k43 = xfl if x1>1 or
X
-1

Proof. (1) By the assumption x_, > xF , and (4.3) it follows that

Then by x_; > 1 and (4.3), we have the following equalities:

X1=max{ —,— ¢ =max{x ,,— ¢t =X .,
P 13 -1

11 1, »
X =maxy —, — ¢ =Maxy —, X ¢ =X,
x, Xo P
1 x_l

Hence (4.5) is satisfied for N = 0. Then by Lemma 4.2 we have that

k+1 k+2 k+1

p p p
xsk=1/x; , X=X, , Xsk2=x_, , kEeN,

as desired.

11

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)
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(2) By similar calculations as in (1), the following equalities hold:

x—1 x—1 Xy =X x—l—xp
O—X;_yl/ 1_.X'_1’ 2= A 1 3—xpzl— 0’
- (4.13)
1 2 p
x4—7=x1, X5—x1—x2
X
Thus (4.5) holds for N = 0, and the result follows again by Lemma 4.2.
(3) By the assumption x_, < x’fl and (4.3) it follows that
1 1 1
Xo=max{ — -, —— = (4.14)
x_, X-2 X2
Then from x’jzx_l >1and (4.3), we get
1 1 1
X1 = max{ x—g, x_—1} = max{xfz, x_-1} = xfz. (4.15)

Now we will consider two cases x_, > 1 and x_, < 1. When x_, > 1, the following equalities
hold:

1 1
Xz =max{ —;, — ¢ =Maxq —, X3 ¢ =X,
x; %o x
2
1 1 1 1 1 p
X3 = max —p,x—»zmax —,T =T=x0,
x, X1 x, x, x,
(4.16)
1 1 21 v p
X4 =Max| —;, — ¢ =MaX{ X ,, — p =X ) =X,
x; X2 X2
X5 =maX|{ —,— ¢ =MaxXq —5, X, ¢ =X , =X,
xp X3 P
4 x_z
On the other hand, the case x_, < 1 leads to
1 1 2 1
p P p p
Xy = 7 X3 = —5 = X, X4 =X, =X, X5 = = x,. (4.17)
X2 X2 X2

Hence (4.5) holds for N = 0 no matter the value of x_; is bigger or less than one. From this
the result follows by Lemma 4.2.
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(4) Through analogous calculations to (3), if x_; > 1 then

1 1 »
X0 = —, X1= X2 = X_q, X3 = X-1,
X_2 X_1
) (4.18)
2
N —_ P P _ P _ P
x4—7—x1, X5 =X_1 =X, Xo = X_; = X3.
X1
If x_1 <1 then
1 1 , 1
X0 = —, X1 =—, Xy = x,ll X3 = 2/
X_2 X_1 xP
-1
(4.19)
1 2 1
— AP _ P P _ — 4P
x4—7—x1, x5—x71—x2, X6—?—x3.
X1 X"

1

Hence (4.5) holds for N = 1 and any x_; > 0. Hence, the results also follow from Lemma 4.2,

finishing the proof of the proposition.

O

The next proposition can be similarly proved as the proof of Proposition 4.3, hence the

proof is omitted here.

Proposition 4.4. Let (xy),cy, be a solution to (4.4) with p > 1 and positive initial values x_,x_1,
then for each k € Ny the following statements hold true.

(1) If 5", > x1, x4 > 1, then x =1/,

(2) Ifx", > x4, x4 <1, then x3 = 1/ x’fz,

k k+1
— 4P _p
X3k+1 = X_q, X3k+2 =_1 -
k+1 k+1
_ p _ P
X3k1 = 1/x2, , X3pe2 =X, .

k+1 k+1

() Ifxy <xa, xoxq 2 1then xax = 1/x") , xypa = %7, , and

k+2

xfz if xo,>1,
X3ks2 = 1. (4.20)
e if Xop < 1.
X
k+1 k+1
(4) If x*, < x_1, x0x_1 < 1then x3x1 = 1/x", | X302 = %", , and
k+2
x’_’1 if x.1>1,
X3k+3 = 1 . (4.21)
e if x_1 <1.
x7

Remark 4.5. From the above propositions, we know that any positive solution (x;) ¢y, to (4.3)
or (4.4) can be divided into three subsequences which have explicit expressions. If we regard
the sequence (...,0,00, 0,0, 00, 00, ...) as a general periodic solution to (4.3), then the solution
(%n) nen, €ventually converges to the general period-three solution (0, oo, c0).
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