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Let G be a locally compact group with a fixed left Haar measure A and Q be a system of weights
on G. In this paper, we deal with locally convex space L7 (G, Q) equipped with the locally convex
topology generated by the family of norms (||.[|,,.,) - We study various algebraic and topological
properties of the locally convex space LP (G, Q). In particular, we characterize its dual space and
show that it is a semireflexive space. Finally, we give some conditions under which L?(G, Q) with
the convolution multiplication is a topological algebra and then characterize its closed ideals and
its spectrum.

1. Introduction

Throughout this paper, let G denote a locally compact Hausdorff group with a fixed left Haar
measure A. By a weight function on G, we mean an arbitrary strictly positive measurable
function on G, and, by a system of weights on G, a set of weight functions Q such that given
w1, wy in Q and ¢ > 0, there is an v € Q such that cw;(x) < v(x) (i = 1,2) for locally almost all
x €G.

For a weight function w and 1 < p < oo, let LP(G, w) denote the space of all complex-
valued measurable functions f on G such that fw € LP(G), the usual Lebesgue space on
G with respect to \; see [1] for more details. Then, LP(G, w) with the norm || - ||, ., defined
by | fllpw = llfwll, for all f € LP(G,w) is a Banach space. We also denote by L*(G,1/w)
the space of all measurable complex-valued functions f on G such that f/w € L*(G),
the space defined in [1]. Then, L*(G,1/w) with the norm || - || defined by || flleow =
If/wlle for all f € L*®(G,1/w) is a Banach space. Furthermore, for 1 < p < oo, the
topological dual of LP (G, w) coincides with L9(G, 1/w), where g is the exponential conjugate
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to p defined by 1/p + 1/q = 1. In fact, the mapping T from L(G,1/w) to LF(G,w) de-
fined by

(T(f),8) = Lﬂx)g(x)au(x) a1

is an isometric isomorphism; see for example [2]. For measurable functions f and g on G, the
convolution multiplication

(F*8)() = [ FW)s(y'x)drw) 12)

is defined at each point x € G for which this makes sense. The algebraic and topological
properties of weighted LP-spaces have been studied extensively; see for example [2-5].
Let 1 < p < oo and Q be a system of weights on G, we set

L’(G,Q) = (| L*(G w). (1.3)

weQ

In this paper, we equip the space L?(G, 2) with the natural locally convex topology
generated by the family of norms || - ||, where w runs through Q. For a similar study in
other contexts, see [6-8]. We investigate certain algebraic and topological properties of the
locally convex space LP(G, Q). Our results generalize and improve some interesting results of
[5] and partially answer a question raised in [3].

2. Preliminaries and Some Basic Results

Let G be a locally compact Hausdorff group with a fixed left Haar measure A and Q be a
system of weights on G. We equip L?(G, Q) with the locally convex topology generated by
the family of norms (|| - [|w),cq and denote this topology by 7q. So (LF (G, 2), Ta) has a basis
of closed absolutely convex neighbourhoods at the origin of the form

Vow={f e’ G : |fll,, <1}, WeQ). (2.1)

Note that the topology 7 is Hausdorff, because if f € L(G,Q) and f #0, we have
A{x e G: f(x)#£0}) >0.PutE = {x € G: f(x)#0} and fix w € Q. Then,

1= ([ stra) = ([ drlwyrar)” >0 22)

and thus 7q is Hausdorff.

If Q and I' are two systems of weights on G and for every w € Q, thereisa v € I' such
that w < v (pointwise locally almost everywhere on G), then we write Q < I'. In the case
whichT < Qand Q <T, we write Q ~T.
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Proposition 2.1. Let Q and I' be two systems of weights on G and T : G — G be a measurable
mapping such that Q <T o T := {v o T : v € T'}. If the Radon-Nikodym function h = d(Ao T1)/d\
belongs to L*(G), then the mapping f — f o T is a continuous linear map from (L¥(G,T), r) into
(L7 (G, Q), Ta).

Proof. Given f € LP(G,T') and w € Q, choose v € I' such that w < v o T. Then we have

1/p

1/p
17Tl = ([ (reT@lowyanm) < ([ (7o T@lwen) drm)

1/p

- (] trwperaer)@) " < ([ ds@pwyrone)

(2.3)

Hence, w(f oT) € LP(G). Since w € Q was arbitrary, foT € LP(G, Q). Continuity also follows
from the above relations. O

The space of all bounded Borel measurable functions on G with compact support will
be denoted by B.(G). Let us remark that if B.(G) C LP(G,£2), then B.(G) is norm dense in
L7 (G, w) for any weight w on G; see for example [9].

Corollary 2.2. Let Q and I' be two systems of weights on G. Then,

(i) If Q < T, then the induced topology Tq on LP(G,T') is weaker than Tr.

(ii) If B.(G) C LP(G,T) C LP(G, Q) and Tq C r, then Q < I. In particular, Q ~ T if and only
if LP(G,T) = LP (G, Q).

Proof. (i) is trivial. For (ii), we observe that for any w € Q, there is a v € I such that
Vo € Vpw NLP(G,T). So the identity map I from (LP(G, &), || - ||p,») into (LP(G, w), || - [lpw)
is continuous. Since LF(G,T) is dense in (LP(G,v),|| - [l»), I can be extended continuously
to a continuous linear mapping on L?(G, v). The extension map is again the identity map.
So LP(G,v) € L?(G,w). Hence, there exists a constant ¢ > 0 such that w(x) < ¢ v(x) locally
almost everywhere; see Lemma 2.1 in [10]. This proves that Q <T. O

Let us recall the definition of the projective limit of a family of locally convex spaces.
Let (A, <) be a partially ordered set and {X, : « € A} be a family of locally convex spaces, and
for a < f3, fap be alinear map from Xy into X,. Suppose that f,, = fapo fp, foralla < g <yand
faa be the identity map on X, for all a € A. Then, the projective limit of the family (X,, fap)
is defined as

lign(Xa,f,x,ﬂ) = {(xu) € HX“ : Xa = fap(xp), whenever a < ﬁ}, (2.4)

acA

for more details see for example [11].

Proposition 2.3. Let Q be a system of weights on G. Then (L? (G, Q), Tq) is a complete space.
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Proof. We note that for any two weights w,v € Q with w < v, LP(G,v) C LP(G,w). Let
the mapping I, : LP(G,v) — LP(G,w) be the canonical injection. Then, it is clear that
(LP(G, Q), 1q) is isomorphic to the projective limit system lim,, (L¥ (G, w), 1., ») of the Banach
spaces (LP (G, w), || - llpw), w € Q, and, hence, is complete; see Lemma 3.2.1 in [12]. O

Proposition 2.4. The locally convex space (L (G, Q), 1q) is normable if and only if the topology Tq
is generated by || - ||, for some w € Q.

Proof. If LP (G, Q) is normable, then it has a neighbourhood V of zero that is norm bounded
with respect to || - || for every w € Q. Hence, there is w' € Q so that V,, v = {f € LP(G,Q) :
| fllpw <1} is norm bounded in the space (L? (G, v), | - ||,») for every v € Q. This implies that
there is a positive constant ¢, so that V,,.» C ¢, V},,, and our claim is proved. The converse is
clear. 0

3. The Dual and Bidual of L”(G,Q),1<p < o

In this section we deal with the dual space of (L? (G, L), 7o) and, among other things, charac-
terize its equicontinuous subsets.

Theorem 3.1. If 1 < p < oo and B.(G) C LP(G,Q), then the dual space of (L (G,Q),1q) is
Q-L1G) ={wf :weQ, feLI(G)}withl/p+1/q=1

Proof. Let h € L9(G,1/w). We define the linear functional F : LP(G,Q) — C by F(f) =
o fh dA, then F € (LP(G,Q), 10)".

Conversely, let F € (LP(G,Q), 7q)". First, we know that B.(G) C L*(G,Q) C LP(G,w)
for every w € Q. So there is a v € Q such that |F(f)| < 1 whenever f € {h € LP(G,Q) :
lkll,» < 1}. As F is bounded in the intersection of the unit ball of (LP(G,v),|| - [|») with
(LP(G, ), |lp,»), F is continuous on L (G, Q) with the topology induced by the norm || - ||,,,,..
Since LF(G, Q) is dense in (LP(G,v), || - ||»), F can be extended continuously to a continuous
linear form on LP(G, v) which we denote by F. Then, we have F € (LP(G,v), ]| - llp»)*, and
hence there is a unique h € L9(G, 1/v) so that

E(f) = jc fhdr (f € LP(G,v)); (3.1)

therefore, we obtain the following isomorphism:

@: L (G,l> — (LP(G,Q),1a)", (3.2)
we w
defined by ®(h) = Fj, where Fj,(f) = jc fhdXforall f € LP(G,Q). O

Lemma 3.2. Let Q be a system of weights on G. For every w € Q, define the mapping T,, :
LP(G,Q) — LP(G) by Tw(f) = fw. Then, Vy,, = T, (B°) for w € Q, where B is the closed unit ball
of LP(G) and B° denotes its polar.

Proof. 1tis clear that T, is a well-defined continuous linear map. Also, T, (LP (G, Q2)) is dense in
(LP(G), |l - llp)- Therefore T;;, (the adjoint of T,,) is weak™ continuous and one to one linear map
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from L9(G) into Q - L1(G), where 1/p + 1/q = 1. Now, since B° is o(L(G), L?(G))-compact

by the Alaoglu theorem and so T;,(B°) is (€2 - L1(G), LP (G, 2))-compact, while T, (B°) is
obviously convex. So we find that

Vow = {f €LF(G,Q) : T,(f) € B} =T, (B) = {f € LF(G,Q) : T,,(f) € B}

={fel’(GQ):|T5(g)(f)| <1, forevery ge B} =T, (B)". G

Form which it follows that
Ve, = Th(B°)™ = T (B°). (3.4)
O

We have the following characterization of the equicontinuous subsets of Q - L1(G).

Theorem 3.3. Let 1 < p < oo and M be a subset of (LP(G,Q),1q)" = Q- L1(G). The following are
equivalent.

(a) M is Tq-equicontinuous.

(b) There are w € Q and an equicontinuous subset M’ of (LP(G), || - ll,)* = L9(G) so that
MCw-M.

(c) There are w € Q and a > 0 such that sup{||f/wl,; : f € M} < a < oo whenever
1/p+1/9=1

1}. According to Lemma 3.2, we have Viow = T (B°), where B is the closed unit ball of L*(G).
Hence M C wB°.
(b= c¢) Thereis a > 0 so that M’ C aB° by (b). So M C awB?®, and supfeMllf/wllq <a.
(c=a)lfp=1,itis clear that

Proof. (a = b) By (a), there is w € Q so that M C Vs where V,, = {f € LP(G,Q) : || fllpw <

McC {f eLF(GQ): f | f (x) |w(x)dA(x) < %} , (3.5)
G
and if 1 < p < oo, by Holder’s inequality, for h € M and
1
few:{fem(c,gz);||f||wg;}, (3.6)

we have

h
;'|fw|d)u§

thcu

<.

Hence, M C W°, and this guarantees that M is Tq-equicontinuous in both cases. O

h
5“ | fell, < 1. (3.7)
q
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Proposition 3.4. Let Q be a system of weights on G. Then, the set of extreme points of V), is the set
{wf:feLli(G),|flly=1} for1<p<oo,and {f € L*(G) : |f| =1 La.e. } for p = 0.

Proof. Fix w € Q and let T, : LP(G,Q) — LP(G) be the map defined in Lemma 3.2. From
Lemma 3.2, it follows that for any extreme point h of V), there is an extreme point f of B°
sothath =T (f) = fw.

Conversely, let w € Q be arbitrary and let h = wf, where f is an extreme point of B°.
Clearly, h € Vl;’w, and if h = cg + (1 — ¢)k for some g,k € V;w and 0 < ¢ < 1, then there are

7

m,n € B° such that T, (m) = g and T}, (n) = k. Thus, T;,(f) = h = T,,(cm + (1 — c)n) and since
T, is one to one, f = cm + (1 — c)n. However f is an extreme point of B°, which implies that
f =m =n,and hence h = g = k, that is, h is an extreme point of V;w. Now the rest of the
proof is easy to complete; see for example Section 2.14 in [13]. O

Let us recall that a locally convex space (E, 7) is called semireflexive if (E, 7)** = E.
Theorem 3.5. Let Q be a system of weights on G. Then (LF (G, Q), Tq) is semireflexive.

Proof. If F € (LP(G,Q),Tq)™, then the restriction of F to L1(G,1/w), for every w € Q,
belongs to L1(G,1/w)*, where L1(G,1/w) was considered with the induced strong topology
on (LP(G,Q), 1q)". Now if {ha},e; € L1(G,1/w) and h, — h for some h € L9(G,1/w) in the
norm || - |41/, then for every weakly bounded set A in LP(G, Q),

f f(hy —h)dd — 0 uniformly on A. (3.8)
G

This means that h, — h in the strong topology of (LP(G,Q), 7q)". Hence, for every
w € Q, there is a unique f,, € L7(G, w) so that

F(h) = JG fohd\ on LA <c, é) (3.9)

Now note that if w,v € Q with w < v, then LP(G,v) C LP(G,w) and L1(G,1/w) C
L(G,1/v). Therefore for every h € L1(G,1/w),

fc fwhdd = fc frhda, (3.10)

and hence f,, = f, almost everywhere. This implies that

F e im(LP (G, w), I,v) = LP(G, Q). (3.11)
Conversely, if f € LP(G, Q), then it is obvious that the linear form

F(h) = JG fhdd  (he(IP(G,Q),1)") (3.12)
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is continuous with respect to the strong topology on (L7 (G, Q), 7q)*. So the canonical imbed-
ding J : LP (G, Q) — (LP(G,Q), 1q)™ is onto. Hence L? (G, Q) is semireflexive. O

4. L'(G,Q) As a Topological Algebra

In this section, we study conditions on a system of weights Q for that LP(G, Q) with the
convolution multiplication to be a topological algebra. We commence with some definitions.
If f is a function on G, the left translate of f by x € G is the function given by L, f(y) =
f(x'y). A subset F of functions on G is called left translation invariant if L, f € ¥ for all
feFandxeG.
A weight function w on a locally compact group G is called left moderate if

_ w(st)
£(s) := ess sutlpm < oo, (4.1)

for all s € G. It is easy to see that £(s) > 0, £(st) < €(s)€(t); see [4] or [9]. Let us remark
that any submultiplicative and any locally integrable left moderate measurable function is
bounded and bounded away from zero on any compact subset of G; see Theorem 2.7 in [10].
In particular, ¢ is bounded on compact sets. The condition that w is left moderate is equivalent
to that the space L” (G, w) (for 1 < p < o) being translation invariant; see for more details [4].
Observe that for f € LP(G,w) and x € G,

e <I G (G |w(t)>pdx(t)>l/p
= <IG (lf(t)|w(’Ct))pd)L(t))l/”

4.2)
1/p
Y Pda
< <fc<|f<t>| @w(®) L) )
=) ||l

Lemma 4.1. Let Q be a system of weights on G. Then LP(G, Q) is left translation invariant if and
only if every element of Q is left moderate.

Proof. The “if” part is clear by the remarks above. For the converse, we need only to note that
LP(G, Q) is dense in (LP (G, w), || - [|pw) for w € Q. O

Theorem 4.2. Let Q be a system of locally integrable left moderate weights on G and f € LP(G, Q).
Then, the map x — Ly f from G into (LP (G, Q), Tq) is continuous.

Proof. Assume first that f € B.(G) with K = supp(f). Letx € G, w € Q, and (x,) be anetin G
convergent to x. Choose a compact neighbourhood U of x, then supp(L, f) € UK whenever
x € U. Let

k =sup{w(s) : s € UK} < oo. (4.3)
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Choose ag such that x, € U for all a < ap and || Ly, f — Ly f|l, < €/k. Then

L f = Lefl,,, = (LF (£ Gea) - £ () |w(t)>pd/\(t)>1/p

< k(fUF (ACRORIICE) |pd)‘(t)>l/p (4.4)
= k||Lx, f - Lo f]l,,
<e,

for all a > aq.

Finally, let f be an arbitrary element of L”(G, Q) and € > 0. Let M be an upper bound
for the function ¢ on the compact neighbourhood U of x; recall that ¢ is submultiplicative.
For every w € Q, there exists g, € B.(G) such that || f — gu|lpw < €/3M. By the first part, we
can choose ag such that

|| L. 80 = Lol 0 < g X, €U, (45)

for all & > ay. One can conclude that

”anf - fo”p,w < ”anf - angw”p,w + ”angw - Lxg“-’”p,w + ||Lxg“” - fo”p,w

<l(xa)e+e/3+€(x)e (4.6)
Me e Me_
“3M 3 3M

for all & > a. This finishes the proof. O

We now focus on some systems of weights for that L?(G, Q) to be an algebra under
usual convolution

fre®= [ fOs(s)ae) (Fgerr©), (47)

whenever this integral makes sense. For p = 1, it is well known that LY(G,w) is a convolution
algebra if and only if w is weakly submultiplicative; that is, forall x, y € G,

w(st) < cw(s)w(t), (4.8)

for some ¢ > 0.
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For any two weight functions w and v on G, we set

@ (x)=f __w®) qu() (4.9)
) vl ) T |

In the case where w = v, we simply write @, = D[, -
The following lemma is similar to Lemma 2.2 in [9].

Lemma 4.3. Let 1 < p < oo and Q be a system of weights on G. If LP (G, Q) is a convolution algebra,
then wP is locally integrable for each w € Q.

The next result gives a sufficient condition for that LP(G,Q) to be a convolution
algebra.

Theorem 4.4. Let 1 < p < oo and Q be a system of weights on G. If for every w € Q, thereisa v € Q
such that @y, € L*(G), where q is the conjugate exponent to p, then the space (LF (G, Q), Tq) is a
complete locally convex algebra with continuous multiplication.

Proof. We must show that

17+ &l < A1, 11810 (4.10)

forall f, g € LP(G, ). By Lemma 4.3, B.(G) is dense in (L7 (G, Q), || - ||p»), thus for any w € Q,
it suffices to show that

15 * &l < A1, 118100 (4.11)

for all f, g € B.(G). For this, let f, g € B.(G). Writing

frgx) = fG fW)g(v'x) %di@)/ (412)

and using Holder’s inequality, we obtain

|f*g(x)]

p 1 L)Y dA w ! qd)» l/q

< B - _— .

< (L(If(y)lv(y)) (g x)v(y x)) (y)) Uc <v(y)v(y1x)> (y)>
(4.13)
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This shows that

U (1 * ()| w(x))"dA(x)

< IG <fc (If ) |V(3/))’”<|g<y*1x> |v<y*1x>>’”d)‘(y)>(1)[wlv] ()P 1d A (x) (4.14)
<A1 Mgl 1P (1227
Whence

1/
£ 8l < I®tmtllee NN 81 (4.15)

This completes the proof. O
The following corollary is a direct consequence of Theorem 4.4.

Corollary 4.5. Let 1 < p < oo and Q be a system of weights on G such that for every w € L,
@, € L*(G). Then LP(G, Q) is a complete locally multiplicative convex algebra.

The next result provides us with a class of weights w on the additive group R" for
which the usual weighted Lebesgue space L”(R", w) becomes a Banach algebra.

Proposition 4.6. Let 1 < p < oo and n be a natural number. Let w : R" — (0,+o0) be a function
such that

(@) Ifllxll < llyll, then @ (x) < @ (y).
(i) w! € LY(R").
(iii) There exists a positive number M such that w(2x) < Mw (x) for all x € R™.
Then LP(R", /@) is a Banach algebra, where q is the conjugate exponent to p.
Proof. For any x € R", let A, = {y € R" : 2||y|| > ||x||} and observe that

w(y) > w(%), ifyeA,,
(4.16)

w(x-y) > w(%), if yeR"\ A,.

Hence, for x € R”,

w(x)

jm(x) = | ————d
V= [ e We-v) Y
w(x) w(x)
= S M A— | —_d
fmw@)w(x—y) yf w()@(x-y) "’
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< <WZTJ(CJ;)2)) <—[R"\Ax ﬁdy " J‘Ax W(xl— ) dy>

<2Mllw|f;.
(4.17)
Thus, @ g € L*(R"), and now the result follows from Corollary 4.5. ]
Example 4.7. Let1 < p < oo, q be the conjugate exponent to p, and n € N. Set
(,U(x) — ([1 + ”x”r)s/qb(l/q) lr\(c+”x“i) (x c Rn), (418)

where sr >n, b>1and a,c,t > 0. Then LP(R", w) is a Banach algebra.

We are going to prove the converse of Theorem 4.4. For this, we fix some notation. If
f, g be two complex-valued functions on G, then f ® g denotes the function on G x G given
by f ® g(x,y) = f(x)g(y) for all x,y € G. Also for any two sets ¥ and X of functions on G
wesetf oK ={fog:feF ge K} Foralocally compact group G, note that the cartesian
product G x G is a locally compact group by defining the product (x, y)(s, t) = (xs, yt) for all
x,y,s,t€G.

We need the following easy lemma in the sequel.

Lemma 4.8. Let 1 < p < oo and Q be a system of weights on G such that B.(G) C LP(G, Q). Then
B.(G) ® B.(G) is dense in (LP (G x G,w @ w), || * ||p,wew)-

Proof. Since B.(G) is norm dense in LP(G,w), then B.(G) ® B.(G) is projective tensor
norm dense in LP(G,w)®,LP(G,w), where ® is the projective tensor product. Hence
LP(G,w) ® LP(G,w) is mr-dense in LP (G, w)®,LP(G,w). On the other hand, it is known that
LP (G, w)®,LF (G, w) is isometric with (L (G x G, w ® w), || - ||pwsw)- In fact, the linear map

0: L7(G,w)e,L" (G, w) — L (G xGwew), o(feg)(xy)=f(x)g(y) (4.19)

forall f,g € LP(G,w) and x,y € G, can be extended to a surjective isometry; for more details,
see for example [14]. Now we conclude that B.(G) ® B.(G) is || - [|pwew-dense in LP (G x G, w ®
w). O

The next theorem is our main result in this section.

Theorem 4.9. Let 1 < p < oo, G be o-compact, and Q be a system of weights on G. If the space
(LP(G,Q),1q) is an algebra with continuous multiplication, then for every w € Q there exists a
v € Q such that @y, € L*(G).

Proof. Choose an arbitrary w € Q. Then, by assumption, there exists some v € Q such that for
every f,g € LP(G,Q), || f * g”p,w < ||f||p,v||g||p,v~ Now for every h € L1(G,1/w),

F(f) = fcﬂx)h(x)cu(x) (f € B.(G)) (420)



12 Abstract and Applied Analysis

defines a continuous linear functional on B.(G) with the norm [|F|| = ||]|4,1/.- Also for every
f,g € B.(G), f * g € B.(G), and we have

F(f*g)= fcf x g(x)h(x)dA(x) = L <Lf(y)g(y-1x>au(y)>h(x)au(x)
(4.21)

- | f@swremamae) <

Set F(fog) =F(f*g) = [s.c f(y)g(x)h(yx) dA x A(x,y) for f, g € B.(G). By Lemma
4.8, F can be extended to a || - ||,.x»-continuous functional on LP(G x G,v ® v). Since G is
o-compact, by Exercise 15.14 in [1], it follows that the function (x,y) — h(yx) belongs to
L1(GxG,1/(v®v)). But

fc fc <—v(hx(;i ’E)y) >q AA(x)dA(y) = JG fc <%>q AL(x)dA(y)

_ JG (M)qm[w,ﬂ (x)dA(x) < co.

w(x)

(4.22)

Since (h/w)? € L!(G) is arbitrary, we conclude that ®[,,,] € L*(G); see Section 14 in [15] or
Theorem 20.15 in [1]. O

As an immediate consequence of Theorem 4.9, we obtain the following corollary that
partially answers a question raised in [3].

Corollary 4.10. Let w be a weight on o-compact group G and 1 < p < oo. Then L (G, w) is a con-
volution algebra if and only if @, € L*(G).

5. Ideals and the Spectrum of the Algebra L”(G, Q)
We commence this section with the following proposition.

Proposition 5.1. Let 1 < p < oo and let LP (G, Q) be a translation invariant algebra. Then

(i) (LP(G, Q), Tq) has an approximate identity.

(ii) (LP(G, Q), Tq) has a bounded approximate identity or an identity if and only if G is discrete.

Proof. (i) Let U be a fixed relatively compact neighbourhood of the identity element e, and let
U be the family of all neighbourhoods of e contained in U directed by reverse inclusion. Set
ey := xv/A(V), and note that since elements of Q are locally integrable, ey € L7 (G, Q). Given
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€ > 0 and w € Q, then by Theorem 4.2, there exists a neighbourhood W of the identity such
that || f — Li f||pw < € fort € W. Now, for V€ U with V C W, and g € L9(G,1/w), we have

evrf=5.8)l | fc<ev «f ~ F)@gxdLx)

|f(£'x) - f(x)] 1 ~
<[ | B aolstl dw < g [ (Lr -7l 1s]) i

< Stzl\};)”Ltf - f”p,a)”g“q,l/w < €||g||q,1/w'
(5.1)

Hence, |lev * f — f||w < € for all neighborhoods V' C W, from which it follows that ey * f — f
in To-topology.

(ii) Let (eq), be a bounded left approximate identity for L7 (G, Q). Fix an w € €, then
lleallpw < M for some positive number M. Let f € LP(G,w). Since LF(G, ) is dense in
LP(G, w) with the norm |[|-||, , then given e > 0, there exists g € LP(G, Q) such that || f~g|lpw <
€/3(M +1). Choose ag such that |le; * ¢ - gllpw < €/3 for all @ > ag. Then it follows that

||e"‘ *f_f”p,w < ”ea *f_ea *g”p,w + ||e“ *g_g”p,w + ”f_g”p,w
e € € (5.2)

<M—S 48, ¢ _
SVY3Mrn "33 ©F

for all a > ap. This means that (L?(G, w), || - || has a bounded left approximate identity. But
according to Theorem 4.2 in [9], this is equivalent to that G is discrete. O

The next theorem shows that closed ideals of the algebra (L”(G, ), Tq) are exactly
translation invariant subspaces.

Theorem 5.2. Let 1 < p < oo and LP (G, Q) be a translation invariant algebra. Then a closed linear
subspace of LP (G, Q) is an ideal in LF (G, Q) if and only if it is two-sided translation invariant.

Proof. Suppose that I is a To-closed two-sided translation invariant subspace of L” (G, Q). We
have to show that g* f e I and f x g € I forall f € I and g € L¥(G,Q). Let h € L1(G,1/w),
for some w € G, such that fo(x)h(x)d)L(x) = 0 for all f € I. Then, for f € I and any
gEeLr(GQ),

fc(g*f) COREAEL = Jc he (Lg(y)f@_lx)di(y))d)t(x)
- IG 8(y) (fc Lyf (x)h(x)dA(x)> dA(y) (5.3)
=0.

Since (L7 (G, Q), )" = Q- L(G), the Hahn-Banach theorem implies that g* f € I forall f € I
and g € LP(G,Q). Thus I is a left ideal, and using the right translation invariance of I, it is
readily seen, in the same way, that I is also a right ideal.
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Conversely, let I be a closed ideal of (L?(G,Q),7q), and x € G. Let (e,) be an
approximate identity for LP (G, £2). Then for each f € L7 (G, Q2), we have

”LX(eﬂ) * f - fo”p,w S g(X)”@a * f - f”p,w - O (54)

Hence, Ly(ey) * f — Ly f in To-topology. As I is a To—closed left ideal, it follows that L, f € I;
that is, I is left translation invariant. Similarly, it is shown that I is also right translation inva-
riant. L]

We denote by A(LP(G,Q)) the spectrum of (LP(G, Q), 7q) consisting of all 7q-continu-
ous nonzero linear functionals @ on L¥ (G, Q) which are multiplicative; that is,

D(fxg) =@(f)@(g) (f,g€L(G Q). (5.5)

We conclude this work with the following result which is a characterization of the
spectrum of (L7 (G, Q), 1q).

Proposition 5.3. Let Q be a system of weights on 6-compact group G. Then
AUGR) = {0 pet?(G 1) we, pln) =pp() |, 8
where
O,() = [ fEpIA) (€ 17(G ). 67)

Proof. Let p € L9(G,1/w) for some w € Q such that p(xy) = p(x)p(y) for almost all x, y € G.
Then, @, is || - ||,»-continuous and so Tq-continuous. Moreover, for f, g € LF(G, Q),

, (f *g) = fc fc F08(y)p (xy)dL(x)dA(y)

) f G j S D2W)p)p(y)dLx)di(y) (5.8)

=D, (f)Dp(8)-

Thatis, @, € A(LF(G,Q)).

Conversely, let @ € A(LP(G,Q)). Then @ is bounded on a 7g-neighbourhood of zero.
Thus @ is bounded on the set { f € LF(G, Q) : || fllp,0 < 1}NLP(G, w) for some w € Q. Therefore
® can be extended to an element @ in (L? (G, w), |- llp)” It follows that there exists a function
p € L1(G,1/w) such that

o(f) = fc fpd, (5.9)
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forall f € LP(G, w). Since for f, g € B.(G), D(f)D(g) = D(f * g), we infer that
[ rms@pmpma iy = [ [ fes@pmemd )i
GxG GJ/G
- [ r@sweemarma (5.10)

- F@stprmar <t y).

By an argument similar to the proof of Theorem 4.9, we deduce that p(xy) = p(x)p(y) for
almost all x,y € G. O
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