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This paper is devoted to a stochastic retarded lattice dynamical system with additive white noise.
We extend the method of tail estimates to stochastic retarded lattice dynamical systems and prove
the existence of a compact global random attractor within the set of tempered random bounded
sets.

1. Introduction

Lattice dynamical systems (LDSs) arise naturally in a wide variety of applications in science
and engineering where the spatial structure has a discrete character. Among such examples
are brain science [1], chemical reaction [2], material science [3], electrical engineering [4],
laser systems [5], pattern recognition [6], complex network [7], and many others. On the
other hand, LDSs also appear as spatial discretizations of partial differential equations on
unbounded domains.

There are many works concerning deterministic LDSs. For example, the traveling
wave solutions were studied in [8, 9], the chaotic properties of solutions were examined by
[6, 10], the long-time behavior of LDSs was investigated by [11-17]. In particular, Bates et
al. [11] established the first result on the existence of a global attractor for LDSs. Wang [13],
Zhou and Shi [14] used the idea of tail estimates on solutions and obtained, respectively, some
sufficient and necessary conditions for the existence of a global attractor for autonomous
LDSs. Later, the method of tail estimates is extended to nonautonomous LDSs [15-17].

It is noted that an evolutionary system in reality is usually affected by external
perturbations which in many cases are of great uncertainty or random influence. These
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random effects are not only introduced to compensate for the defects in some deterministic
models, but also are often rather intrinsic phenomena. Therefore, it is of prime importance
to take into account these random effects in some models, and this has led to stochastic
differential equations. Random attractors for stochastic partial differential equations were
first introduced by Crauel and Flandoli [18], Flandoli andSchmalfuss [19], with notable
developments given in [20-25] and others. Bates et al. [26] initiated the study of random
attractors for stochastic LDSs. Since then, many works have been done for the existence of
random attractors for stochastic LDSs, see, for example, [27-34] and the references therein.
Similarly to deterministic LDSs, the method of tail estimates also plays a key role in the study
of the existence of random attractors for stochastic LDSs.

On the other hand, in the natural world, the current rate of change of the state in
an evolutionary system always depends on the historical status of the system. Then, it is
more reasonable to describe the evolutionary systems by functional differential equations.
Many papers are devoted to the study of the asymptotic behavior of deterministic functional
differential equations, see, for example, [35—41] and the references therein. Especially, Zhao
and Zhou [40, 41] considered the asymptotic behavior of some deterministic retarded LDSs
and extended the method of tail estimates to deterministic retarded LDSs. More recently, Yan
etal. [42,43] discussed the asymptotic behavior of some stochastic retarded LDSs with global
Lipschitz nonlinearities.

Consider the Hilbert space

€2 = {u = (ui)iez U € R,Z|ui|2 < OO}, (11)

i€z
whose inner product and norm are given by

wo)=Yuwv,  |ull =D, (12)

i€Z i€Z

for all u = (4);cy, v = (Vi)jey, € €2 For v > 0, let C := C([-v,0];¢?) denote the Banach
space of all continuous functions ¢ : [-v,0] — #¢? endowed with the supremum norm ||¢||c =
SUPc[_y,0I6(S)||. For any real numbers a < b, t € [a,b] and any continuous function u :
[a-v,b] — €2, u' denotes the element of C given by u!(s) = u(t + s) for s € [-v,0].

In this paper, we investigate the long time behavior of the following stochastic retarded
LDS:

dui(t) = (i1 — 2w + ui) — Mg + fi(uh) + gi)dt + aidw;(t), t>0,i€Z, (1.3)

with initial data
u(t) =ud(t), te[-»0],i€Z, (1.4)
where u = (14;);c5, € €2, (Ai);¢z, is a bounded positive constant sequence, f = (fi);ez : C — €2
is a nonlinear mapping satisfying local Lipschitz condition, g = (i);cz, € €%, a = (ai)iez, € €2,

and {w; : i € Z} are independent two-sided real-valued Wiener processes on a probability
space which will be specified later.
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It is worth mentioning that in the absence of the white noise, the existence of a global
attractor for (1.3)-(1.4) was established in [40]. The main contribution of this paper is to
extend the method of tail estimates to stochastic retarded LDSs and prove the existence
of a random attractor for the infinite dimensional random dynamical system generated by
stochastic retarded LDS (1.3)-(1.4). It is clear that our method can be used for a variety of
other stochastic retarded LDSs, as it was for the nonretarded case.

The paper is organized as follows. In the next section, we recall some fundamental
results on the existence of a pullback random attractor for random dynamical systems. In
Section 3, we establish a necessary and sufficient condition for the relative compactness of
sequences in C([-v,0]; €?). In Section 4, we define a continuous random dynamical system
for stochastic retarded LDS (1.3)-(1.4). The existence of the random attractor for (1.3)-(1.4) is
given in Section 5.

2. Preliminaries

In this section, we recall some basic concepts related to random attractors for random
dynamical systems. The reader is referred to [18-21, 26, 44, 45] for more details.

Let (X, | - ||x) be a separable Banach space with Borel o-algebra B(X) and (Q, ¥,P) be
a probability space.
Definition 2.1. (Q,F,P, (8¢);cr) is called a metric dynamical system if 3 : R x Q — Qis
(B(R) ® ¥, ¥F)-measurable, Oy is the identity on €, 8,4 = ;035 forall s, t € R, and P =P
forallt e R.

Definition 2.2. A set A C Q is called invariant with respect to (8¢),g, if for all t € R, it holds

8'A = A. (2.1)

Definition 2.3. A continuous random dynamical system on X over a metric dynamical system
(2, F,P, (8)cg) is a mapping

p:R"xQxX —X, (twx)—oeptwx), (2.2)

which is (B(R*) ®  ® B(X), B(X))-measurable, and for all w € Q,

(i) p(t,w,-) : X — X is continuous for all t € R*;
(ii) (0, w,-) is the identity on X;
(iii) @(t +s,w,-) = p(t,dsw,-) o p(s,w,-) for all s, t € R*.

Definition 2.4. A random set D is a multivalued mapping D : Q — 2%\ @ such that for every
x € X, the mapping w — d(x, D(w)) is measurable, where d(x, B) is the distance between
the element x and the set B C X. It is said that the random set is bounded (resp., closed or
compact) if D(w) is bounded (resp., closed or compact) for P-a.e. w € Q.
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Definition 2.5. A random variable r : Q — (0, o0) is called tempered with respect to (&) e, if
for P-a.e. w € Q

lim ePr(dw) =0 YB>0. (2.3)
A random set D is called tempered if D(w) is contained in a ball with center zero and
tempered radius r(w) for all w € Q.

Remark 2.6. 1f r > 0 is tempered, then for any 7 € R, f > 0 and P-a.e. w € Q

tlim e Ptr(O_,w) = e P7- tlim e PED P8 w) = 0. (2.4)

— o0

Therefore, for any 7 € R, r(8;-) is also tempered. Moreover, if for P-a.e. w € Q, r(dw) is
continuous in ¢, then for any v > 0, Supae[—v,()]”(ﬂo’) is measurable and for all § > 0 and P-a.e.
weQ

lime™? sup r(d_tow) < Jim eP/20D . sup {e(ﬂ/z)sr(ﬂsw)} =0. (2.5)

t—o oe[-v,0] $€(—00,0]

Hence, for any v > 0, supge[_vro]r(ﬁg-) is also tempered.

Remark 2.7. If r > 0 is tempered, then for any & > 0 and P-a.e. w € Q
0
R(w) = J e®r(¥sw)ds < co. (2.6)

Moreover, R is tempered, and if for P-a.e. w € Q, r(&w) is continuous in t, then R(&w) is
also continuous in t for such w.

Hereafter, we always assume that ¢ is a continuous random dynamical system over
(Q,F,P, (8),cr), and D is a collection of random subsets of X.

Definition 2.8. A random set K is called a random absorbing set in 9 if for every B € ® and
P-a.e. w € Q, there exists tz(w) > 0 such that

ot 810, B(B_1w)) € K(w) Yt > t(w). (2.7)

Definition 2.9. A random set &/ is called a ®-random attractor (D-pullback attractor) for ¢ if
the following hold:

(i) & is a random compact set;

(ii) &4 is strictly invariant, that is, for P-a.e. w € Qand all t > 0,

p(t, w, A (w)) = A(w); (2.8)
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(iii) &4 attracts all sets in D, that is, for all B € ® and P-a.e. w € Q,

limd(p(t, 8100, B(d-110)), A (w)) =0, (29)

where d is the Hausdorff semimetric given by d(E, F) = sup, pinf er||x - y||x for
any EC X and F C X.

Definition 2.10. ¢ is said to be ®-pullback asymptotically compact in X if for all B € @ and
P-a.e. w € Q, {¢p(t,, 8, w, xn) } ;g has a convergent subsequence in X whenever t, — oo, and
X, € B(O_,w).

The following existence result on a random attractor for a continuous random
dynamical system can be found in [19, 26]. First, recall that a collection ® of random subsets
of X is called inclusion closed if whenever E is an arbitrary random set, and F is in @ with
E(w) C F(w) for all w € Q, then E must belong to D.

Proposition 2.11. Let D be an inclusion-closed collection of random subsets of X and ¢ a continuous
random dynamical system on X over (Q,¥,P, (O¢),cr). Suppose that K € D is a closed random
absorbing set for ¢ in D and ¢ is D-pullback asymptotically compact in X. Then ¢ has a unique
D-random attractor &4 which is given by

(w) = Ul b, K(B). (2.10)

>0 t>T1

In this paper, we will take D as the collection of all tempered random subsets of C and
prove the stochastic retarded LDS has a ®-random attractor.

3. Compactness Criterion in C([-v,0]; £?)

In this section, we provide a necessary and sufficient condition for the relative compactness
of sequences in C([-v,0]; €), which will be used to establish the asymptotic compactness of
the retarded LDS.

Lemma 3.1. Let u € C([-v,0]; €2). Then for every ¢ > 0, there exists N(¢) > 0 such that for all
k> N(e),

sup > |ui(s)] <e. (3.1)

se[-v0]jilzk

Proof. For every ¢ > 0, by virtue of the uniform continuity of u, there exist —v = sy < 51 < 5, <
-+ < sp = 0 such that

lu(s) —u(s))| < \/75, for s € [sj-1,si], j=1,2,...,p. (3.2)
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Since for each s;, u(s;) € 22, there exists Nj(e) > 0 such that for all k > N (¢),

> lui(s)]* < Z- (3.3)

lil>k

Take N (¢) = maxi<j<,N;(¢). Then for each s € [-v,0], there exists j € {1,2,...,p} such that
s € [sj-1,5;]. Therefore, we get from (3.2) and (3.3) that for all k > N (¢),

S <23 Jui(s)[* +23 |uics) - ui(s))|”

lilzk lil>k lil>k
s ) (3.4)
<2 |ui(s))|” +2[Juls) —u(s))||” <&,
lil>k
which completes the proof. O

Theorem 3.2. Let S C C([-v,0];€?). Then S is relative compact in C([-v,0]; €2) if and only if the
following conditions are satisfied:

(i) S is bounded in C([-v,0]; €?);
(ii) S is equicontinuous;

(1) limg - ooSUP,,_(,,) e sSUPse[y,0) Dok [4i(5)* = 0.

Proof. The proof is divided into two steps. We first show the necessity of the conditions and
then prove the sufficiency.

(1) Assume that .S is relative compact in C([-v,0];¢?). Then we want to show
conditions (i), (ii), and (iii) hold. Clearly, in this case, by the Ascoli-Arzela theorem, S must
be bounded and equicontinuous. So we only need to prove condition (iii).

Given € > 0, since .S is relative compact, there exists a finite subset & of S such that the
balls of radii £/2 centered at & form a finite covering of S, that is, for each u € S, there exists
v € & such that

£
sup |lu(s) —v(s)ll < 5. .
se[—fm 2 (35)

By Lemma 3.1, there exists K*(¢) > 0 such that forall v € &,

2
sup Z |vi(s)|2<gz. (3.6)

s€[-v,0] |i|>K*(e)
By (3.5) and (3.6), we find that for each u € S, there exists v € £ such that

sup D [wi(s)F<2sup D [ui(s) - vils)]

SE[-v01 }i|2K*(¢) SE[-V01 }i|2K*(¢)

+2 sup Z lvi(s)]* < €.

s€[-v,0] |i|>K*(¢)

(3.7)
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Therefore, for all k > K*(¢), we have

sup  sup Z lui(s)” < €%, (3.8)

u=(1;);ez €S s€[-v,0] |i|>k

which implies condition (iii).

(2) Assume that conditions (i), (ii), and (iii) are valid. We want to prove that S is
relative compact in C([-v,0]; €?). That is, given ¢ > 0, we want to show that .$ has a finite
covering of balls of radii . By condition (iii), we find that there exists K(¢) > 0 such that for
allu = (ui)iez €3S,

2

sup 7 (o) < (3.9)

s€[-v,0] |i|>K (¢)

Consider the set S|k = {ulk = W)k @ U = (W)ieg € S} in C([-v,0];R2KET),
By conditions (i) and (ii), we know that S|k is bounded and equicontinuous in
C([-v,0];RZX@+1) Then, by the Ascoli-Arzela theorem, we obtain that S|k is relative
compact in C([-v,0]; RZ©*1) and hence there exists a finite subset J of S|k such that the
balls of radii /2 centered at < form a finite covering of S|k, that is, for each u|x € S|k, there
exists vk €  such that

2 €
sup Z [ui(s) —vi(s)| <z~ (3.10)

s€[-v,0] |i|<K (¢)

Now for each v|k = (vi)j<k(e) € H, we choose ¥ = (1) ez such that 9; = v; for |i| < K(¢)
and 7; = 0 for |i| > K(¢). Then by (3.9) and (3.10), we find that for each u € S, there exists
veH ={0:v|x € H} such that

sup u(s) ~B(S)IF < sup D fui(s) ~wils) P+ sup X P <, g1y

s€[-v,0] s€[-v,0] |i|<K (¢) s€[-v,0] |i|>K (¢)

which implies that the set .S has a finite covering of balls with radii €. The proof is complete.
O

The next result is a variant of Theorem 3.2 which shows that condition (iii) in
Theorem 3.2 has an equivalent form which is easier to verify for asymptotic compactness
of dynamical systems associated with retarded LDSs.

Theorem 3.3. Let {u"};2; = {(u)iez)me1 C© C([-v,0];€%). Then {u"};2, is relative compact in

C([-»,0]; €2) if and only if the following conditions are satisfied:
() {u"})5, is bounded in C([-v,0]; €%);
(it) {u"};2, is equicontinuous;

(iii) limye, plimsup,, _,  supyci_, 01 sk [ul(s)[* = 0.
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Proof. 1f {u"}57, is relative compact in C([-v,0]; €?), then it follows from Theorem 3.2 that the
above conditions (i), (i), and (iii) are satisfied. So, to complete the proof, we only need to
show that the above conditions (i), (ii), and (iii) imply the conditions in Theorem 3.2. Given

€ > 0, it follows from condition (iii) that there exists Kj (&) > 0 such that

2
limsup sup > lur(s)]” < %,

n—oo  se[-v,0] |i|>K; (¢)
which implies that there exists N (g) > 0 such that

sup 3 [u(s)| <&, ¥n>Ne).
s€[-v,0] |i|=K1 (¢)

By Lemma 3.1, we find that there exists K,(g) > 0 such that

sup | |u?(s)|2 <&, V1<n<N(e).
s€[-v,0] |i|>Ka (¢)

Take K (g) = max{K;(g),K,(¢)}. It follows from (3.13) and (3.14) that

sup Z I”?(S)|2 <&, vYn>1,
s€[-v,0] |i|=K (¢)

which implies that

sup sup Z|ulf‘(s)|2§52, Vk > K ().

{um )2, s€[-v0] [i|>k
Therefore,

. PN
khm sup sup Y. |ul'(s)|" =0,

T ® neN se[-v0] |il>k

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

which together with conditions (i) and (ii) shows that the conditions in Theorem 3.2 are

satisfied with S = {u"},2,. The proof is complete.

4. Stochastic Retarded Lattice Differential Equations

O

In this section, we show that there is a continuous random dynamical system generated by

stochastic retarded LDS (1.3)-(1.4).
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For convenience, we now formulate (1.3)-(1.4) as a stochastic functional differential
equation in £2. Define the linear operators A, B, B*, A from € to ¢2 as follows. For u = (14;);c;, €
e,

(Au); = —uiq +2u; — Uy, (Au); = N,
(4.1)
(Bu); = ujp1 — uj, (B*u); = ui-1 — u;,

for each i € Z. Then A = BB* = B*B and (B*u,v) = (u,Bv) for all u, v € ¢2. Therefore,
(Au,u) > 0 for all u € €% Let e; € €2 denote the element having 1 at position i and all the
other components 0. Then

w(t) = Y awi(t)e; with (a;);; € &%, 4.2)

i€Z

is an ¢%-valued two-sided Wiener process with a symmetric nonnegative finite trace
covariance operator Q such that Qe; = aje;. For ¢ € C, let f(¢) = (fi(&i))icz- Then stochastic
retarded LDS (1.3)-(1.4) can be rewritten as a stochastic functional equation in 2

du=[-(A+Vu+ f(u') +g|dt+dw, t>0, (4.3)
with the initial data
u(t)y =u’(t), te[-v0]. (4.4)
In the sequel, we consider the probability space (2, ¥, P) where

Q= {wec(R,ﬁ) :w(O):O}, (4.5)

& is the Borel o-algebra induced by the compact-open topology of Q, and IP the corresponding
Wiener measure on (L, F) with respect to the covariance operator Q. Let

Sw() = w(-+1) —w(t), teR. (4.6)

Then (Q,F, P, (8¢)r) is an ergodic metric dynamical system. Since the above probability
space is canonical, we have

w(t,w) = w(t), w(t, Bsw) = w(t +s,w) —w(sw). (4.7)

By Proposition A.1 in [26], there exists a {0},p-invariant set Q € ¥ of full P-measure such
that

im 19O1 v e s, (4.8)

t—+o0 t
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Let F be the P-completion of ¥ and let

gt = \/ggl te Rl (49)

s<t
with
I =clw(n)-w(m):s<T <<tV A, (4.10)

where o{w(m) —w(T1) : s < 71 < T < t} is the smallest o-algebra generated by the random
variable w(r2) — w(7) for all 71, 72 such that s < 71 < 7; <t and N is the collection of P-null
sets of . Note that

O FL = gt (4.11)

s+T/

50 (Q, F, P, (D) er/ (?;)sst) is a filtered metric dynamical system.
Note that problem (4.3)-(4.4) is interpreted as an integral equation as follows:

u(t) = u’(0) + J‘;(—(A +Nu+ f(u’)+g)ds+w(t), t>0, @12

u(t) =u’(t), te[-v0].

P-a.s. for any u° € C. By the theory in [46], we deal with (4.12) on the complete probability
space (€2, ¥,P). For A and f, we make the following assumptions.

(A1) There exist positive constants A' and A* such that

O<M<hi<M<oo, i€Z (4.13)
(A2) f(0)=0.
(A3) For any r > 0, there exists a constant I(r) > 0 such that
I1£@) = fEll <1 NE=-nllc, (4.14)
for all ¢, 7 € C([-v,0]; €2) with ||Zlc, [I7llc < 7.
(A4) There exist positive constants ag and ¢y such that
t t
J e“s|fi(uf)|2ds < c}f e®ui(s)|ds, (4.15)
0 -v

foralla € (0,a0),t>0,u € C([-v,t];6?%),i € Z.
(As) X' > c;.
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We now associate a continuous random dynamical system with the stochastic retarded
lattice differential equations over (€, ¥, P, (8¢),r). To this end, we introduce an auxiliary
Ornstein-Uhlenbeck process on (Q, ¥, P, (8),cr) and transform the stochastic retarded lattice
differential equations into a random one. Let

t
J‘ (A +1)e” W VE) (ot w) —w(s,w))ds, weQ,
0, wé Q,

z(t,w) = (4.16)

where e~(A™V! is the uniformly continuous semigroup on ¢? generated by bounded linear

operator —A — A. Then by (4.8), (4.16) is well defined. The process z(t), t € R is a stationary,
Gaussian process. Moreover, the random variable [|z(0, w)|| is tempered and for each w € Q,
the mapping t — z(t, w) is continuous. Furthermore, by Lemma 5.13 in [46], we find that for
all t € R and P-a.s.,

t
z(t) = I e~ AV dap (s). (4.17)
Noticing that
t t
f e" AN gy (s) = e AIZ(0) +f e” AN g (s), (4.18)
- 0
and using the It6 formula, we get from (4.17) that for all t > 0 and P-a.s.,
t
z(t) = z(0) — f (A+MN)z(s)ds + w(t). (4.19)
0

Setting v(t) = u(t)—z(t) fort > —vin (4.12), then by (4.19), we obtain a deterministic equation,
P-a.s.

v(t) = v°(0) + ft(—(A + Mo+ f(v°+2°)+g)ds, t>0,
0

(4.20)
o(t) =2°(t), te[-v0],
which is equivalent to the functional differential equation
dov ¢
—=—(A+V)v+f(o'+z)+g, t>0, (4.21)

dt
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with initial condition
o(t) =2°(t), te[-v,0]. (4.22)

Here v°(t) = u°(t) - 2°(t,w), t € [-v,0].

Problem (4.21)-(4.22) is a deterministic functional differential equation with random
coefficients, which can be solved pathwise. We now establish the following result for problem
(4.21)-(4.22).

Theorem 4.1. Let T > 0 and w € Q be fixed. Then the following properties hold.

(1) For each v° € C, problem (4.21)-(4.22) has a unique solution v(-,w,v°) € C([-v,T]; £2).

(2) Let v1 (-, w, U?) and v, (-, w, vg) be the solutions of problem (4.21)-(4.22) for the initial data
oY and ©), respectively. Then there exists a constant c¢(T) > 0 such that for all t € [0,T]

”v{(-,w, o)) - v (-, w, ) “c < Hv? - vg”CeC(T)t. (4.23)

Proof. (1) Denote
F(t ¢ w) =—-A¢0)-X0)+ f(E+Z'(w) + g, (4.24)
forallt >0, ¢ € Cand w € Q. Then by (A;)-(A3), we have that

IF(t, &, w) — F(t,& w)|| <[4+ +1:(r)]||1¢ -7

o (4.25)

for any ¢, 7 € C with ||¢|lcll £ 7, |Inllc]l £ r. Therefore, F satisfies local Lipschitz condition and
maps the bounded sets of C into the bounded sets of £2. Then by using a standard argument,
one can show that for each v° € C, there exists a Tpax < oo such that problem (4.21)-(4.22) has
a unique solution v on [0, Tax). Moreover, if Ty < oo then

limsup||2'|| . = oo. (4.26)

1T max

We prove now that this local solution is a global one. Let T € (0, Timax)- By (As), we can choose
p > 0 small enough such that 2\ > 2¢ + p. Taking the inner product of (4.21) with v in #2, we

get

|

[0]> + (Av,v) + (Av,v) = (f (V' +2'),0) + (g,0). (4.27)

N —
QA

t
Clearly,

2
(Av,v) = (Bu,Bv) >0,  (\v,v) = gzpivf > Mlo]%. (4.28)
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Using the Young inequality, we find that

c 1
(F(e'+2),0) < IF @+ 2ol < Sl + o 7@+ 2D
(4.29)
(3,0) < lglliel < Bl + 25
ke -2 2p
Then it follows from (4.27), (4.28), (4.29) that
A 1of2 < -2\ == B)llol* + Lire + @)+ 2lgl- (4.30)
ar' "= f cr p '
Choose « € (0, ) small enough such that 21! > 2c¢ + a + p. Then by (4.30), we obtain
d ¢ a2 I aty2 ., € TN I 2
E(e o]l ) < —<2A ey —a—ﬂ)e llo]? + ?”f(v +2|* + 7||g|| : (4.31)

Now, we can also choose y > 0 small enough such that 2\! > (2 + y)cs + a + p. Integrating
(4.31) over [0,t] (t € [0,T]) leads to

t
elo(t)|? < o) - (20 - ¢; - a - p) fo ello(s)|*ds

| ”2 (4.32)
1 ft 2 g t
+— | e®®||f(@°+2°%)|["ds+ —=— f e™ds.
= [ el e zpas+ L [
Using the Young inequality and (A4), we find that
1 ' as s ENIE ' as 2
— e | f(@°+2)||"ds < cp | e*|lv(s)+z(s)|*ds
fJo -v
t
< Cff E“S[(l +7) o) + (1 + y‘1)||z(s)||2]ds (4.33)
0

0
+cf J' e®|lv(s) + z(s)||*ds.
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Then by (4.32) and (4.33), we obtain

t
eIl < - (24 - (2 +y)es —a—p) fo e**[[v(s)|Pds + [0 (0)|

0 t
”gg " +Cff e”||v<s)+z<s)||2ds+c1fe“suzwsw)ust (434)
-v 0
! as 2 ”g”2 at
< (1+2vcf)|| H +2vcfH ” +c1 Oe llz(s)||"ds + op e”,

where ¢1 = ¢f(1+y™'). Consequently,
et : a s—t) ”g” 4.35
lo)|? < (1+2vcf)|| || +2vcf|| || e Iz(s)|Pds + 21 (4.35)

Hence, for fixed o € [-v,0], we get that for t € (-0, T],

ot +0)|* < (1+2vcf)|| ” +2vcf|| “ ] _a(tm+ClJ‘t+ae“(5‘f‘0)||z(s)||2ds+ ”igz
0
e [tz 2 e e [ iz T
(4.36)

and for t € [0,-0],
o+ o)1 < o7 < [+ 2vep) o9 2 [ 2] ex 4.37)
In view of (4.36) and (4.37), we find that for all ¢ € [0, T],
o0 < [ (s 2vep) o] 2ver ] oot e [ e t>||z(s>||zds+"g”. (439

Therefore, for all t € [0,T],

llo]| < [(1+2vcf)|| || +2vcf|| || ] ”“’+cle“"f0T||z(s)||2ds+”i[l;lz, (4.39)

which, together with (4.26), 1mphes that Tinax = co. This proves the property (1).
(2) Let o(t,w) = v1(t, w, vl) -v1(t,w, ‘(Jz) By (4.38), there exists a constant r(T) > 0
such that

ol <7 (D),  ||ob]l, < (D). (4.40)
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Then from (4.20) and (4.25), we have that fort € [0, T]
t
1B < BO)] + [4+ X + 1 (r(T))] f 19°[|cds.
0
Hence, for fixed o € [-v,0], we get that for t € (-0, T],
t+o
15t + o) < 1BO)]| + [4+ 1" + L (r(T))] f 19°[|cds
0
t
< |||, + [+ 2+ 1 ()] f 15° | ds,
0

and for t € [0,-0],

N =0
5+ o)l < |||
In view of (4.42) and (4.43), we find that for all t € [0, T],
t
18]l < [|8°]|, + [4+ 2" + 1) fo 155 o ds.

The Gronwall inequality implies that for all t € [0, T],

”5t||c < ||50||Ce[4+)‘u+lf(r(T))]t.

This proves the property (2). The proof is complete.

15

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

O

Conversely, if for each w € Q, v(t,w, ) is a solution of problem (4.21)-(4.22) with

(1) = u%(-) - 2°(-,w), then the process

u(t, w, u0> = v(t, w, vo> + z(t, w)

(4.46)

is a solution of problem (4.3)-(4.4). And if u° is a C-valued Fo-measurable random variable,

then u(t, w, u) is an $i-adapted process.

Theorem 4.2. Problem (4.21)-(4.22) generates a continuous random dynamical system ¢ over

(Q/ ?I P/ (19') tER)/ where

gb(t,w,vo) = vt<-,a),vo>, fort>0,weQ, v’ ecC.

(4.47)
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Moreover, if one defines ¢ by

qf<t, w, u0> = ut<-,w, u0>, fort>0,weQ,u’ecC, (4.48)

then g is another continuous random dynamical system associated to problem (4.3)-(4.4).

Proof. From property (2) of Theorem 4.1, it follows that ¢(-,w,-) : [0,00) x C — Cis
continuous for all w € Q. By (4.20), we have that for s, t > 0 and o € [-v,0],

t+o

qb(t, 19sw,(;l><s, w, vo>> (o) = ¢<s, w, 710) (0) +J F(T,(i)(T, ﬁsw,(,b(s, w, '00>>,193w> dr.

0

(4.49)
Then again by (4.20) and noticing that
F(t,¢,Ow)=F(t+s,éw), Vs, t>0,¢€C, (4.50)
we get that
S
t, 80, (s, w,0°))(0) = °0 +I F(r,¢(1,w,0°),w)dr
#(t 00,9 (s,0,0°) )@ = O + | F(r.9(rw,") )
(4.51)
t+s+0 0
+ F(r,¢(17-5,0w,P(s,w,v’)),w)dr.
[ P d(sr02)) )
For each w € Q consider
0 if0<t<
o (7,0,0°) = P(7w,2%), it0<7<s, (4.52)
(1 -3,0w, P(s,w, %)), ifs<T<t+s.
Then for T = t + s, we have
(I)<t +5,w, vo> = qb(t, ﬁsw,¢<s, w, vo>> for s,t > 0. (4.53)
It follows from (4.51) that
t+s+o
D(t+s,w,2°)(0) = v°(0) +f F(r,®(1,w,°),w)dr, (4.54)
( ) o F(ro(ne)w)

for all o € [-v,0]. By the uniqueness of the solution of (4.20), we find that

(D<t +5,w, vo> = ¢<t +5,w, UO>, (4.55)
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while (4.53) implies
¢<t +5,w, vo> = (j)(t, ﬁsw,(j)(s, w, vo)> for s,t > 0. (4.56)

Hence, ¢ is a continuous random dynamical system.
As for ¢, noticing that

(,u(t, w, u0> = (j)(t, w,u’ - zo(a))> +z'(w), fort>0, weQ and uwec, (4.57)
we get from (4.56) that for s, t > 0,

qr(t, ﬂsw,qr<s, w, u0>> = ¢<t, ﬁsw,¢<s, w,u’ - zo(a))>> + zt(ﬁsw)

¢<t +5,w,u’ - zo(w)> + 2% (w) (4.58)

= q;<t + s,w,u0>.

Therefore, ¢ is also a continuous random dynamical system. Furthermore, ¢ and ¢ are
conjugated random dynamical systems, that is

pt,wT(w, ) =T w,d(t,w,é)), foranyéeC, (4.59)

where for every w € Q, T(w, ) = ¢ + z°(w) is a homeomorphism of C. The proof is complete.
O

5. Existence of Random Attractors

In this section, we prove the existence of a ®-random attractor for the random dynamical
system ¢ associated with (4.3)-(4.4). We first establish the existence of a ®-random attractor
for its conjugated random dynamical system ¢, then the existence of a ®-random attractor for
¢ follows from the conjugation relation between ¢ and ¢. To this end, we will derive uniform
estimates on the solutions of problem (4.21)-(4.22) when t — oo with the purpose of proving
the existence of a bounded random absorbing set and the asymptotic compactness for ¢.

From now on, we always assume that D is the collection of all tempered subsets of C
with respect to (Q, ¥, P, (8¢),cr)- The next lemma shows that ¢ has a random absorbing set in
D.

Lemma 5.1. There exists K € D such that K is a random absorbing set for ¢ in D, that is, for any
B € ® and P-a.e. w € Q, there exists Tg(w) > 0 such that

$(t, 0100, B(S_1w)) € K(w) Yt > Tp(w). (5.1)
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Proof. Replacing w by 8_;w in (4.38), we get that for all t > 0,
o000 (122000 20

t
" cle"“’f D] 2(s, 8-100)) [Pdls + 1o ”g”
’ (5.2)

s [<1+zwf>||v°w-tw>||i+2m||z0w-tw>||i]

0
+cle"“’J‘ e%)|2(0, Bsw))|Pds + 150 ”g”

By assumption, B € 9 is tempered. On the other hand, by Remark 2.6, ||zo(w)||% is also
tempered. Therefore, if v°(8_;w) € B(d_;w), then there exists Tg(w) > 0 such that for all
t > Tp(w),

2 2
(1 +2vcy) ”vo(ﬂ,tw) “c + 2vcf“zo(13,ta))||c] e <14 r(w), (5.3)
where
0

r(w) = f e [|z(0, Ssw) || *ds (5.4)

is tempered by Remark 2.7. Then it follows from (5.2) and (5.3) that for all t > Tg(w),
o (8-1c0,2° (8 1)) || < (1™ + Dr(w) + 181 ”g” A1 (5.5)

Given w € Q, denote by

K(w)={¢eC: R <n(w)}, (5.6)
where
ri(w) = (c1e™ + Dr(w) + =2 ||g|| (5.7)

is tempered. Then K € 9. Further, (5.5) indicates that K is a random absorbing set for ¢ in 9,
which completes the proof. O
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Lemma 5.2. Let B € D and v°(w) € B(w). Then for every € > 0 and P-a.e. w € Q, there exist
T* = T*(B,w,e) > 0and N* = N*(w,¢) > 0 such that the solution v(t,w,v’(w)) of problem
(4.21)-(4.22) satisfies, for all t > T*,

o i§v*|vf (5,810, 0-00)) [ <. (5.8)

Proof. Let p be a smooth function defined on R* such that 0 < p(s) <1 forall s >0, and

0, 0<s<1
=17 - 5.9
p(s) {1, 632, (5.9)

Then there exists a positive deterministic constant ¢, such that |p'(s)| < ¢, for all s > 0. Taking
the inner product of (4.21) with x = (p(Ji|/k)v;) in €2, we obtain that

%%ZP(%%F + (A, x) + (v, x) = (f(v' +2'),x) + (g,%). (5.10)

i€Z

We now estimate terms in (5.10) as follows. First, we get from (A;) that

(0,0 = o (D)ez 2 4 3o (L )t (5.11)

i€Z, ieZ,
Secondly, by the property of the cutoff function p, we estimate

(Av,x) = (Bu, Bx)

Zo- oo ()
= iezz(vm - v;) [<P<¥> _P<%>)Ui+l +P<%>(Ui+1 - Ui)]

= iEZZ [P(%) _P<|ik|>] (Vis1 = Vi) Vi +P<|i,;|) (Vi1 = 07)° (5.12)
() o () oo

€7
P&
2 —Zl kl ||Ui+1—vi||vi+1|
i€Z
s _© 2 2c0, 12
> = 23 (ol +lvilloial) = =22 ol

i€Z
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Thirdly, using the Young inequality and (A3), we find that

(@ 42, = Zp(}) £ot + 2l0.0)

i€Z

. cfz <|l|>| 2 +—Zp<%)|f(v +zZi(Bw) |

i€Z fiez

(5.13)

Finally, using the Young inequality again, we obtain that

(3:2) = 3o )sor < ()t e 3530 ()2 (514)

i€Z i€Z 1EZ

Taking into account (5.10), (5.11), (5.12), (5.13), and (5.14), we obtain that

a3p(Di < - (20 -c;-p) Sp (5 ) it

i€Z

—Z <|1|>|f(v +2)|* (5.15)

fiez

1 ﬂ)z ST
+ﬂzp<k gi+ k ||'U||,

which implies

(B <~z

i€Z

“t2p<|l|>|f(v +zt)| (5.16)

i€Z

1
+ eutzp<| |> 2 at”v”

i€Z
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Using the Young inequality and (A4), we get that

i e S (R)lster = Pas

0 icZ

SCff_ ”‘SZp(l l)lvl s)+zl(s)| ds

1EZ

; (5.17)
<c I as,ezzp< ) (1+7)|vi(s)P +<1+y )|z,(s|]ds
as li]
+cff_ ép( >|vl(s)+zl(s)| ds.
Integrating (5.16) over [0,t] (t > 0) leads to
o d B li]
S o - o mor
as d
_(z)a_cf_a_@’[ gsz( >|vl(s)| ds
. (5.18)
+§Lg gzl <| |>|f(v +z’ds
e 3o )+ 2 [ oo s
It follows from (5.17) and (5.18) that
ot li] d
e 5o o - Zo()mor
avE o s li]
(m Q+y)cs-a p)f le%p( >|v,(s)| ds
as d li]
+cfj_ IGZZp< >|vl(s)+z(s 2als+—lezZ ( >
(5.19)

t 4 t
carf e 3 ePds+ 2 [ o) as

[i[>k-1

<c Ji “SZp<||>|vl(s)+z,(s)|2ds+—2p< )

i€Z 1€Z

+01J0 Z |z,(s)|2ds+ k f e™|lv(s)|*ds,

lij>k-1
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which implies

i 2] w1 li]
Zp(l |)|vl(t)| <@ +2vcf)“ ” +2vcf“ ”C]e Fy EZP(i)ﬁ
i€z i€z
(5.20)
t ) 4:C2 t )
+c1 f e N |zi(s)Pds + TI e |v(s)|*ds.
0 lil>k-1 0
If we take t > v, we have that, for all o € [-v,0],
>o (im0
i€Z
~a(tro) , 1 /i
<1 +2vcf)“ ” +2vcf” ” ] (t+o) 4 @ZZ:'O(?)&Z
1€
t+o ) 402 t+o )
+c1f e N zi(s)Pds + TI "o (s)||*ds (5.21)
0 li[>k-1 0 '

R ey N R S VI C T

' t 2 4cre™ (! (s—1) 2
raen [ e 3 ns)fds + 22 [ e (o) Ps,
0 0

lij>k-1
whence for all > v,
sup Zp<| |>|v (O')l (1 +2vcf)|| ” +2vcf“ || ] a(v-t)
o€[-v,0] i€z

|l| ! a(s—t) . Zd
Z ( >gl+01e foe > |zi(s)Pds (5.22)

pi li>k-1

4 av ot 2
+ _czke J‘ e“(s’t)”v(s,w,vo(w))” ds.
0
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Replacing w by 8_iw, we find that

lil >
sup P<—
o€[-v,0] 1522 k

(1 + Zva) ||7)0(19_tw) ||z + 2vcf||z0(19_tw) ”Z] ea(v—t)

Uf (o, Oy, vo(ﬂ_tw)> |2

(5.23)

ZP(' l)gz +cre’ J‘ N zi(s, Oow) P ds
0

Pz lij>k-1
dcre™ (! 2
+ 2Tf e”‘(s’t)”v(s, O 4w, vo(lﬁ_tw))” ds.
0
We now estimate terms in (5.23) as follows. Since B € @ is tempered set, and ||z’ (w)||% is

tempered function, if 20(d_w) € B(S3_w), then for every € > 0, there exists T1 = T1 (B, w, €) > 0
such that for all t > Ty,

2
T (5.24)

2 2
(1+2vcy) Hvo(ﬁ_tw) ”C + 2vcf”zo (- w) ”c] e <
Secondly, since g € 2?2, there exists Ny = N (w, €) > 0 such that, for all k > Ny,
ZP('”) P<|i|>g2<f- (5.25)
1€Z aﬁ|z|>k T4 '
Thirdly, note that
0
f e™9)1z(0, dw)|]*ds < o. (5.26)

Then by the Lebesgue theorem of dominated convergence, there exists N, = Ny(w,€) > 0
such that for all k > N>,

0
[ e 3 o swPds s (5.27)

li>k-1

Then it follows from (5.27) that for allt > 0 and k > N>,

t 0
avy a(s— av 5
ce J PriC) Z |zi(s, 19_tw)|2ds <ce f_m Z |z (O w)| ds Z (5.28)

0 li[>k-1 li>k-1
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Next, we get from (4.35) that

% _r e "U(s, Oy, vo(ﬂ—t“’)) “2ds
0

daalslle | deicoer [ [ eeztr, 0 wnparas (529)
~ ka2 kK Jo)o T
dcoe™ 0 2 0 Ll P
t— (1+2vcf)||v (19_tw)||c +2vcf||z (19_ta))nc te™.

For the integral on the right side of (5.29), we have that for all t > 0,

t s t
f f e ||z (1, d_yw)||*drds = f se™||z(0, O_sw) || *ds
070 0 (5.30)

< f se™|z(0, O_sw) ||*ds < oo.
0

Since B € @ is tempered set, and ||z° (w) ||é is tempered function, there exists Tz = T3(B, w, €) >
0 such that, forall t > Tz and k € N,

4cre™ 0 2 0 21, S €
. [(1 +2vcf)||v (19_tw)||c +2vcf||z (19_tw)||c te™™ < g (5.31)
At the same time, there exists N3 = N3(w, €) > 0 such that, for all k > N3,
dorllgl’e™  dcrcre™ (F 0,8 _w)|?ds < £ (5.32)
20 e eIz 6w s < -

It follows from (5.29), (5.30), (5.31), and (5.32) that, for all t > T3(w, ¢) and k > N3(w, ¢),

% It e“(s_t) ||U<S, ﬂ_tw, ’UO (ﬁ—tlU)> ||2dS < (5'33)
0

€
1
Let Ty = Ty(B,w,e) = max{Ty,T>,T5}, Ny = Ny(w,e) = max{N1, N, N3}. Then it follows
from (5.23), (5.24), (5.25), (5.28), and (5.33) that, for all t > Ty and k > Ny,

velopy %Jvf (08100, 0°(8-10)) |2

_ (5.34)
< sup ] le%p(%) |vf<o,19_tw,vo(19_tw)> |2 <e.

oe[-v,0

The proof is complete. O
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Lemma 5.3. The random dynamical system ¢ is D-pullback asymptotically compact in C, that is, for
P-a.e. w € Q, the sequence {P(t,, O—t,w, v (S-1,w)) }ioy has a convergent subsequence in C provided
t, — oo, B€ D and v)(d_,w) € B(d_;,w).

Proof. By (4.21) and Lemma 5.1, we find that, for every t > Tg(w) + v, and o1, 02 € [-v,0],

|6(t 810, 2" (8-100) ) (1) = B (t, 8-100, 0 (810) ) (00 |
= ”v(t + 01, 0w, vo(ﬁ_tw)> - v(t + 0o, 0w, vo(ﬂ_tw)> ” (5.35)

<|lo (£ + ¢ 0-100,0°B-10) ) |l - 02l < r2(@) o - 02,
where

, (5.36)

o€[-v,0]

ra(w) =4+A“+lf< sup {W+ ||Z(0,190w)||}> ‘g

and ¢ is between o7 and o5.
By Lemma 5.1, (5.35), and Lemma 5.2, {$(t,, O, w, v (8-, w)) } 2, satisfies conditions
(i)-(iii) in Theorem 3.3. Therefore, {¢(t,, O_t,w, v (4, w))}o; is relative compact in C and

hence has a convergent subsequence in C. O

We are now in a position to present our main result about the existence of a ®-random
attractor for ¢ in C.

Theorem 5.4. The random dynamical system ¢ has a unique ®-random attractor in C.

Proof. Notice that ¢ has a closed absorbing set K in ® by Lemma 5.1 and is ®-pullback
asymptotically compact in C by Lemma 5.3. Hence, the existence of a unique ®-random
attractor {<#1(w)} ,cq for ¢ follows from Proposition 2.11 immediately.

Since ¢ and ¢ are conjugated by the random homeomorphism T (w, ¢) = ¢ +z°(w), and
z%(w) € C is tempered, then by Proposition 1.8.3 in [45], ¢ has a unique ®-random attractor
{#2(w)} e in C which is given by

(W) = {g(w) +2%(w) : E(w) € o (w) } (5.37)
The proof is complete. O
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