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We consider Lyapunov stability theory of linear time-varying system and derive sufficient con-
ditions for uniform stability, uniform exponential stability, ¢-uniform stability, and h-stability for
linear time-varying system with nonlinear perturbation on time scales. We construct appropriate
Lyapunov functions and derive several stability conditions. Numerical examples are presented to
illustrate the effectiveness of the theoretical results.

1. Introduction

In the past decades, stability analysis of dynamic systems has become an important topic
both theoretically and practically because dynamic systems occur in many areas such as
mechanics, physics, and economics. The theory of dynamic equations on time scales was
first introduced by Hilger [1] with analysis of measure chains in order to unify continuous
and discrete calculus on time scale. The generalized derivative or Hilger derivative f(t)
of a function f : T — R, where T is a so-called time scale (an arbitrary closed nonempty
subset of R) becomes the usual derivative when T = R, namely, f2(t) = f'(t). On the other
hand, if T = Z, then f*(t) reduces to the usual forward difference, namely, f4(t) = Af(t).
The development of theory on time scale calculus allows one to get some insight into and
better understanding of the subtle differences between discrete and continuous systems [2, 3].
Therefore, the problem of stability analysis for dynamic equations (systems) on time scales
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has been investigated by many researchers, see [1-6], in which most results on stability of
dynamic systems are obtained by the method of estimation of general solution of the systems.
It seems that there are not many researches concerning with stability of dynamic systems on
time scales by using Lyapunov functions on time scales.

There are various types of stability of dynamic systems on time scales such as uniform
stability, uniform asymptotic stability [5], ¢g-uniform stability [6], and h-stability [4]. In [5],
necessary and sufficient conditions for uniform stability and uniform asymptotic stability for
dynamic systems on time scales are obtained. In [4, 6], the method presents in [5] are used
to derive sufficient conditions for ¢-uniformly stability [6] and h-stability [4] for dynamic
systems on time scales.

In this paper, we shall develop Lyapunov stability theory for various types of stability
for linear time-varying system with nonlinear perturbation on time scales. By using this
Lyapunov stability theory, we derive several sufficient conditions for stabilities of dynamic
systems on time scales.

2. Problem Formulation and Preliminaries

In this section, we introduce some notations, definitions, and preliminary results which will
be used throughout the paper. R* denotes the set of all nonnegative real numbers; R denotes
the set of all real numbers; Z* denotes the set of all non-negative integers; Z denotes the set
of all integers; R” denotes the n-dimensional Euclidean space with the usual Euclidean norm
II - II; llx|l denotes the Euclidean vector norm of x € R"; R™" denotes the set of n x r real
matrix; AT denotes the transpose of the matrix A; A is symmetric if A = AT; I denotes the
identity matrix; A(A) denotes the set of all eigenvalues of A; Amax(A) = max{ReA: L € L(A)};
Amin(A) =min{Rel: L € A(A)}.

Definition 2.1. A time scale T is an arbitrary nonempty closed subset of the real numbers R.

Definition 2.2. The mapping o,p : T — T defined by o(t) = inf{s € T : s > t}, and p(t) =
sup(s € T : s < t} are called the jump operators.

Definition 2.3. A nonmaximal element t € T is said to be right-scattered (rs) if o(t) > t and
right-dense (rd) if o(t) = t. A nonminimal element ¢ € T is called left-scattered (Is) if p(t) <t
and left-dense (1d) if p(t) = t.

Definition 2.4. The mapping p : T — R* defined by pu(t) = o(t) -t is called the graininess
function.

Definition 2.5. (Delta derivative) assume f : T — R is a function and let ¢t € T. Then we
define f2(t) to be the number (provided it exists) with the property that given any € > 0,
there is a neighborhood U of t (i.e., U = (t - 6, + 6) N T for some 6 > 0) such that |[f(c(t)) -
f(s)]1 - fA2(t)[o(t) —s]| < elo(t) —s| forall s € U.

The function f2(t) is the delta derivative of f at t.

In the case that T = R, we have f2(t) = f'(t). In the case that T = Z, we have f(t) =

fE+1) = f(#).
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The following are some useful relationships regarding the delta derivative, see [2].

Theorem 2.6 (see [2]). Assume that f: T — R"and lett € T.

(i) If f is differentiable at t, then f is continuous at t.
(ii) If f is continuous at t and t is right scattered, then f is differentiable at t with

fo®) - £t

fA == (21)
(iii) If f is differentiable at t and t is right dense, then
_ o SB = f(s)
(iv) If f is differentiable at t, then
flo®) = f(t) +u®) f2(). (2.3)
Theorem 2.7 (see [2]). Assume that f,g: T — R"andlett € T.
(i) The sum f,g : T — R" are differentiable at t with
F+9 =N 0+ ()" w. (24)
(ii) For any constant e, af : T — R™ is differentiable at t with
(af)* () = af (). (25)
(iii) The product fg: T — R" is differentiable at t with
(f9)" () = FA(8(®) + Flo()g™ (1) = f(B™ () + fA (B (1)) (2.6)

Definition 2.8. The function f : T — R” is said to be rd-continuous (denoted by f €
C:a(T,R™)) if the following conditions hold.
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(i) f is continuous at every right-dense point t € T.

(ii) lims_, f (s) exists and is finite at every ld-point t € T.

Definition 2.9. Let f € C,q(T,R"). Then g : T — RR”" is called the antiderivative of f on T if it
is differentiable on T and satisfies g® () = f(t) for t € T. In this case, we define

ft f(s)As=g(t)-g(a), a<teT. (2.7)

Consider the linear time-varying system with nonlinear perturbation on time scales (T) of
the form

xA(t) = A(t)x(t) + f(t,x(t), teT, (2.8)

where x(t) € R", A: T — R™" is an n x n matrix-valued function and f : T x R* — R"is
rd-continuous in the first argument with f(¢,0) = 0. The uncertain perturbation is known to
satisfy a bound of the form

£ & x@)[ <yllx®ll, (2.9)

or equivalently, the perturbation is conically bounded. The solution of (2.8) through (to, x(to))
satisfies the variation of constants formula

x(E) = DAL to)x (ko) + j DAL 0(9)f(5,x(5)As, 3 k. (2.10)
to

When f (¢, x(t)) = 0, (2.8) becomes the linear time-varying system
x2() = AB)x(t),  x(ko) =x0, tyeT. (2.11)

For the case when f(t,x(t)) = B(t)x(t), B(t) € R™", (2.8) becomes the linear time-varying
system

XAt = [A®) + B()]x(t),  x(to) = x0, to€T. (2.12)

The norm of n x n matrix A is defined as

Al = ﬁg}l‘aﬁllell- (2.13)

The Euclidean norm of n x 1 vector x(t) is defined by

lx(®)]] = \/xT (£)x (D). (2.14)
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Definition 2.10. A function ¢ : [0,7] — [0, +o0) is of class KX if it is well-defined, continuous,
and strictly increasing on [0, r] with ¢(0) = 0.

Definition 2.11. Assume g : T — R. Define and denote g € C.q(T;R) as right-dense
continuous (rd-continuous) if g is continuous at every right-dense point t € T and

lim,_.+g(s) exists, and is finite, at every left-dense point t € T. Now define the so-called
set of regressive functions, R, by

R={p:T = R|peCua(T;R),1+p)u(t)#0, t T}, (2.15)

and define the set of positively regressive functions by
R*={peR|1+p(t)u(t)>0, teT}. (2.16)

Definition 2.12. The zero solution of system (2.8) is called uniformly stable if there exists a
finite constant y > 0 such that

[l (£, xo0, o) I < yllxoll, (2.17)

forallt €T, t > t,.

Definition 2.13. The zero solution of system (2.8) is called uniformly exponentially stable if
there exist finite constants y, A > 0 with —A € R* such that

[l (t, x0, to) I < yllxolle-x(t, to), (2.18)

forallte T, t>tg.

Definition 2.14. The zero solution of system (2.8) is called ¢-uniformly stable if there exists a
finite constant y > 0 such that for any t, and x (o), the corresponding solution satisfies

[los(8)x(t, x0, t0) || < ¥l (to)x0l], (2.19)

forallt e T, t > t,.

Definition 2.15. System (2.8) is called an h-system if there exist a positive function h: T — R,
a constant ¢ > 1 and 6 > 0 such that

llx(t, x0, t0) || < cllxollh(DR(te)™, > to, (2.20)

if |x0|| < 6 (here h(t)™ = 1/h(t)). If h is bounded, then (2.8) is said to be h-stable.

Definition 2.16. A continuous function P : T — R with P(0) = 0 is called positive definite
(negative definite) on T if there exists a function ¢ € KX such that ¢(t) < P(t) (¢(t) < —P(t))
forall t € T.
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Definition 2.17. A continuous function P : T — R with P(0) = 01is called positive semidefinite
(negative semi-definite) on T if P(t) > 0 (P(t) <0) forall t € T.

Definition 2.18. A continuous function P : T x R* — R with P(t,0) = 0 is called positive
definite (negative definite) on T x R”" if there exists a function ¢ € X such that ¢(||x||) < P(t, x)
(¢(|lx]]) £ =P(t,x)) forall t € T and x € R".

Definition 2.19. A continuous function P : T x R* — R with P(t,0) = 0 is called positive
semi-definite (negative semi-definite) on T x R" if 0 < P(¢,x) (0 > P(t,x)) for all t € T and
x € R™.

Lemma 2.20 ([7], Completing the square). assume that S € M™" is a symmetric positive definite
matrix. Then for every Q € M™", we obtain

2x"Qy - y"Sy <x"QS7'Q"x, Vx,yeR". (2.21)

3. Main Results

In this section, we first introduce Lyapunov stability theory of various types stability for linear
time varying system with nonlinear perturbation on time scales. Then, we use this Lyapunov
stability theory to obtain sufficient conditions for various types of stabilities of this system.

3.1. Lyapunov Stability Theory

Theorem 3.1. If there exist a continuously differentiable positive definite function V(t,x(t)) €
Cid(T x R",R"), and a,b € R* such that

(i) VAt x(1) <0,

(ii) allx(®)|* < V(t,x(D) < blx®)]?,
thfn the zero solution of system (2.8) is g-uniformly stable if there exists ¢s(t) € C!,(T,R,) satisfying
@ (t) <0.

Proof. For ty € T, we let x(tg) = x¢. Then, by (i), we have
t
[ V2G5, x(685 = Vit 20 - Vit x(t0) <0,

fo

t (3.1)
ft ¢ (5)As = (1) — g (to) <.

We obtain V (¢, x(t)) < V(to, x(ty)) and ¢ (t) < (k) forall t € T, t > f. By (ii), we get the
estimation as follows:

allg® [P < le® PV Ex®) < o@t)]*V (to, x(t)) < bllgto)|[*lxt).  (B-2)

We conclude that [l (t)x(£) || < yllg(to)x(to)|| where y = \/b/a > 0. Therefore, the zero solution
of system (2.8) is ¢--uniformly stable. The proof of the theorem is complete. O



Abstract and Applied Analysis 7

Corollary 3.2. If there exist a continuously differentiable positive definite function V (t,x(t)) €
CL (T x R",R*) and a,b € R* such that

(i) VA(t, x(t)) <0,
(ii) allx(®)|* < V(¢ x() < blx®)],
then the zero solution of system (2.8) is uniformly stable.

Theorem 3.3. If there exist a continuously differentiable positive definite function V (t,x(t)) €
CL(T x R",R*) and a,b,e € R* with —e/b € R* satisfying

(i) VA, x(t) < —ellx(®)],
(i) allx(®)|* < V(t, x(t)) < bllx(t)|?,

then the zero solution of system (2.8) is uniformly exponentially stable.

Proof. For ty € T, we let x(tg) = x9. We obtain, by (i) and (ii), that for all ¢ > t,

VAL (1) < —ellx(®)| < pV(Ex(). (33)

Since —e/b € R*, it follows from Gronwall’s inequality for time scales [2] and (ii) that
allx(t)|* < V(£ x(#)) < V(to, x(to) )e-e/n(t, to) < bl|x(to) [Pe-esn(t, to)- (3.4)
Hence, we get

() < yllx(to) I[e-e/u(t, t0)]'2, (3.5)

where y = \/b/a for all t > ty. Therefore, the zero solution of system (2.8) is uniformly
exponentially stable. The proof of the theorem is complete. O

Theorem 3.4. If there exist a continuously differentiable positive definite function V (t,x(t)) €
CL (T x R",R*), a bounded positive differentiable function h : T — Rand a,b € R* such that

(i)

, hA(t) >0;
VA x(t) <yh™ (1) /h(t) |x®))?  y= {a ®= (3.6)
b, hA(t) <0,
(i) allx(B)[)* < V(£ x(t)) < bllx ()],

then the zero solution of system (2.8) is h-stable.
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Proof. Let ty € T, x(ty) = xo and x(¢, to, xo) = x(t) be any solution of system (2.8). By (i), we
have

hA
VA x(0) <y X O

L0y ey, hew =0
< Jaht) (3.7)
| rhR()

EWV(t,X(t)), hA(t) < 0,
< wV(t,x(t)).

~ h(b)
From Gronwall’s inequality for time scales [2], (ii) and Lemma 2.15 [4], we obtain

allx(®)|* < V(t,x(t)) < V(to, x(to))ens @y/nn (t to) < bllx (o) ens o /ne (t to),

< bllx(t) P o

Thus,
X&)l < yllx(to)[H(E H (k)™ £ to, (3.9)
where y = /b/a and H(t) = \/h(t). Therefore, zero solution of (2.8) is h-stable. O
3.2. Stability Conditions
We introduce the following notation for later use:
Z(t) := PA(t) + AT(t)P(t) + P(t)A(t) + u(t) PA () A(t) + u(t) AT (£) P2 (t) + e1 P(t) P(t)
+ u(OAT (PO A + 12 () AT () PA () A(E) + e2PA ()P (1) + &'y u(t)’T
(3.10)

+e3AT(H)P(H)P(t) A(t) + &5 Y2 ()T + e AT () PA (1) PA (1) A(t) + €5 Y2 pu(t)*T

+ e YL+ my’ (B + pay’ u(t)*I.
Theorem 3.5. The system (2.11) is uniformly stable if there exist a positive definite symmetric matrix
function P(t) € CL (T, R™™") and n, p € R* such that
(i) nI < P(t) < pI,
(ii) ATE)P(E) + (T +p(B) AT () (PA(1) + P()A(E) + p(t) P2 () A1) < 0.
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Remark 3.6. We can prove Theorem 3.5 (see Theorem 3.1 in [5] DaCunha) by using the same
approach as in Theorem 3.1 by choosing V (¢, x(t)) = xT (t)P(t)x(t). In this case, we obtain

VA = £ (1) [AT(t)P(t) + <I + y(t)AT(t)> <PA(t) + P(H)A() + y(t)PA(t)A(t)>]x(t). (3.11)
Theorem 3.7. The system (2.8) is uniformly stable if there exist a positive definite symmetric matrix

function P(t) € CL,(T,R™") and 11,12, Y, €1, €2, €3, €4 € R*, p1, py € R such that

(i) mI < P(t) < mal,
(ii) p1I < PA(t) < pal,
(i) Z () < 0.

Proof. We consider the following Lyapunov function for system (2.8).
V(t, x(t)) = xT () P()x(t). (3.12)
By (i), it is easy to see that
mlx®|* < V(E,x(0) = xT(OPO)x() < mallx ()] (3.13)

The delta derivative of V along the trajectories of system (2.8) is given by

VAWM = [ OP®] x(0) + 5 (1) Po(B)x* 1
= xT ()2 P(t)x(t) + xT (o(1) P2 (D x(t) + x" (o (b)) P(o(£)x (t)
- [xT(t)AT(t) + £, x)]P(t)x(t) + [xT(t) +u(t) <xT(t)AT(t) + fT(t,x))]

X [PA(t)x(t) + P(t) (A(t)x(t) + f(t,x)) + u(t) P2 (t) (A(t)x(t) +f(t,x))]
= xT () P2 () x(t) + xT () AT (P () x(t) + xT () P(t) A(H)x(t)
+p(D)xT ()P (1) A(D)x(t)
£ OO AT(OP (Bx(E) + ()T (AT (PO A®Dx(0) G
+ pu(6)*xT () AT () PR (1) A1) x(t)
+ @) fT (6 )P f(t, )+ p(®) 1 (6 x)PA(E) (£, %) + fT (£, ) P(1)x(t)
+ () fT (8, ) PR (D) (t) + () fT (8, x) P(£) A()x()
+ u()?fT (8, x)PA (1) A()x(1)
+x (P f(t,x) + p&)xT (P2 () f(t,x) + p(t)x" (AT ()P f (, x)
+ ()22 () AT (PR (1) f (¢, ).



10 Abstract and Applied Analysis

By (i), (ii), and Lemma 2.20, we have the following estimate:

xT(HP(8)x(t) < mx (£)x(8),
x" ()P (B)x(t) < pox” (H)x(t),
2" (P f(t, %) < erx” (HPHP(E)x(t) + € f1 (t,x) f(E, %),
2u(®)x" ()P () f (£, %) < ex (PP () x(t) + e3' () fT (£, ) f (¢, x),
2u(t)x" () AT (1) P(D) f (£, x) < esxT () AT(P(E)P() A(t)x(t) + €5 (1) fT (¢, %) f (£, %),
2u(t)’xT () AT () P2 (1) f (1, x) < eaxT (£) AT (£) P2 () P2 () A(t)x(t) + e () T (1, x) f (¢, x).
(3.15)

From the above inequalities and || f (£, x)|| < y||x(t)||, we obtain

VAW <xT®PA)x(t) + xT () AT () P(H)x(t) + xT () P(H) A(t)x(t)
+p(D)x" ()P (1) A(b)x(h)
+ () x" (AT () PA (£)x(t) + pu(t)x" () AT () P(E) A(t)x(H)
+ ()% () AT () PA (1) A1) x(t)
+exT ()P P(H)x(t) + e, Y2 |lx(B)]? + eax (H) P2 (£) P2 (£)x(¢) (3.16)
+ ey ) |x(#)?
+esx! (NAT(OPOPOAD)x () + €5y’ u()* | x (D] + 5"y u(t)* 2 ()]
+ex! (HAT(OPH (PO ABx () + may* u(B)|Ix (DI + 2y u(®)*|x (1)1
=xT () Z(t)x(t).
By (iii), we conclude that VA (t) < 0. Therefore, the zero solution of (2.8) is uniformly stable
by Corollary 3.2. O

Example 3.8. We consider the time-varying dynamic system of the form

x3(t) = At)x(t) + f (£, x(D), (3.17)

—a(t) -1 —0.125sin(t) [x2 ()]
A(t) = [ . —a(t)]' [t x(8) = [0.125@5(”[](1(”] ] | £t x(®)]| < 0.125]x(B)]l,
(3.18)

where a(t) = —ecs(t,0)+1 and f (¢, x(t)) are rd-continuous in the first argument with f(t,0) = 0
forallt € T.Lety =1/8,e1 =1,6, =1/16,e3 = 1/2,e4 = 1/16,11 = 1/8, 12 = 1/4, p1 = -1,
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and p; = 0. By assuming that 0 < p(t) < 0.25 for all t € T, we can find solution P(t) satisfying

conditions (i)—(iii) of Theorem 3.7 as P(t) = [(1/ 8)898<é’0)+(1/ 8 (1/8)ems ((t),O) “(1/8) ] Observe that,
—ees(t,0 0
pagy = | 200 . (3.19)
O _698(t, O)

Therefore, by Theorem 3.7, the system (3.17) is uniformly stable.

Theorem 3.9. The system (2.8) is uniformly exponentially stable if there exist positive definite

symmetric matrix function P(t) € C}d(T, R™™) and 11,12, Y, €1, €2, €3, €4, €5 € RY, p1,p2 € R such

that

(i) mI < P(t) <ol
(ii) p1I < PA(t) < pol,
(iii) Z(t) < —esl.

Proof. Consider a Lyapunov function for system (2.8) of the form
V(t, x(t)) = xT () P()x(t). (3.20)
It is easy to see that (i) yields
mlx@®)? <Vt x(t) = x" () P#)x(t) < 1ol ()] (3.21)

The delta derivative of V along the trajectories of system (2.8) is given by

VAWM = [ OP®] x(0) + 5 (1) Po®)x* 1
_ [xT(t)AT(t) + £, x)]P(t)x(t) + [xT(t) + u(t) <xT(t) AT() + fT(t,x)>] (3.22)
x [PA(t)x(t) +P() (A(t)x(t) + f(t,x)) + u(t) P2 (t) (A(t)x(t) +f(t,x))].

From Theorem 3.7, we obtain

VA(E) < xT (P2 (8)x(t) + xT () AT () P(E)x(t) + xT (1) P(E) A(D)x(t) + u(t)xT () P> (£) A()x(t)
+ pu(t)xT (1) A(t) PP (D) x(t) + p(t)xT () A(E)P(E)A(E)x(t) + () x" (£) A(E) P2 (1) A(t)x ()
+erx (PO P(B)x(t) + e Y[ x(B)[* + e2x () PA (1) PA (D) (1) + €5y (1) [l (1) |I°
+esxT (AT ()PP AD)x() +&5' Y u() e (D17 + &5y ) ()|

+esx! (AT ()P (1) PA () A)x (1) + 2y u(B)llx (D)7 + p2y u (@)l (D)1
(3.23)
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By (iii), we conclude that VA(t) < —es||x(8)||>. By Theorem 3.3, the zero solution of (2.8) is
uniformly exponentially stable. O

Example 3.10. We consider the linear time-varying system with nonlinear perturbation of the
form

xB(t) = A(t)x(t) + f(t,x(t)), (3.24)
where
—a(t) -1 —0.125 cos(t) [x2(t)]
All) = [ 1 —a(t)]’ fitx(®) = [0.125 sin(t) [x1(£)] ] (3.29)

a(t) = ecs(t,0) + 1 and f(t, x(¢)) are rd-continuous in the first argument with f(t,0) = 0 for all
teT.Then, 1 < a(t) <2and || f(t,x(t))]] < 0.125||x(#)|| forallt € T.Lety =1/8, €1 =1, &, =
1/16, €3 =1/2, €4 = €5 =1/16, 11 = 1/8, 12 = 1/4,p1 = -1, and p, = 0. By assuming that
0 < u(t) <025, for all t € T, we can find a solution P(t) satisfying (i)—(iii) of Theorem 3.9 as

1 1
geeg(t,o) + g O

P(t) = (3.26)

1 1]
0 geeg(t, 0) + 3
Therefore, by Theorem 3.9, the system (3.24) is uniformly exponentially stable.

Theorem 3.11. The system (2.8) is g-uniformly stable if there exist positive definite symmetric
matrix function P(t) € CL (T, R"™™),¢s(t) € CL,(T,R.), and 11,1,7,€1,€2,€3,€4 € R*, p1,p2 €R
such that

(i) mI < P(t) <1,
(i) p1I < PA(t) < pal,
(iii) Z(t) <0,
(iv) g2 (t) <0.

Proof. We consider the following Lyapunov function for system (2.8)
V(t, x(t)) = xT (1) P(t)x(t). (3.27)
By (i), it is easy to see that

mlx®|? < V(E,x(t) = xT (O PO)x(t) < malx ()] (3.28)

By the same argument as in the proof of Theorem 3.7, we obtain VA(t) < 0. By (iv) and
Theorem 3.1, the zero solution of (2.8) is ¢-uniformly stable. O
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Example 3.12. We consider the linear time-varying dynamic system of the form

—a(t) -1

A —
i (t)_[ 1 —a()

]X(t) + f(E,x(t)), (3.29)

a(t) = |sin(t)| + 1 and f(t, x(t)) are rd-continuous in the first argument with f(¢,0) = 0 for all
t € T. We let ¢(t) = -t and

(3.30)

£t x(b)) = [0.125 sin(t) [x1(t)] ]

—0.125 cos(t) [x2(t)]

Then ¢(t) = =1 < 0 and || f(t, x())|| < 0.125||x(t)||. Let y = 1/8, &1 = 1, & = 1/16, €3 =
1/2,e4=1/16, 1 =1/8, 1. =1/4, p1 = -1, and p, = 0. We can find a solution P(t) satisfying
(i)-(iv) of Theorem 3.11 as

1 1
—Eeg(t,O) + g 0

Pt = |8 (3.31)

1 1
0 geeg(t,o) + g

gt (t) =-1<0.
Therefore, by Theorem 3.11, the system (3.29) is ¢-uniformly stable.

Theorem 3.13. The system (2.8) is h-stable if there exist a positive definite symmetric matrix
function P(t) € Cld(’]l‘, R™"), a bounded positive differentiable function h : T — R, and 11,1,
Y, €1, €2, €3, €4 € R, p1, pr € R satisfying
() mI < P(t) < mal,
(ii) prI < PA(t) < pal,
(iii)

hA (1) m, hA()>0;
Z(t) < 1, = 3.32
#) <n 0 1! {112’ W) <0. (3.32)

Proof. Letty € T, x(ty) = xo and x(¢, to, xo) = x(t) be any solution of system (2.8). We consider
a Lyapunov function for system (2.8) of the form

V(t, x(t)) = xT () P(H)x(t). (3.33)
By (i), we get

mlx®|? < V(E,x(t) = xT () PE)x(t) < mallx ()] (3.34)
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The delta derivative of V along the trajectories of system (2.8) is given by

VAWM = [ OP®] x(0) + 5 (01O Po(®)x* 0
_ [xT(t)AT(t) + fT(t,x)]P(t)x(t) + [xT(t) + () (xT (AT () + fT(t,x)>] (3.35)
x [PA()x(t) + P()(AW)x(E) + f(£,%)) + p(t) P () (AD)x(t) + £ (t, %))

By using (i), (ii), (iii), and Lemma 2.20, we obtain

hA(t)

2
ey O

VAL x() = [ OP©x0)] <y

’ﬁ hhA((tZ) (3.36)
1 h(t)

)
= Th(t)

<

V(t,x(t), h*(t) <0,

{ﬁmvu,xa)» HA (1) >0,

xT(t)P(t)x(t)].
From Gronwall’s inequality for time scales [3], (i) and Lemma 2.15 in [2], we obtain

mllx(®)I < xT(OP®x() < [x" (to) Plto)x(to) | ens oy & to),

h(t
< TlZIIx(tO)HzehA(t)/h(t) (t, tO) < le”x(tO)HZ%

(3.37)

Hence, we get

Ix(B)Il < wllx(to)[H () H (to) ™, t2 to, (3.38)

where w = \/12/11 and H (t) = v/h(t). Therefore, the zero solution of (2.8) is h-stable. O

Example 3.14. We consider the linear time-varying dynamic system of the form

—a(t) -1

A _
i (t)_[ 1 -a()

]X(t) + f(t,x(t)), (3.39)

where a(t) = esg(t,0) +1 and f(t, x(t)) are rd-continuous in the first argument with f(t,0) = 0
forallt € T. Let h(t) =5 and

0.125 cos (t) [x2(£)] ] (3.40)

fltx(8) = [_0.125 sin(t) [x1(t)]
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Then h2(t) = 0 and |[f(t, x(t))|| < 0.125||x(t)||. Let y = 1/8, €1 = 1, €2 = 1/16, €3 =
1/2,e4=1/16, 11 =1/8, 1. =1/4, p1 = -1, and p, = 0. We can find a solution P(t) satisfying
(i)—(iii) of Theorem 3.13 as

+ = 0
8 . - (3.41)
0 geeg(t,O) + 3

1
—€o t,O
PO - g€ s(t,0)

Therefore, by Theorem 3.13, the system (3.39) is 5-stable.

4. Conclusion

In this paper, we have considered Lyapunov stability theory of linear time-varying system
and derived sufficient conditions for uniform stability, uniform exponential stability, ¢-
uniform stability and h-stability for linear time-varying system with nonlinear perturbation
on time scales. By construction of appropriate Lyapunov functions, we have derived several
stability conditions. Numerical examples are presented to illustrate the effectiveness of the
theoretical results.
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