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The aim of the present paper is to introduce the spaces CS(B) and ¢*(B) of generalized difference
sequences which generalize the paper due to Mursaleen and Noman (2010). These spaces are
the BK-spaces of non-absolute type and norm isomorphic to the spaces ¢y and ¢, respectively.
Furthermore, we derive some inclusion relations determine the a-, #-, and y-duals of those spaces,
and construct their Schauder bases. Finally, we characterize some matrix classes from the spaces
cé(B), and ¢*(B) to the spaces ¢, ¢y, and c.

1. Introduction

By w, we denote the space of all complex valued sequences. Any vector subspace of w is
called a sequence space. A sequence space E with a linear topology is called a K-space provided
each of the maps p; : E — C defined by p;(x) = x; is continuous for all i € N, where C
denotes the complex field and N = {0,1,2,...}. A K-space is called an FK-space provided
E is a complete linear metric space. An FK-space whose topology is normable is called a
BK-space (see [1, pages 272-273]) which contains ¢, the set of all finitely nonzero sequences.
We write ¢, ¢ and g for the classical sequence spaces of all bounded, convergent, and null
sequences, respectively, which are BK-spaces with the usual sup-norm defined by ||x||, =
sup |xk|, where, here and in the sequel, the supremum is taken over all k € N. Also by ¢; and
¢,, we denote the spaces of all absolutely and p-absolutely convergent series, respectively,
which are BK-spaces with the usual norm defined by ||x||, = (X |xk|p)1/p, where 1 < p <
oo. For simplicity in notation, here and in what follows, the summation without limits runs
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from 0 to co. Also by bs and cs, we denote the spaces of all bounded and convergent series,
respectively.

Let X and Y be two sequence spaces, and let A = (a,x) be an infinite matrix of complex
numbers a,x, where n, k € N. Then, we say that A defines a matrix mapping from X into Y
and we denote it by writing A : X — Y, if for every sequence x = (xx) € X the sequence
Ax = {A,(x)}, A-transform of x, exists and is in Y, where

Ay(x) = Zankxk, Vn e N. (1.1)
k

By (X : Y), we denote the class of all infinite matrices A = (auk) such that A : X — Y. Thus
A € (X 1Y) if and only if the series on the right side of (1.1) converges for each n € N and
every x € X, and Ax € Y for all x € X. A sequence x € w is said to be A-summable to [ if Ax
converges to [, which is called the A-limit of x.

The domain X 4 of an infinite matrix A in a sequence space X is defined by

Xa={x=(xx) ew: Ax € X}. (1.2)

We denote the collection of all finite subsets of N by . Also, we write e® for the sequence
whose only nonzero term is a 1 in the kth place for each k € N.

The approach of constructing a new sequence space by means of the matrix domain of
a particular limitation method has recently been employed by several authors, for example,
[2-14]. They introduced the sequence spaces (¢,) N, and cN, in [14], (p)c, = Xp and (€o)c, =
X in [10]/ HG = Z(u,v;y) in [9]r (eoo)R‘ = réo/ CRt = T‘é and (CO)Rf = r(t) in [8]r (ep)R‘ = rrtJ in
(2], (co)pr = e and cgr = ef in [3], (€) g = €, and (€o)pr = €, in [4], (co) 4 = apand car = af
in [5], [co(u,p)]or = af(u,p) and [c(u,p)] 4 = al(u,p) in [6], (&) 4 = a) and (£) p =
in [7] and (co)c, = o and cc, = ¢ in [11], vp(,sp = v(B) in [12], and fp(sn = f(B) in [13];
where, N, Cy, R', and E" denote the Norlund, Ceséro, Riesz, and Euler means, respectively,
A", G, and B(r, 5, t) are, respectively, defined in [5, 9, 12], u € {co, ¢, €y}, v € {€s, ¢, o, €y} and
1 < p < oo. Also ¢y(u, p) and c(u, p) denote the sequence spaces generated from the Maddox’s
spaces cy(p) and c(p) by Basarir [15]. In the present paper, following [2-14], we introduce
the difference sequence spaces cé‘(B) and c*(B) of non-absolute type and derive some related
results. We also establish some inclusion relations. Furthermore, we determine the a-, -, and
y-duals of those spaces and construct their bases. Finally, we characterize some classes of
infinite matrices concerning the spaces c())‘(B) and ¢*(B).

The rest of this paper is organized, as follows.

In Section 2, the BK-spaces c())‘(B) and c*(B) of generalized difference sequences are
introduced. Section 3 is devoted to inclusion relations concerning with the spaces c;(B)
and c*(B). In Sections 4 and 5, the Schauder bases of the spaces c())‘(B) and c*(B) are given
and the a-, -, and y-duals of the generalized difference sequence spaces c}(B) and c*(B)
of non-absolute type are determined, respectively. In Section 6, the classes (c*(B) : &),
(c())‘(B) 1 4p), (c*(B) : ¢), (c*(B) : cy), (c())‘(B) :¢), and (c{)\(B) : ¢g) of matrix transformations are
characterized, where 1 < p < oo. Also, by means of a given basic lemma, the characterizations
of some other classes involving the Euler, difference, Riesz, and Cesaro sequence spaces are
derived. In the final section of the paper, we note the significance of the present results in the
literature related with difference sequence spaces and record some further suggestions.
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2. The Difference Sequence Spaces cg(B) and c'(B) of
Non-Absolute Type

The difference sequence spaces have been studied by several authors in different ways (see
e.g. [12, 16-21]). In the present section, we introduce the spaces CS(A), and c*(A), and show
that these spaces are BK-spaces of non-absolute type which are norm isomorphic to the
spaces ¢ and c, respectively.

We assume throughout that A = (Ak))2, is a strictly increasing sequence of positive
reals tending to oo, that is,

O<lp<A<---, lim A = co. (2.1)

k— oo

Recently, Mursaleen and Noman [22] studied the sequence spaces c) and c¢* of non-
absolute type, and later they introduced the difference sequence spaces cé‘( A) and c*(A) in
[21] of non-absolute type as follows:

cy(A) = {x = (xk) Ew: nlij{}o%zn:()tk = A1) (X = Xk-1) = 0},
=0
(2.2)

c)‘(A) = {x = (xx) Ew: lim %Z(“\k = Meo1) (ke — xk-1) exists}.
n—oo nk:O

Here and after, we use the convention that any term with a negative subscript is equal to zero,
for example, A_; = 0 and x_; = 0. With the notation of (1.2) we can redefine the spaces cé(A)
and ¢*(A) by

cS(A) = <C())‘>A, cM(A) = <c)‘>A, (2.3)

where A denotes the band matrix representing the difference operator, that is, Ax = (xj -
Xk-1) € w for x = (x) € w.

Let r and s be nonzero real numbers and define the generalized difference matrix
B(r,s) = {buk(r, )} by

r, k=mn,
bnk(rr S) = S, k=n- 1/ (24)

0, otherwise,
for all k,n € N. The B(r, s)-transform of a sequence x = (xx) is
B(r,s),(x) = rxg + sx1, VkeN. (2.5)

We note that the matrix B(r, s) can be reduced to the difference matrices A in case r = 1 and
s = —1. So, the results related to the matrix domain of the matrix B(r, s) are more general and
more comprehensive than the consequences of the matrices domain of A and include them.
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Now, following Basar and Altay [18] and Aydin and Basar [17], we proceed slightly
differently to Kizmaz [19] and the other authors following him and employ a technique
of obtaining a new sequence space by means of the matrix domain of a triangle limitation
method.

We thus introduce the difference sequence spaces cS(B) and ¢*(B), which are the
generalization of the spaces CS(A) and c'(A) introduced by Mursaleen and Noman [21], as
follows:

n

cy(B) = {x = (xx) Ew: ;}%%Z()‘k = M1) (rxp + 8xk-1) = 0},

nje=0
(2.6)
1 n
c(B) = {x = (xx) Ew: lim )L—Z(/\k — Ake—1) (rxx + Sxk-1) exists ¢.
n—oo n k*O
With the notation of (1.2), we can redefine the spaces cé(B) and ¢*(B) as
CS(B) = <C3>B, c'(B) = <c)‘>B, (2.7)

where B denotes the generalized difference matrix B(r, s) = {b,«(r,s)} defined by (2.4).

It is immediate by (2.7) that the sets c())‘(B ) and c*(B) are linear spaces with
coordinatewise addition and scalar multiplication, that is, ca\(B) and c*(B) are the sequence
spaces of generalized differences.

On the other hand, we define the triangle matrix A= (Xnk) by

r(Ax = Ako1) + 5(Age1 — k)

i 1 , k<mn,
Ak = » ()Ln - )tn—l)

An ’ k =n, (28)
0, k>n
for all n, k € N. With a direct calculation we derive the equality
~ 1 &
An(x) = A—Z()Lk — A1) (rxg + sx4-1), VmeN (2.9)
" k=0
and every x = (xx) € w which leads us together with (1.2) to the fact that
y(B) = (c0);,  c*(B) =c;. (2.10)

Further, for any sequence x = (xx) we define the sequence y(A) = {yx (1)} which will
be frequently used as the A-transform of x, that is, y(\) = A(x) and so we have

K1y =Aig) +s(hipg — Aj Ar =l
TIOEDY & ]1))% (A ])x,-+r k Ak“xk, Vk €N, 2.11)

.
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Where, here and in what follows, the summation running from 0 to k-1 is equal to zero when
k=0.
Moreover, it is clear by (2.9) that the relation (2.11) can be written as follows:

1 k
yk()t) = )t—kZ()L] - )L]'_1)(Tx]' + Sx]'_l), Vk € N. (2.12)
j=0

We assume throughout that the sequences x = (xx) and y = (yx) are connected by the relation
(2.11).
Now, we may begin with the following theorem which is essential in the text.

Theorem 2.1. The difference sequence spaces cy(B) and c*(B) are BK-spaces with the norm
ll%llex sy = l1¢ller gy = [1A() o, that is,

¥l ey = Il ) = sup|An()]. (2.13)
neN

Proof. Since (2.10) holds and ¢y and ¢ are BK-spaces with respect to their natural norms (see
[23, pages 217-218]) and the matrix A is a triangle, Theorem 4.3.12 of Wilansky [24, page 63]
gives the fact that c; 4(B) and c*(B) are BK-spaces with the given norms. This completes the
proof. O

Remark 2.2. One can easily check that the absolute property does not hold on the spaces c; (B)
and c*(B), that is, ||x||c3(B) # |||x|||c3(3) and ||x||cx ) # Il1x]llc2 () for at least one sequence in the
spaces c())‘(B) and ¢*(B), and this shows that c())‘(B) and c*(B) are the sequence spaces of non-
absolute type, where |x| = (|xk|).

Now, we give the final theorem of this section.

Theorem 2.3. The sequence spaces c0 (B) and c*(B) of non-absolute type are norm isomorphic to the
spaces co and c, respectively, that is, c; Y(B) = co and c*(B) = c.

Proof. To prove this, we should show the existence of a linear bijection between the spaces
cé‘(B) and ¢y. Consider the transformation T defined, with the notation of (2.11), from C())‘(B)
to co by x — y(1). Then, Tx = y(1) = A(x) € ¢ for every x € C();(B) and the linearity of T is
clear. Further, it is trivial that x = @ whenever Tx = 8 and hence T is injective.

Furthermore, let y = (yx) € ¢y and define the sequence x = {xi (1)} by

1 k —S k=j j ] i ,'
xi (M) = ?Z<7> Z( 1) Ry st Vk € N. (2.14)
j=0 i=j-1 j-
Then, we obtain
(L) + sxe 1 () = Z( Dk . A —2_y, VkeN. (2.15)

i=k-1
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Hence, for every n € N, we get by (2.9)

Aa) = 1 0k = M)+ 53xi)

" k=0

1 & K » (2.16)
= A_Z Z (—1)k Liyi

" k=0i=k-1
= yn.

This shows that IA\(x) = y and since y € ¢y, we conclude that /A\(x) € ¢o. Thus, we deduce that
X € cS(B) and Tx = y. Hence T is surjective.
Moreover, one can easily see for every x € cS(B) that

1T, = Iy W, = A = Ixlla (217)

which means that T is norm preserving. Consequently T is a linear bijection which show that
the spaces c())‘(B) and ¢y are linearly isomorphic.

It is clear that if the spaces cé(B) and ¢y are replaced by the spaces c'(B) and c,
respectively, then we obtain the fact that ¢*(B) = c. This completes the proof. O

3. The Inclusion Relations

In the present section, we establish some inclusion relations concerning with the spaces c; (B)
and c*(B). We may begin with the following theorem.

Theorem 3.1. The inclusion CS‘(B) C c*(B) strictly holds.

Proof. 1t is obvious that the inclusion C(’)\(B) C ¢*(B) holds. Further to show that this inclusion

is strict, consider the sequence x = (xx) defined by x; = Z;{:o (-s/ r)j /r for all k € N. Then,
we obtain by (2.9) that

1

: iuk ~ M) VneN (3.1)

™ k=0

/A\n(x) =

which shows that IA\(x) = e and hence IA\(x) € c\cp, wheree =(1,1,1,...). Thus, the sequence
x is in ¢*(B) but not in cS(B ). Hence, the inclusion C{)\(B) C cM(B) is strict and this completes
the proof. 0

Theorem 3.2. If s + r = 0, then the inclusion c C ¢} (B) strictly holds.

Proof. Suppose that s+r = 0and x € c. Then B(r, s)x = (rxi +sxi-1) € ¢p and hence B(r, s)x €
cé, since the inclusion ¢y C cé. This shows that x € cg(B). Consequently, the inclusion ¢ C
cy(B) holds. Further consider the sequence y = (yx) defined by yx = vk +1 for all k € N.

Then, it is trivial that y € c. On the other hand, it can easily seen that B(r,s)y € co. Hence,
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B(r,s)y € Cé which means that y € CS(B). Thus, the sequence y is in c())‘(B) but not in ¢. We
therefore deduce that the inclusion ¢ C ¢} (B) is strict. This completes the proof. O

On the other hand, we recall that if A € (c : ¢) and B € (¢ : ¢), then AB € (c : ¢),
namely, A = () is stronger than the ordinary convergence, hence we have the following

Corollary 3.3. The inclusions ¢y C ca\(B) and ¢ C cM(B) strictly hold.

Further, it is obvious that the sequence y, defined in the proof of Theorem 3.2, is in
cé(B) but not in Z. This leads us to the following result.

Corollary 3.4. Although the spaces €., and c)(B) overlap, the space €., does not include the space
A
c;(B).

Now, to prove the next theorem, we need the following lemma [24, page 4].
Lemma 3.5. A € (¢, : o) if and only if limy, o >y |ank| = 0.
Theorem 3.6. The inclusion €, C c}(B) strictly holds if and only if z € cj), where the sequence

z = (zx) is defined by

| = A1) + 5(Mken — Ak)
Z =

, VkeN. 3.2
Ak = A (3.2)

Proof. Suppose that the inclusion €, C ¢}(B) holds. Then we obtain that A(x) € ¢ for every

x € ¢., and hence the matrix A = (Xnk) is in the class (¢, : cp). Thus it follows by Lemma 3.5
that

Xnk

=0. (3.3)

Now, by taking into account the definition of the matrix A = (A,x) given by (2.8), we have for
every n € N that

~ 1 I
D Pnk| = 5 2ol (ke = der) + s (b = )| + [ == (3.4)
k Ly n
Thus, the condition (3.3) implies both
fim [ 2=t T’“ =0, (3.5)

n-1

.1
lim )L_ZV()”‘ = A1) + 8(her1 — )| = 0. (3-6)
k=0

n—oo n
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Now we have for every n > 1 that

1 = )‘n— 1 "= 1
TZ (e = A1) + (e = ) = ! [ >k = A 1)zk] (3.7)
™ k=0 n ”’ k=0

and since limy, _, o, (L4-1/1,) = 1 by (3.5), we obtain by (3.6) that

n-1

Jim — DAk =)z =0 (3.8)

n—wAy_1 k=0

which shows that z = (zx) € cg.
Conversely, suppose that z = (z) € cé'. Then we have (3.8). Further, for every n > 1,
we derive that

1'C 1°C
)L—Z (b = A1) + 8(Aes1 — )| A_Z (b = A1) zk
" k=0 n k=0
(3.9)
n-1
Ae-1) zk-
k=0

Then, (3.9) and (3.8) together imply that (3.6) holds. On the other hand, we have for every
n > 1 that

A1 + S()L )Lo)
An

1 n—
)L—Z (A = Ak-1) + (i — Ax)
™ k=0
(3.10)
1 n-—
r2|r<Ak = A1) + 5 (hen = A
n k=0

Therefore, it follows by (3.6) that lim, o [rA,-1 + s(Ay — Ag)] /A, = 0. Particularly, if we take
r = 1 and s = -1, then we have lim;, _ ,[A, — L,-1 — Ao]/ A, = 0 which shows that (3.5)
holds. Thus, we deduce by the relation (3.4) that (3.3) holds. This leads us with Lemma 3.5
to the consequence that A€ (% : ¢p). Hence, the inclusion ¢, C C(’)\(B) holds and is strict by
Corollary 3.4. This completes the proof. O

4. The Bases for the Spaces c; A(B) and ¢*(B)

In the present section, we give two sequences of the points of the spaces c}(B) and c*(B)
which form the bases for those spaces.

If a normed sequence space X contains a sequence (b,,) with the property that for every
x € X there is a unique sequence of scalars (a;,) such that

lim ||x — (agby + arby + -+ + azby)|| = 0 (4.1)
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then (by,) is called a Schauder basis (or briefly basis) for X. The series Y}, axbx which has the
sum x is then called the expansion of x with respect to (b,) and is written as x = >, axby.

Now, since the transformation T defined from c();(B) to ¢g in the proof of Theorem 2.3
is an isomorphism, the inverse image of the basis {eX)}}7, of the space c; is the basis for the
new space cS(B). Therefore, we have the following.

Theorem 4.1. Let ay (A) = A (x) forall k € Nand 1 = limy _, oo Ag (x). Define the sequence b® (1) =
(b (1)} for every fixed k € N by

n-k
=S )Lk )lk
— + , k<mn,
(r > [r(xk—xk_l) s(eat — Ap) "

B =41 M k=n (4.2)
r (M= A1)’ ’
0, k> n.

Then, the following statements hold.
(a) The sequence {b% ()}, is a basis for the space c)(B) and any x € cj(B) has a unique
representation of the form x = 3, ar(A)b® (1).
(b) The sequence {b,b©® (1), b1 (1), ...} is a basis for the space c*(B) and any x € c*(B) has
a unique representation of the form x = Ib + 3 [arx(\) — []b%) (L), where b = (bg) =
(o (=s/m)/r)

Finally, it easily follows from Theorem 2.1 that c())‘(B) and c*(B) are the Banach spaces
with their natural norms. Then by Theorem 4.1 we obtain the following.

Corollary 4.2. The difference sequence spaces cy(B) and c*(B) are seprable.

5. The a-, -, and y-Duals of the Spaces c;(B) and c*(B)

In this section, we state and prove the theorems determining the a-, -, and y-duals of the
generalized difference sequence spaces ¢ (B) and c*(B) of non-absolute type.
For arbitrary sequence spaces X and Y, the set M (X, Y) defined by

M(X,Y)={a=(ax) Ew:ax = (axxx) €Y Vx = (x¢) € X} (5.1)

is called the multiplier space of X and Y. One can easily observe for a sequence space Z with
Y € Z and Z C X that the inclusions M(X,Y) ¢ M(X,Z) and M(X,Y) ¢ M(Z,Y) hold,
respectively.

With the notation of (5.1), the a-, f-, and y-duals of a sequence space X, which are
respectively, denoted by X%, X¥, and X7, are defined by

X* = M(X, ¢1), X =M(X,cs), X'=M(X,bs). (5.2)

It is clear that X* ¢ X C X7. Also it can be obviously seen that the inclusions X* C Y#,
XP cYP,and XY C YY hold whenever Y ¢ X.
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Now, we may begin with quoting the following lemmas (see [25]) which are needed
to prove Theorems 5.5 to 5.8.

Lemma 5.1. A = (aux) € (co : é1) = (c: &1) if and only if

supz Zank < co. (5.3)
KeF u |kek
Lemma 5.2. A = (aux) € (co : ¢) if and only if
nli_r)lgo Auk = A for each fixed k € N, (5.4)
sup ' ank| < oo. (5.5)

neN

Lemma 5.3. A = (aux) € (c: c) ifand only if (5.4) and (5.5) hold, and

n—oo

lim Zank exists. (5.6)
k

Lemma 5.4. A = (auk) € (¢ : €w) = (co : €x) if and only if (5.5) holds.
Now, we prove the following result.

Theorem 5.5. The a-dual of the spaces c)(B) and c*(B) is the set

2

kekK

h{‘= {a= (an) Ew:supz <oo}, (5.7)

Ke¥F n

where the matrix H* = (hf;k) is defined via the sequence a = (a,) € w by

n-k
7) |2 E=n
— + a,, k<mn,
0 _ r A (A= A-1) - S(Aksn — )

nk — n

o = )
0, k>n

(5.8)

k=mn,

foralln, k € N.

Proof. Let a = (a,) € w. Then, by bearing in mind the relations (2.11) and (2.14), it is
immediate that the equality

n —s n-k
a= 30 (7)
=0

N | =

1

k
P ¥
> (-1)* S anyi = H(y) (5.9)
—k—1 k — Ak-1
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holds for all n € N. Thus, we observe by (5.9) that ax = (a,x,) € ¢; whenever x = (xx) € cé(B)
or c*(B) if and only if H'y € ¢; whenever y = (yx) € ¢y or c. This means that the sequence
a=(a,) € {c}(B)}" ora=(a,) € {c*(B))" ifand only if H' € (co : €1) = (c : €1). We therefore
obtain by Lemma 5.4 with H* instead of A that a = (a,) € {c}(B)}" = {¢*(B)}" if and only if

supz

Ke¥F n

2

keK

< oo (5.10)

which leads us to the consequence that {c{)\(B) V= (MB)}" = hi‘. This completes the proof.

]
Theorem 5.6. Define the sets h), hg, hi‘, and hé‘, as follows:
© s n-j
h) = {a = (ay) €Ew: Z(TS) a;j exists for each k € N},
=k
n-1
hg‘ ={a=(ax) Ew: supZ|ak(n)| <oy,
neN k=0
1 Ak
h=1da=(ar) €ew:sup|-————ax| < P
4 { (ax) WP = e 00}
K L (=sY h
s=qa=(a) cEw: Zk:;]z:(;<7> ar converges ¢, where
_ ax 1 1 > . (—s)”ﬁ
ax(n) = A + + — a; for k < n.
() = A I:T()tk = A1) (T()Lk A1) S(hkar = Ax) ].:%1 r !
(5.11)

Then {c}(B))’ = ki n ki N kY and (*(B)) = b nid n it (i,
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S =31 3L(2)| 3 e
arxy = - (-1 —= A
ST\ P Aj =4
n— 1 1 n —s n-j
; [T()tk = A1) <T()tk “Xe) s —)tk)> %1< r ) ]] v
1 (5.12)
' ; ()‘n - )Ln—l) BulYn
n-1
Z k(n)]/k + = ! —nanyn
k=0 ()Ln _/\n—l)
=Ti(y) VneN
where the matrix T* = (tﬁk) is defined by
ax(n), k<mn,
1 A
v )1 n _
b = p ()tn—)tn—l)an’ k=mn, (5.13)
0, k>n

for all k, n € N. Then, we deduce by (5.12) that ax =
and only if T*y € ¢ whenever y =

(akxk) € cs whenever x = (x) € cé‘(B) if
(yk) € co. This means that a = (ax) € {cé‘(B) }ﬂ if and only

if T* € (cp : c). Therefore, by using Lemma 5.2, we derive from (5.4) and (5.5) that

o]

)Y

j=k+1

(

Therefore, we conclude that {c{; (B) }ﬂ

Similarly, we deduce from

=S

. (5.14)

n—j
) a; exists for each k € N,

n-1
sup > [ax(n)] < oo,

neN =0

1 &
r (-)Ln - )Ln—l) !

(5.15)

< oo.

sup
neN

=hyNh;Nhy.

Lemma 5.3 with (5.12) that a = (ax) € {c*(B) }ﬁ if and only

if T* € (c : ). Therefore, we derive from (5.4) and (5.5) that (5.14), (5.15) hold.
Further, with a simple calculation one can easily see that the equality

n— 1

(5.16)

Zt
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holds for all n € N. Consequently, from (5.6) we obtain that
1& /-s\/
{—Z<—5> ak} € cs. (5.17)
T4 r
j=0
Hence, we deduce that {c*(B) }ﬂ = hé N hg N hi N hg. This completes the proof. O

Remark 5.7. We may note by combining (5.17) with the conditions (5.15) that
{Z;‘ZO (=s/r) ax/r) € bs for every sequence a = (ax) € {cg(B)}ﬂ.

Finally, we close this section with the following theorem which determines the y-dual
of the spaces c())‘(B) and ¢*(B):

Theorem 5.8. The y-duals of the spaces c; (B) and c*(B) are the set b} N .

Proof. The proof of this result follows the same lines that in the proof of Theorem 5.6 using
Lemma 5.4 instead of Lemma 5.2. O

6. Certain Matrix Mappings Related to the Spaces c;(B) and c*(B)

In this final section, we characterize the matrix classes (c*(B) : 4p), (cg(B) 1 &), (c*(B) : ¢),
(cX(B) : cp), (cé‘(B) : ¢), and (cé‘(B) : ¢g), where 1 < p < oo. Also, by means of a given basic
lemma, we derive the characterizations of some other classes involving the Euler, difference,
Riesz, and Cesaro sequence spaces.

For an infinite matrix A = (aux), we write for brevity that

Ak (m) = A — Ank +< ! + ! > i <_—S>n_ja ~- if k<m
" =) \r(h =) st -4/ L\ r /) ’
. e 1 1 > = <—s>"f ]
e = A + + — apj
T O - L) <T()tk = M-1) - S(hkst — Ak) ]-%1 r !
(6.1)

for all k,m,n € N provided the convergence of the series.

The following lemmas will be needed in proving our main results.

Lemma 6.1 (see [24, page 57]). The matrix mappings between the BK-spaces are continuous.

Lemma 6.2 (see [25, pages 7-8]). A = (aux) € (c: €p) if and only if

supz

Ke¥ n

keK

Z Ank

P

< oo, (1§p<oo).

(6.2)
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Lemma 6.3 (see [25, page 5]). A = (auk) € (c : co) if and only if (5.5) holds and

lima,u =0 VkeN,

n—oo

6.3
lim Zank =0. (63)
n— o0 k

Lemma 6.4 (see [25, page 5]). A = (au) € (co : co) if and only if (5.5) and (6.3) hold.
Now, we give the following results on the matrix transformations.

Theorem 6.5. Let A = (auk) be an infinite matrix over the complex field. Then, the following
statements hold.

(i) Let (1 < p < o). Then, A € (c*(B) : ¢y) if and only if

o _ n-j
Z <—S) a,j exists for each fixed k € N, (6.4)
j=k+1 r
P
supZ Zank < oo, (6.5)
KeF n |kek
m-1
sup D [@n(m)| < o0, VneN, (6.6)
meN f=0

1 /-sY -
;Z <7> Ak €cs for each fixed n € N, (6.7)

j=0 k=0
lim ——* g, =a, f h fi .
kgl;lor()tk ) ayk = a, for each fixed n € N, (6.8)
(an) € ep- (6.9)

(i) A € (c*(B) : €y,) ifand only if (6.7) and (6.8) hold, and

SUp . |an| < oo, (6.10)
neN
(@n) € Ces. (6.11)

Proof. Suppose that the conditions (6.4)—(6.9) hold and take any x = (xx) € c*(B). Then,
we have by Theorem 5.6 that {auk} ey € {¢*(B) }ﬁ for all n € N and this implies that the A-
transform of x exists. Also, it is clear that the associated sequence y = (yx) is in the space ¢
and hence yx — las k — oo for some suitable [. Further, it follows by combining Lemma 6.2
with (6.5) that the matrix A = (d) is in the class (¢ : ¢y), where 1 < p < co.
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Let us now consider the following equality derived by using the relation (2.11) from
the mth partial sum of the series > anxxk:

m m-1
Zankxk = Zﬁnk(m)yk + AnmYm, Yn,meN. (6.12)
k=0

_m
k=0 r()tm - )mel)

Then, since y € c and A € (c : ¢p), the series 3, aqyx converges for every n € N.

Furthermore, it follows by (6.4) that the series Z]?'Zk (=s/r)"7 auj converges for all n,k € N
and hence d,x(m) — aux as m — oo. Therefore, if we pass to limit in (6.12) as m — oo then
we obtain by (6.8) that

Zankxk = Zfznkyk +la,, VneN (6.13)
k k

which can be written as follows:
An(x) = Ay(y) +la,, VneN. (6.14)
This yields by taking p-norm that

lAxll, < || Ay |+, < oo (6.15)

which leads us to the consequence that Ax € ¢,. Hence, A € (c*(B) : ép).

Conversely, suppose that A € (¢*(B) : ¢,), where 1 < p < 0. Then {auk } e € {c*(B) P
for all n € N which implies with Theorem 5.6 that the conditions (6.6) and (6.7) are necessary.

On the other hand, since c*(B) and ¢, are BK-spaces, we have by Lemma 6.1 that there
is a constant M > 0 such that

[Ax]l, < Ml|x|r (g (6.16)

holds for all x € ¢*(B). Now, K € ¥. Then, the sequence z = 3., b®¥ (1) is in ¢*(B), where
the sequence b®) (1) = {b{” (1)}, is defined by (4.2) for every fixed k € N.
Since A(b® (1)) = e™® for each fixed k € N, we have

S e®

kekK

= 1. (6.17)

[oe]

ZZ\(W ()L))

1zl 5y = “/A\(Z)“oo B kek
€

Furthermore, for every n € N, we obtain by (4.2) that

4@ = Z A (W) = T b)) = Fn (6.18)
keK

keK keK j
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Hence, since the inequality (6.16) is satisfied for the sequence z € ¢*(B), we have for any

K € ¥ that
(=

which shows the necessity of (6.5). Thus, it follows by Lemma 6.2 that A= () € (c: 4p).

Now, let y = (y«x) € ¢ \ ¢o and consider the sequence x = (xx) defined by (2.14) for
every k € N. Then, x € c*(B) such that y= f\(x), that is, the sequences x and y are connected
by the relation (2.11). Therefore, Ax and Ay exist. This leads us to the convergence of the
series D>, ankxk and X, dqk Yk for every n € N. We thus deduce that

Z ank

p\ 1/p
> <M (6.19)
keK

m-1
im ' au(m)yr = > Yk, YneN. (6.20)
M=% 120 k

Consequently, we obtain from (6.12) as m — oo that

Jiinwmm_—Manmym exists for each fixed n € N (6.21)
and since y = (yx) € ¢ \ ¢y, we conclude that
lim A a exists for each fixed n € N (6.22)
m_’oor(/\m_)tm—l) . .

which shows the necessity of (6.8). Then relation (6.14) holds.

Finally, since Ax € ¢, and Ay € ¢,, the necessity of (6.9) is immediate by (6.14). This
completes the proof of Part (i) of the theorem.

Since Part (ii) can be proved by using the similar way that used in the proof of Part (i)
with Lemma 5.4 instead of Lemma 6.2, we leave the details to the reader. O

Remark 6.6. It is clear by (6.10) that the limit
m-1
Tim 3 [ (m)| = (623)
k=0 k

exists for each n € N. This just tells us that condition (6.10) implies condition (6.6).

Now, we may note that (co : €,) = (c : €,) for 1 < p < oo, (see [25, pages 7-8]). Thus,
by means of Theorem 5.6 and Lemmas 6.2 and 5.4, we immediately conclude the following
theorem.

Theorem 6.7. Let A = (auk) be an infinite matrix over the complex field. Then, the following
statements hold.
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(i) Let 1 <p < o0. Then, A € (cg(B) : €p) if and only if (6.5) and (6.6) hold, and

=) _ n-j
Z (;) auj exists forall n,k €N,
j=k (6.24)

Ak }oo
— = a4, €l,, VYneN.
{ M —Ye1) ™o

(ii)) A € (cg(B) : €y,) if and only if (6.10) and (6.24) hold.

Proof. It is natural that the present theorem can be proved by the same technique used in the
proof of Theorem 6.5, above, and so we omit the proof. O

Theorem 6.8. A = (aux) € (¢*(B) : ¢) ifand only if (6.7), (6.8), and (6.10) hold, and

lim a, = a, (6.25)
lim d,x = ax, foreachkeN, (6.26)
Jim Ek:ank =a. (6.27)

Proof. Suppose that A satisfies the conditions (6.7), (6.8), (6.10), (6.25), (6.26), and (6.27) and
take any x € ¢*(B). Then, since (6.10) implies (6.6), we have by Theorem 5.6 that {ak } ey €

{c*(B) }ﬁ for all n € N and hence Ax exists. We also observe from (6.10) and (6.26) that
k
D laj| < supijan| < oo (6.28)
j=0 meN Ji

holds for every k € N. This implies that (ax) € ¢; and hence the series >, ax(yx—I) converges,
where v = (yx) € c is the sequence connected with x = (xx) by the relation (2.11) such that
Yk — las k — oo. Further it is obvious by combining Lemma 5.3 with the condition (6.10),
(6.26), and (6.27) that the matrix A = (@) is in the class (c : ¢).

Now reasoning as in the proof of Theorem 6.5, we obtain that the relation (6.13) holds
which can be written as follows:

Zankxk = Zank (yk - l) + lzank +la,, VneN. (6.29)
k k k

In this situation, we see by passing to the limit in (6.29) as n — oo that the first term on the
right tends to X, ax(yx — I) by (6.10) and (6.26). The second term tends to la by (6.27) and
the last term to la by (6.25). Consequently, we have

lim A, (x) = D (ye = 1) + La + a), (6.30)
k

which shows that Ax € c, that is to say that A € (c*(B) : ¢).
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Conversely, Suppose that A € (c*(B) : c). Then, since the inclusion ¢ C €,, holds, it is
trivial that A € (c!(B) : €). Therefore, the necessity of the conditions (6.7), (6.8), and (6.10)
are obvious from Theorem 6.5. Further, consider the sequence b® (1) = {bﬁlk) ()} ,en € cN(B)
defined by (4.2) for every fixed k € N. Then, it is easily seen that Ab® (A) = {Guk} ey and
hence {@uk } ey € ¢ for every k € N which shows the necessity of (6.26). Let z = 3, b® (1).
Then, since the linear transformation T : ¢*(B) — ¢, defined as in the proof of Theorem 2.3
by analogy, is continuous and A (b® (1)) = e®) for each fixed k € N, we obtain that

An(z) = Z/A\n (b(k) (.)L)) = Z(Snk =1 foreachneN (6.31)
k k

which shows that /A\(z) = e € ¢ and hence z € ¢*(B). On the other hand, since c*(B) and ¢
are the BK-spaces, Lemma 6.1 implies the continuity of the matrix mapping A : ¢*(B) — c.
Thus, we have for every n € N that

An(z) = D Au(b0 W) = Y. (6.32)
k

k

This shows the necessity of (6.27).

Now, it follows by (6.10), (6.26), and (6.27) with Lemma 5.3 that A = (@) € (c: ¢). S0
by (6.7), and (6.8), relation (6.14) holds for all x € c*(B) and y € ¢, and x and y are connected
by relation (2.11), where yx — [ (k — o).

Lastly, since Ax € c and Ax € c; the necessity of (6.25) is immediate by (6.14). This
step concludes the proof. O

Theorem 6.9. A = (aux) € (c*(B) : co) if and only if (6.7), (6.8), and (6.10) hold, and

lima, =0,
limad,, =0 foreachkeN, (6.33)

Iim » a, =0.
new; nk

Proof. Since the present theorem can be proved by the similar way used in the proof of
Theorem 6.8 with Lemma 6.3 instead of Lemma 5.3, we omit the detailed proof. O

Theorem 6.10. A = (au) € (c())‘(B) 2 ¢) if and only if (6.10), (6.24), and (6.26) hold.

Proof. This is similarly obtained by using Lemma 5.2, Theorem 5.6, and Part (ii) of
Theorem 6.7. O

Theorem 6.11. A = (a,x) € (cé(B) : ¢o) if and only if (6.10) and (6.24) hold, and (6.26) also holds
with ay = 0 for all k € N.

Proof. This is immediate by Lemma 6.4, Theorems 5.6 and 6.10. O
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7. Conclusion

Let v denotes any of the classical sequence spaces ¢, ¢, or cp. Then, v(A) consisting of the
sequences x = (xi) such that Ax = (xx—xy41) € vis called as the difference sequence space which
was introduced by Kizmaz [19]. Kizmaz [19] proved that v»(A) is a Banach space with the
norm ||x|[a = |x1] + || Ax||e, where x = (xx) € v(A) and the inclusion relation v C v(A) strictly
holds. He also determined the a-, -, and y-duals of the difference spaces and characterized
the classes (v(A) : p) and (u : v(A)) of infinite matrices, where v,y € {¥, c}. Following
Kizmaz [19], Sarigol [26] extended the difference space v(A) to the space v(A,) defined by

v(Ay)i={x=(xx) €w: Ayx ={k"(xx —xk41)} €v for r <1} (7.1)

and computed the a-, -, and y-duals of the space v(A,), where v € {€,c,co}. It is easily
seen that v(A,) C v(4A),if 0 < r < 1and v(A) C v(A,), if r < 0. Recently, the difference
spaces bv, consisting of the sequences x = (xx) such that (xx — xx-1) € ¢, have been
studied in the case 0 < p < 1 by Altay and Basar [27] and in the case 1 < p < oo by Basar
and Altay [18], Colak et al. [28], and Malkowsky et al. [29]. Quite recently, Mursaleen and
Noman have introduced the spaces c* and ¢ of A-convergent and A-null sequences and
nextly studied the difference spaces c*(A) and c())‘(A) in [21, 22], respectively. Of course,
there is a wide literature concerning the difference sequence spaces. By the domain of the
generalized difference matrix B(r, s) in the spaces of A-convergent and A-null sequences we
have generalized the difference spaces ¢*(A) and ¢} (A) defined by Mursaleen and Noman
[21]. Since the generalized difference matrix B(r, s) reduces, in the special case r = 1, s = -1,
to the usual difference matrix A; our results are more general and more comprehensive than
the corresponding results of Mursaleen and Noman [21].

Since the difference spaces of A-bounded and absolutely Ap-summable sequences are
not studied, the domain of both the difference matrix A, and the generalized difference matrix
B(r, s) in those spaces are still open. So, it is meaningful to fill this gap.
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