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We consider a nonlinear Dirichlet elliptic equation driven by a nonhomogeneous differential op-
erator and with a Carathéodory reaction f(z, {), whose primitive f(z, {) is p-superlinear near +oo,
but need not satisfy the usual in such cases, the Ambrosetti-Rabinowitz condition. Using a
combination of variational methods with the Morse theory (critical groups), we show that the
problem has at least three nontrivial smooth solutions. Our result unifies the study of “superlinear”
equations monitored by some differential operators of interest like the p-Laplacian, the (p,q)-
Laplacian, and the p-generalized mean curvature operator.

1. Introduction

The motivation for this paper comes from the work of Wang [1] on superlinear Dirichlet
equations. More precisely, let Q C RN be a domain with a C2-boundary Q. Wang [1] studied
the following Dirichlet problem:

-Au(z) = f(u(z)) in Q,

(1.1)
ulaq = 0.

He assumes that f € C1(R), £(0) = f'(0) =0, |f'(¢)| < c(1 +[¢[?), with 1 < r < 2%, where

2N .
>
»-J) N_2 if N >3,

+oo if N=1,2

(1.2)
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and that there exist 4 > 2 and M > 0, such that
0<pF(@) < f(O)S VIdl2 M, (1.3)

where
[
FQ - [ fo)ds (14)
0

(this is the so-called Ambrosetti-Rabinowitz condition). Under these hypotheses, Wang [1]
proved that problem (1.1) has at least three nontrivial solutions.

The aim of this work is to establish the result of Wang [1] for a larger class of nonlinear
Dirichlet problems driven by a nonhomogeneous nonlinear differential operator. In fact, our
formulation unifies the treatment of “superlinear” equations driven by the p-Laplacian, the
(p, q)-Laplacian, and the p-generalized mean curvature operators. In addition, our reaction
term f(z,¢) is z dependent, need not be C! in the ¢-variable, and in general does not satisfy
the Ambrosetti-Rabinowitz condition. Instead, we employ a weaker “superlinear” condition,
which incorporates in our framework functions with “slower” growth near +oo. An earlier
extension of the result of Wang [1] to equations driven by the p-Laplacian was obtained by
Jiang [2, Theorem 12, p.1236] with a continuous “superlinear” reaction f(z, ) satisfying the
Ambrosetti-Rabinowitz condition.

So, let Q C RN be as above. The problem under consideration is the following:

—div a(Vu(z)) = f(z,u(z)) ae. in Q,

(1.5)
ulae = 0.

Here a : RNV — RY is a map which is strictly monotone and satisfies certain other reg-
ularity conditions. The precise conditions on a are formulated in hypotheses H(a). These
hypotheses are rather general, and as we already mentioned, they unify the treatment of
various differential operators of interest. The reaction f(z, {) is a Carathéodory function (i.e.,
for all { € R, the function z — f(z,{) is measurable and for almost all z € €, the function
¢ f(z,¢) is continuous). We assume that the primitive

[
P = [ feods (16)

exhibits p-superlinear growth near +oo. However, we do not employ the usual in such cases,
the Ambrosetti-Rabinowitz condition. Instead we use a weaker condition (see hypotheses
H(f)), which permits the consideration of a broader class of reaction terms.

Our approach is variational based on the critical point theory combined with Morse
theory (critical groups). In the next section for easy reference, we present the main mathe-
matical tools that we will use in the paper. We also state the precise hypotheses on the maps
a and f and explore some useful consequences of them.



Abstract and Applied Analysis 3

2. Mathematical Background and Hypotheses

Let X be a Banach space, and let X* be its topological dual. By (-,-) we denote the duality
brackets for the pair (X*, X). Let ¢ € C}(X). We say that ¢ satisfies the Cerami condition if the
following is true:

“every sequence {x,},-; € X, such that {¢(x,)},., is bounded and

(1 + [lxnlD¢' (x4) — 0 in X7, (2.1)

admits a strongly convergent subsequence.”
This compactness-type condition is in general weaker than the usual Palais-Smale condition.
Nevertheless, the Cerami condition suffices to have a deformation theorem, and from it the
minimax theory of certain critical values of ¢ is derive (see, e.g., Gasiriski and Papageorgiou
[3]). In particular, we can state the following theorem, known in the literature as the
“mountain pass theorem.”

Theorem 2.1. Ifp € CH(X) satisfies the Cerami condition, x, x1 € X are such that ||x1—xo|| > ¢ > 0,
and

max{¢p(x0), ¢(x1)} <inf{p(x) : [lx - xoll = @} =1,

2.2
¢ = infmax¢(y(t)), 22

where
I'={yeC(0,1;X) : y(0) = xo, y(1) = x1}, (2.3)

then c > 1, and c is a critical value of ¢.

In the analysis of problem (1.5) in addition to the Sobolev space Wg’p(Q), we will also
use the Banach space

cl (ﬁ) - {u eC! (ﬁ) S ulog = 0}. (2.4)
This is an ordered Banach space with positive cone
C, = {ueCé(ﬁ): u(z)zovZeﬁ}. (2.5)
This cone has a nonempty interior, given by

int C+:{ueC+: u(z)>0Vz€Q,g—Z(z)<0Vz€6£2}, (2.6)

where n(-) denotes the outward unit normal on 0Q.
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In what follows, by 11 we denote the first eigenvalue of (-4,, Wg’p (€2)), where A,
denotes the p-Laplace operator, defined by

Apu = div<||vu||r’*2vu) Vue W) (Q). (2.7)

We know (see, e.g., Gasiniski and Papageorgiou [3]) that X1 > 0 is isolated and simple (i.e.,
the corresponding eigenspace is one-dimensional) and

U (1) S
1 = inf il cueW," (), u#0;. (2.8)
p

In this variational characterization of 1;, the infimum is realized on the corresponding one-
dimensional eigenspace. From (2.8), we see that the elements of the eigenspace do not
change sign. In what follows, by 1; we denote the LP-normalized (i.e., [|u1], = 1) positive
eigenfunction corresponding to ; > 0. The nonlinear regularity theory for the p-Laplacian
equations (see, e.g., Gasiniski and Papageorgiou [3, p. 737]) and the nonlinear maximum
principle of Vazquez [4] imply that #; € int C..

Now, let ¢ € C'(X) and let ¢ € R. We introduce the following notation:

p°={xeX:p(x)<c},
K,={xeX:¢'(x)=0}, (2.9)
Ky ={x€K,:¢(x)=c}.

Let (Y1,Y2) be a topological pair with Y, C Y7 C X. For every integer k > 0, by
Hi(Y1,Y,) we denote the kth relative singular homology group for the pair (Y3,Y;) with
integer coefficients. The critical groups of ¢ at an isolated point xy € K, with ¢(xo) = c (i.e.,
xo € Kj) are defined by

Cr(p,x0) = He (90U, 9°NU\ {x0}) Vk >0, (2.10)

where U is a neighbourhood of x¢, such that K, N ¢° nU = {xp}. The excision property of
singular homology implies that this definition is independent of the particular choice of the
neighbourhood U.

Suppose that ¢ € C'(X) satisfies the Cerami condition and ¢(K,) > —co. Let ¢ <
info(K,). The critical groups of ¢ at infinity are defined by

Cr(p,0) = Hi (X, ¢°) Vk >0. (2.11)

The second deformation theorem (see, e.g., Gasiniski and Papageorgiou [3, p. 628])
guarantees that this definition is independent of the particular choice of the level ¢ <

info(Ky,).
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Suppose that K|, is finite. We set

M(t, x) = Zrank Ci (o, x)tk VteR, x € K,

k>0
(2.12)
P(t,0) = Z rank Ci (¢, oo)tk vVt € R.
k20
The Morse relation says that
Z M(t,x) = P(t,0) + (1 +1)Q(?), (2.13)
xeK,
where
Q) = > pit* (2.14)

k>0

is a formal series in t € R with nonnegative integer coefficients ff; € N.
Now we will introduce the hypotheses on the maps a(y) and f(z,¢). So, let h €
C'(0, +o0) be such that

th'(t
0< Wi)) <cy Vt>0, (2.15)
for some ¢y > 0 and
atrl<ht) <o (1 + |t|P-1) Vit >0, (2.16)

for some c1,cp > 0.
The hypotheses on the map a(y) are the following:
H(a) : a(y) = ao(llyl])y, where ay(t) > 0 for all t > 0 and
(i) a € CRN;RY)nCHRN \ {0};RY),

(ii) there exists c3 > 0, such that

Ryl

vy e RN\ {0}, (2.17)
g RN

[Va@)ll < e

(iii) we have

h(llyl)

v IE1> vy e RN\ {0}, ¢ RV, (2.18)

(Va(y)é, §)RN 2
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(iv) if G : RN — RN is a function, such that VG(y) = a(y) for y € RN and G(0) = 0,
then there exists ¢4 > 0, such that

pG(y) - (a(y), Y)pn 2 —cs Yy eRN. (2.19)

Remark 2.2. Let

Go(t) = JZ ap(s)sds Vt>0. (2.20)

Evidently Gy is strictly convex and strictly increasing on R, = [0, +o0). We set
G) =Go(llvll) vy eR™. (221)

Then G is convex, G(0) =0, and

VG(y) = Gs<||y||>”§—" — ao(|yl)y =a(y) Yy RN\ (0}. (2.22)

Hence the primitive function G(y) used in hypothesis H(a)(iv) is uniquely defined. Note
that the convexity of G implies that

G(y) < (a(y),¥)av Yy eRN. (2.23)

Hypotheses H(a) and (2.23) lead easily to the following lemma summarizing the main
properties of a.

Lemma 2.3. If hypotheses H (a) hold, then

(a) the map y — a(y) is maximal monotone and strictly monotone,

(b) there exists cs > 0, such that

la@)ll <cs(1+[ly["") vy eRrY, (2.24)

(c) we have

(o]
p-1

(a(y), yY)pn 2 lvll” vy eRY (2.25)

(where ¢1 > 0 is as in (2.16)).

From the above lemma and the integral form of the mean value theorem, we have the
following result.
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Corollary 2.4. If hypotheses H (a) hold, then there exists c¢ > 0, such that

C1

p(p-1)

[vll” <G(y) <cs(1+]lyll”) VyeR". (2.26)

Example 2.5. The following maps satisfy hypotheses H(a):
(a) a(y) = lyllP*y with 1 < p < +co.

This map corresponds to the p-Laplace differential operator

Apu = div<||Vu||P-ZVu) Yu e W) (Q). (2.27)

(b) a(y) = lylP*y + pllyll’*y with2 < g < p < +oo, pu>0.

This map corresponds to the (p, g)-Laplace differential operator
Apu+phgu Yue Wy (Q). (2.28)

This is an important operator occurring in quantum physics (see Benci et al. [5]). Recently
there have been some papers dealing with the existence and multiplicity of solutions for
equations driven by such operators. We mention the works of Cingolani and Degiovanni [6],
Figueiredo [7], and Sun [8]:

(© aly) = A+ [yl

This map corresponds to the p-generalized mean curvature operator

Yy, with2 <p < +co.

(p-2)/2
div <(1 + ||Vu||2> . Vu) Vue WP (Q). (2.29)

Such equations were investigated by Chen-Shen [9]:

(d) a(y) = IylIP?y + Iyl 2y / A+ llyll"), with 1 < p < +oo,
(€) a(y) = llyI" 2y +In(1 + ly ")y, with 2 < p < +oo.

Let A: Wg’p(Q) — WW(Q) = WS’F(Q)* (with1/p +1/p' = 1) be the nonlinear map,
defined by

(Au),y) = J‘Q (a(Vu(z)), Vy(z))gndz Yu,y € Wé’p(Q). (2.30)

From Gasiniski and Papageorgiou [10, Proposition 3.1, p. 852], we have the following result
for this map.
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Proposition 2.6. If hypotheses H(a) hold, then the map A : Wg’p (Q) — W (Q) defined by
(2.30) is bounded, continuous, strictly monotone, hence maximal monotone too, and of type (S),; that
is, if u, — u weakly in W;’p(Q) and

lim sup(A(u,), u, —u) <0, (2.31)

n—+oo

then u, — uin Wé’p(Q).

The next lemma is an easy consequence of (2.8) and of the fact that u; € int C, (see,
e.g., Papageorgiou and Kyritsi-Yiallourou [11, p. 356]).

Proposition 2.7. If & € L*(Q),, 8(2) < (c1/p(p-1))\ for almost all z € Q, 8 # (c1 /p(p-1)) A1,
then there exists &y > 0, such that

1
p-1

| vull, - fQ @@ dz > &l Vull, Yue W,"(). (232)

The hypotheses on the reaction f(z, () are the following:
H(f): f: QxR — Risa Carathéodory function, such that f(z,0) = 0 for almost all z € Q

and

(i) there exist a € L*(Q),, ¢ > 0and r € (p,p*), with

Np .
——— ifp<N,
p=iN-p 7 (2.33)

+00 ifp>N,

such that
|f(z,0)| <a(z)+ clgl”™  foralmostall ze Q, all {€R; (2.34)
(ii) if
¢
F(z,¢) = f f(z,s)ds, (2.35)
0
then
. F|(§Z|,p§) =+oo uniformly for almost all z € Q, (2.36)
—+o0

(iii) there exist T € ((r — p) max{1, N/p}, p*) and By > 0, such that

L LT

Po uniformly for almost all z € Q, (2.37)
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(iv) there exists & € L*(Q),, such that 3(z) < (c1/p(p - 1))X1 for almost all z € Q,
O#(c1/pp—-1))\y, and

F
lim sup PF(z/¢)

7 <38(z) uniformly for almost all z € Q; (2.38)
¢—0

(v) for every ¢ > 0, there exists &, > 0, such that

f(z,8)6+&l¢lP >0 foralmost all z € Q, all |¢] <. (2.39)

Remark 2.8. Hypothesis H(f)(ii) implies that for almost all z € Q, the primitive F(z,-) is
p-superlinear. Evidently, this condition is satisfied if

im L)
S

=+oo uniformly for almost all z € Q, (2.40)

that is, for almost all z € €, the reaction f(z,-) is (p — 1)-superlinear. However, we do not use
the usual for “superlinear” problems, the Ambrosetti-Rabinowitz condition. We recall that
this condition says that there exist y > 0 and M > 0, such that

0<uF(z,8) < f(z,4)¢ foralmostall z€ Q, all |¢| > M,
ess sup F(-, M) > 0. (2.41)
Q

Integrating (2.41), we obtain the weaker condition

c7l¢lf < F(z,¢) foralmostall z€ Q, all [{| > M, (2.42)

with ¢y > 0. Evidently from (2.42) we have the much weaker condition

F(z,¢) _

. . +oo  uniformly for almost all z € Q. (2.43)
—+o0

Here, the p-superlinearity condition (2.43) is coupled with hypothesis H(f)(iii), which is
weaker than the Ambrosetti-Rabinowitz condition (2.41). Indeed, suppose that the Ambro-
setti-Rabinowitz condition is satisfied. We may assume that y > (r — p) max{1, N/p}. Then

f(z0¢6-pF(4) _ f(z00-pFzE) (-p)F(z9)

— 2.44
o o T G L

(see (2.41) and (2.42)). Therefore, hypothesis H (f)(iii) is satisfied.
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Example 2.9. The following function satisfies hypotheses H(f), but not the Ambrosetti-
Rabinowitz condition. For the sake of simplicity we drop the z-dependence:

1217 if ¢ <1,
f(@) = i N (2.45)
plep g (migl+ ) if k> 1
with1 <p < g < +oo.
In this work, for every u € Wg’p (Q), we set
llall = [IVall, (2.46)
(by virtue of the Poincaré inequality). We mention that the notation || - || will also be used

to denote the RN-norm. However, no confusion is possible, since it is always clear from the
context, whose norm is used. For every ¢ € R, we set

¢* = max{x(, 0}, (2.47)
and foru € Wé P(Q), we define
ut(-) = u(-)*. (2.48)
Then u* € Wg P (Q), and we have
u=u"-u, lul =u* +u". (2.49)

By | - [y we denote the Lebesgue measure on RY. Finally, for a given measurable function
h: QxR — R (e.g., a Carathéodory function), we define

Ni()() = h(,u() Vi e WP (Q) (2:50)

(the Nemytskii map corresponding to h(:,-)).

3. Three-Solution Theorem

In this section, we prove a multiplicity theorem for problem (1.5), producing three nontrivial
smooth solutions, two of which have constant sign (one positive, the other negative).

First we produce two constant sign solutions of (1.5). For this purpose, we introduce
the positive and negative truncations of f(z, -), namely:

fe(z,0) = f(z,£0%) V(z,0) e QxR. (3.1)
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Both are Carathéodory functions. We set
¢
Fuz0) = [ fulzs)ds (3:2)
0

and consider the C!-functionals . : W;’p(Q) — R, defined by

ps(u) = J; G(Vu(z))dz - IQ F.(z,u(z))dz Vuce Wé’p(Q). (3.3)

Also, let ¢ : Wg ?(Q) — R be the C'-energy functional for problem (1.5), defined by
p(u) = f G(Vu(z))dz —f F(z,u(z))dz VueW,”(Q). (3.4)
Q Q

Proposition 3.1. If hypotheses H(a) and H(f) hold, then the functionals ¢, satisfy the Cerami
condition.

Proof. We do the proof for ¢., the proof for ¢_ being similar.
So, let {1y}, C Wé’p () be a sequence, such that

o (un)| < My Vn>1, (3.5)
for some M; > 0, and
(1 + |[unl)¢, (n) — 0 in WP(Q). (3.6)

From (3.6), we have

/ Enl||0 ¥
gm0, )] < T Yo € WLY (@), (37)
with g, \\ 0, so
enllv]l
_ < iz
‘(A(un), v) Lﬂ(z,un)vdz S T ] > (3.8)

In (3.8), first we choose v = —u;, € W&’p(Q). Then using Lemma 2.3(c), we have

(6]
p-1

Vi |l <en ¥n21, (3.9)

SO

u, — 0 in W,"(Q). (3.10)
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Next, in (3.8) we choose v = u}, € Wg’p (QQ). We obtain
—f (a(Vuy,), Vu))pn +J flzup)u,dz<e, Yn>1. (3.11)
Q Q
From (3.5) and (3.10), we have

f pG(Vu,)dz - ’[ pF(z,u;)dz< M, Vn>1 (3.12)
Q Q
for some M, > 0. Adding (3.11) and (3.12), we obtain

f (pG(Vu;) - (a(Vuy), Vuy)gn )dz + f (f (z,ul)u; - pF(z,u}))dz< M3 Vn>1,
Q Q
(3.13)

for some M3 > 0, so

f (f(z,up)uy; —pF(z,uy))dz < My = Ma +c4Q|y YVn>1 (3.14)
Q

(see hypothesis H(a)(iv)).
Hypotheses H(f)(i) and (iii) imply that we can find ; € (0, fy) and cg > 0, such that

B¢l —cs < f(z,8)¢ - pF(z,¢) foralmostall z€ Q, all { € R. (3.15)

Using (3.15) and (3.14), we obtain
Pillunls <Ms Vn>1, (3.16)

with M5 = My + ¢3|Q|n > 0 and so

the sequence {u,},.,; C L"(Q) is bounded. (3.17)

First suppose that N # p. From hypothesis H(f)(iii), it is clear that we can always assume
that 7 < r < p*. So, we can find t € [0, 1), such that

= (3.18)

Invoking the interpolation inequality (see, e.g., Gasiriski and Papageorgiou [3, p. 905]), we
have

1-t t
lall, < Nl gL, (3.19)
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SO
il < Mgllug|l™ ¥n>1, (3.20)

for some Mg > 0 (see (3.17) and use the Sobolev embedding theorem).

Recall that
f (a(Vuy), Vuy)pgndz — J‘ f(z,up)u,, dz| <e, Yn>1. (3.21)
Q Q
From hypothesis H(f)(i), we have
f(z,80)¢ <a(z)+clg|” foralmostall z€Q, all { € R, (3.22)

with @ € L*(Q),, ¢ > 0. Therefore, from (3.21) and Lemma 2.3(c), we have

C

IVl < co(U+lluzlly) vn 21, (3.23)

for some c9 > 0 and so
sl < cro(1+asl™) Vn21, (3.24)
for some c1p > 0 (see (3.20)). The hypothesis on 7 (see H(f)(iii)) implies that tr < p, and so
the sequence {u,},.; C Wé’p (Q) is bounded, (3.25)
and thus
the sequence {uy},5; C W&’p(Q) is bounded (3.26)

(see (3.26)).

Now, suppose that N = p. In this case, we have p* = +oo, while from the Sobolev
embedding theorem, we have that Wg P(Q) c LI(Q) for all q € [1,+). So, we need to modify
the previous argument. Let 8 > r > 7. Then we choose t € [0, 1), such that

1 1-t ¢
o1zt r 3.27
r T * Y (3.27)
SO
= 2027 (3.28)
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Note that

3(r—-1)
d-7

—r—7 as®— +oo =p*. (3.29)

Since N = p, we have r — T < p (see H(f)(iii)). Therefore, for large & > r, we have that tr <p
(see (3.28)). Hence, if in the previous argument, we replace p* with such a large & > r, again
we reach (3.26).

Because of (3.26), we may assume that

u, — u weakly in Wé’p(Q), (3.30)

u, —u in LP(Q). (3.31)

In (3.8), we choose v = u, —u € W;’p(Q), pass to the limit as n — +oo, and use (3.30). Then
linnlJrigf(A(un), u, —u) =0, (3.32)
so
u, — u in W,7(Q) (3.33)

(see Proposition 2.6). This proves that ¢, satisfies the Cerami condition.
Similarly we show that ¢_ satisfies the Cerami condition. O

With some obvious minor modifications in the above proof, we can also have the
following result.

Proposition 3.2. If hypotheses H(a) and H(f) hold, then the functional ¢ satisfies the Cerami
condition.

Next we determine the structure of the trivial critical point u = 0 for the functionals ¢,
and ¢.

Proposition 3.3. If hypotheses H(a) and H(f) hold, then u = 0 is a local minimizer for the
functionals ¢ and .

Proof. By virtue of hypotheses H(f) (i) and (iv), for a given € > 0 we can find ¢, > 0, such that

F(z,¢) < %(19(2) +&)[gIF +c.lg]” foralmostall z€ Q, all { € R. (3.34)
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Then for all u € Wé’p (Q), we have

i (u) = fg G(Vu)dz - J; F(z,u")dz

C

2 1
p(p-1)
1 £

> —( &o—= JllullP = cullul",
(o5 or-o

for some c17 > 0 (see Corollary 2.4, (2.8), (3.34), and Proposition 2.7). Choosing ¢ € (0, Lgo),
we have

1 £
p_ 2 +\P _ = p_ T
[Vl ; _[Q S(u*) dz o llull? = ca [lull (3.35)

02 () > cnllull’ —enllull” Yu e WP (Q), (3.36)

for some c1, > 0. Since r > p, from (3.36), it follows that we can find small ¢ € (0,1), such that

@p.(u) >0 VYu, with 0 < [Ju|| <o, (3.37)
SO

u =0 is a local minimizer of ¢,. (3.38)
Similarly, we show that u = 0 is a local minimizer for the functionals ¢_ and ¢. O

We may assume that u = 0 is an isolated critical point of ¢, (resp., ¢_). Otherwise,
we already have a sequence of distinct positive (resp., negative) solutions of (1.5) and so we
are done. Moreover, as in Gasiriski and Papageorgiou [12, proof of Theorem 3.4,] we can find
small g, € (0,1), such that

inf{ep.(u) : |Jull = ¢} =71+ >0. (3.39)
By virtue of hypothesis H(f)(ii) (the p-superlinear condition), we have the next result, which

completes the mountain pass geometry for problem (1.1).

Proposition 3.4. If hypotheses H(a) and H(f) hold and u € int C,, then p.(tu) — —ooast —

+oco0.

Proof. By virtue of hypotheses H(f)(i) and (ii), for a given ¢ > 0, we can find c¢13 = ¢13(¢) > 0,
such that

¢IglP —c13 < F(z,8) foralmostall z€ Q, all { €R. (3.40)
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Then for u € int C, and t > 0, we have

o.t0) = [ Gz~ [ Fa oz
Q Q
<crs(1+ 2 |[ullP) - & |ulll + c13|Qy (3.41)
= (cullulP - &lul}) + cis,

for some c14 > 0 and with ¢15 = c14 + ¢13|Q|n > 0 (see Corollary 2.4 and (3.40)).
Choosing ¢ > cia(||u||P/ ||u||5), from (3.41), it follows that

¢p.(tu) — —oo ast — +oo. (3.42)

Similarly, we show that
p_(tu) — —c0 as t — —oo. (3.43)
O

Now we are ready to produce two constant sign smooth solutions of (1.5).

Proposition 3.5. If hypotheses H(a) and H (f) hold, then problem (1.5) has at least two nontrivial
constant sign smooth solutions

Uy € int C,, vy € —int C,. (3.44)
Proof. From (3.39), we have
¢+(0) =0 < inf{ep. (u) : |Ju|l = @+} = 7. (3.45)
Moreover, according to Proposition 3.4, for u € int C,, we can find large t > 0, such that
g (tu) < 9. (0)=0< 1., |tul > o (3.46)

Then because of (3.45), (3.46), and Proposition 3.1, we can apply the mountain pass theorem
(see Theorem 2.1) and find ug € Wol’p(Q), such that

¢+(0) =0 <774 < s (u0), (3.47)

¢’ (uo) =0. (3.48)

From (3.47) we see that uy #0. From (3.48), we have

Al(uo) = Ny, (uo). (3.49)
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On (3.49) we act with —u; € Wé’p(Q) and obtain

C1
p-1

[[Vasg]l}, <0 (3.50)

(see Lemma 2.3(c)), so

uy >0, uy #0. (3.51)

Then, from (3.49), we have

—div a(Vuy(z)) = f(z,up(z)) ae. in Q,
(3.52)
uglag = 0.

Theorem 7.1 of Ladyzhenskaya and Uraltseva [13, p. 286] implies that uy € L*(Q). Then
from Lieberman [14, p. 320], we have that u € Cé’“(Q) for some a € (0,1). Let ¢ = |[uo]lco,
and let ¢, > 0 be as postulated by hypothesis H(f)(v). Then

—div a(Vuo(z)) + (j(,uo(z)p_1 >0 for almostall z € Q (3.53)

(see (3.52) and hypothesis H(f)(iv)), so

div a(Vuy(z)) < gguo(z)’”’1 for almost all z € Q. (3.54)

Then, from Theorem 5.5.1 of Pucci and Serrin [15, p. 120], we have that 1 € int C..
Similarly, working with ¢_, we obtain another constant sign smooth solution vy €
—int C,. ]

Next, using the Morse theory (critical groups), we will produce a third nontrivial
smooth solution. To this end, first we compute the critical groups of ¢, at infinity (see also
Wang [1] and Jiang [2]).

Proposition 3.6. If hypotheses H (a) and H(f) hold, then

Cr(ps,00) =0 Vk > 0. (3.55)

Proof. We do the proof for ¢, the proof for ¢_ being similar.
By virtue of hypotheses H(f)(i) and (ii), for a given ¢ > 0, we can find c16 = c16(¢) > 0,
such that

F.(z,8) >¢(CN)F —cig foralmostall ze€ Q, all { € R. (3.56)

Let

E,={u€oB;: u"#0}, (3.57)
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where

0By = {ue Wy (@): |ull =1}.
Foru € E, and t > 0, we have

@, (tu) = f G(tVu)dz —f F.(z,tu)dz
Q Q
< (1+#) = el ) - ciolQly

=t <c17 - §||u+||f,> +c17 + c16|Q|

for some c17 > 0 (see Corollary 2.4, (3.56) and recall that [|u|| = [|Vu||, = 1).
Choosing ¢ > c17/ ||ut]|h, we see that

@p.(tu) — —oo ast— +oo.

Hypothesis H(f)(iii) implies that we can find p; € (0, fy) and M7 > 0, such that

f+(z,8)—pF(z,8) 2 p1§" for almostall z € Q, all { > Mjy.

Then forall y € W& P(Q), we have

f (PF+(z,y) - f+(z,y)y)dz < —f Py dz +cis,
Q

{y>M7)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

for some c1 > 0 (see (3.61)). Let c19 = c13 + c4|Q|n > 0 (see hypothesis H(a)(iv)) and choose

¥ < —c19. Because of (3.60), for u € E, and for large t > 0, we have
@, (tu) = f G(tVu)dz - f F.(z,tu)dz <y.
Q Q

Since ¢.(0) = 0, we can find t* > 0, such that

.+ (t'u) =y.

(3.63)

(3.64)
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Also, for large t > 0, we have

Dot = (¢ (00, w)

1

= ?(lp,+(tu)’ tu>

_ %(L} (@(tVu), tVu)gy dz - fQ Folz, tu)tu dz)

(3.65)
< %(J‘ pG(tVu)dz + c4| QN — f pF.(z, tu)dz + c18>
Q Q

1
< ?(Y +ci8 + C4|Q|n)
<0

(see hypothesis H(a)(iv), (3.62), (3.63), and recall that py. (tu) < ¢.(tu) <y < 0). Hence, by
the implicit function theorem, #* is unique and in fact there is a unique function p, € C(E,),
such that

¢pi(us(w)u) =y Yu€E,. (3.66)
Let
D, = {u eW, P (Q) : ut 7&0}. (3.67)
We set
Ao(u) = — <i> VueD (3.68)
A ™\ - |
Then ji. € C(D;) and
¢+ (A (w)u) =y YueD,. (3.69)

Moreover, if ¢, (1) =y, then ji, (1) = 1. We set

- 1 ifg.(u) <y,
+(u) = (3.70)
. { P () if @, (1) >y

Evidently i, € C(E,). Let hy : [0,1] x D, — D, be defined by

hi(t,u) = (1-t)u +tu. (wu. (3.71)
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Clearly h, is continuous and

heO,u)=u,  h,(1,u) =i, (w)u€ ¢!,

(3.72)
ho(tbu) =u Vte[0,1], ueq)
(see (3.70)) and so
¢! is a strict deformation retract of D,. (3.73)
It is easy to see that D, is contractible in itself. Hence
Lp
Hi <WO (Q), D+> =0 Vk>0 (3.74)
(see Granas and Dugundji [16, p. 389]), so
Lp ¥
Hk<w0 (Q), (p+> =0 Vk>0 (3.75)
(see (3.73)) and thus
Cr(ps,0) =0 Vk>0 (3.76)
(choosing y < 0 negative enough).
The same applies for ¢_, using this time the sets
E_={u€dB; :u #0},
(3.77)
- Lp .
D_—{ueWO Q) :u ¢0}. -
With suitable changes in the above proof, we can have the following result.
Proposition 3.7. If hypotheses H (a) and H (f) hold, then
Cik(p,0) =0 Vk>0. (3.78)

Proof. As before, hypotheses H(f)(i) and (ii) imply that for a given ¢ > 0, we can find ¢y =
c20(¢) > 0, such that

F(z,8) > ¢&CfF —cx foralmostall ze€ Q, all { € R. (3.79)
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Letu€ 0By ={ue Wé’p(Q) :|lu|l =1} and £ > 0. Then

p(tu) :f G(tVu)dz—I F(z,tu)dz
Q Q
<o (1+ ) = &P |[ulll + c20lQ (3.80)

< (o = &llully) + e + exlQly

for some cy1 > 0 (see Corollary 2.4, (3.79) and recall that ||u|| = 1). Choosing ¢ > 021/||u||§, we
see that

p(tu) — —oo ast— +oo. (3.81)

Hypothesis H(f)(iii) implies that we can find f; € (0, fy) and Mg > 0, such that

f(z,0)—pF(z,¢) >p¢|" foralmostall ze€ Q, all |{| > Ms. (3.82)

Then, for any y € WS’P(Q), we have

| oFenreyna=]  GFEy-feynd]  GFEy) -y

{lyl<Ms {ly[=Ms

S—f Bly|" dz +cx,
{ly|>Mg}
(3.83)

for some ¢z, > 0 (see hypothesis H(f)(i)).
Let c23 = cp0 + ¢4|Q|n (see hypothesis H(a)(iv)) and choose y < —c»3. Because of (3.81),
for a given u € 0B; and for large t > 0, we have

p(tu) = J; G(tVu)dz - fg F(z,tu)dz <y. (3.84)
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We also have

%(p(tu) = (¢ (tu), u)

1

= t((p’(tu), tu)

- %(L} (a(tVu), tVu)pn — jgf(Z, tu)tu dz) (3.85)

< % <I pG(tVu) dz + c4|Q| N — I pF(z, tu)dz + czz>
Q Q

1
< ;(Y +Cp + C4|Q|N)
<0

(see hypothesis H(f)(iv), (3.83), (3.84) and note that pp(tu) < ¢(tu) <y <0).
The implicit function theorem implies that there exists unique y € C(0Bs), such that

o(pu(u)u) =y VYu € 0B. (3.86)
We define
i) = (1
a0 =) ero il
Then i € C(W,"(Q) \ {0}) and
p(Rwu) =y YueW,"(Q)\ {0}. (3.88)

Moreover, if ¢(u) =y, then jfi(u) = 1. We introduce

_ 1 if p(u) <y,
= 3.89
H {mw if p(u) > 7. o)

Evidently ii € C(W,7(Q) \ {0}). Let hr: [0,1] x (W,7(Q) \ {0}) — W,"(Q) \ {0} be defined
by

h(t,u) = (1— yu+ ti(u)u. (3.90)

Then

h(0,u) = u, h(1,u) = p(u)u € ¢,
(3.91)
h(t,u) = u Vte[0,1], ueyg’,
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SO

" is a strong deformation retract of W;’p(Q) \ {0}. (3.92)

Via the radial retraction, we see that 0B; is a retract of W;’p(Q) \ {0} and W&’p () \ {0} is
deformable into 0B;. Invoking Theorem 6.5 of Dugundji [17, p. 325], we have that

0B is a deformation retract of Wg’p(Q) \ {0}, (3.93)
SO
0B; and ¢' are homotopy equivalent. (3.94)
Thus
H, (wg*’(g), 6B1> - Hy (W(}"’(Q), (pY> Vk >0, (3.95)
and finally
C(p,0) = Hi(W,"(Q), 8B1) Vk 0. (3.96)

But 0B, is an absolute retract of Wg’p(Q) (see, e.g., Gasinski and Papageorgiou [3, p. 691]),
hence contractible in itself. Therefore

H, (w(}"’(g), asl) =0 Vk>0, (3.97)

SO
Cr(p,00) =0 Vk >0. (3.98)
O

Now we are ready to produce the third nontrivial smooth solution for problem (1.5).

Theorem 3.8. If hypotheses H(a) and H(f) hold, then problem (1.5) has at least three nontrivial
smooth solutions

up€int C,, wvye—intC,, 1y €Ch (ﬁ) \ {0). (3.99)

Proof. From Proposition 3.5, we already have two nontrivial constant sign and smooth solu-
tions

uy € int C,, vy € —int C,. (3.100)
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We assume that

Ky = {0,uo, vo}. (3.101)
Otherwise we already have a third nontrivial solution vy, and by the nonlinear regularity
theory, yo € C}(Q), so we completed the proof.

Claim 1. Ci(p+,ug) = Cx(¢-,v9) = 6k17Z for all k > 0.
We do the proof for the pair (¢, up), the proof for the pair (¢_, vp) being similar.
We start by noting that K,, = {0, u0}. Indeed, suppose that u € K, \ {0}. Then

A(u) = Ny, (w). (3.102)

Acting with —u~ € Wé’p (€2), we obtain

C1
p-1

[Vur|) <0 (3.103)

(see Lemma 2.3(c)) and so uy > 0, up # 0. Moreover, by nonlinear regularity (see Ladyzhen-
skaya and Uraltseva [13] and Lieberman [14]), we have that u € C, \ {0}. Since ¢'|c, = ¢',|c,,
we infer that u € K, = {0, 1o, v}, and hence u = u.

Choose y, 8 € R, such that

Y <0=¢:(0) <O <7 <o.(uo) (3.104)
(see (3.47)), and consider the following set:
ol Cod CW,T(Q)=W. (3.105)

We consider the long exact sequence of singular homology groups corresponding to the above
triple. We have

- — He(W, L) & H (W,92) % Hea(g2,9l) — - VK20, (3.106)

where i, is the group homomorphism induced by the embedding i : ¢! — ¢% and 0, is the
boundary homomorphism. Note that

Hi <W, (pl) = Ci(p., ) Yk >0 (3.107)

(since y <0, Ky, = {0,up} and 0 = ¢, (0) < 77, < ¢, (up); see (3.47)), so

H, (W, <p1> -0 VYk>0 (3.108)

(see Proposition 3.6).
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From the choice of & > 0, the only critical value of ¢. in the interval (y, d) is 0. Hence
Hi1 (92,¢)) = Cia(94,0) = 6102 = 6caZ k20 (3.109)

(see Proposition 3.3).
Finally, for the same reason, we have

Hy (w, (plj) = Ci(ps,up) Yk >0. (3.110)

From (3.108), (3.109), and (3.110), it follows that in (3.106) only the tail (i.e., k = 1) is
nontrivial. The rank theorem implies that

rank H; <I/V, (pﬂ?) =rank im 0, + rank ker 0,

=rank im 0O, + rank im i, (3.111)
=1+0=1
(by virtue of the exactness of (3.106)), so
rank Ci (g, 1) <1 (3.112)

(see (3.110)).
But uy is a critical point of mountain pass type for ¢.. Hence

rank Ci(ps,u9) > 1. (3.113)
From (3.112) and (3.113) and since
Ci (s u0) = He(W,92) =0 Vk#1, (3.114)
we infer that
Cr (s, u9) = 6k1Z Yk > 0. (3.115)
Similarly, we show that
Cr(p_,0) = 6k1Z Vk > 0. (3.116)

This proves Claim 1.

Claim 2. Ci(p,uo) = Ci(¢p+,1u0), Ci(ip,v0) = Ci(¢p-, vp) forall k > 0.
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We consider the homotopy
hi(t,u) = (1 -t)ps(u) +te(u) V(tu) €[0,1] x Wé’p(Q). (3.117)
Clearly up € Ky, for all t € [0, 1]. We will show that there exists ¢ > 0, such that
Bo(uo) N K,y = {uo} Vte[0,1], (3.118)
where

B, (o) = {u e W,P(Q) : [|u - uol < Q}. (3.119)

Arguing by contradiction, suppose that (3.118) is not true for any ¢ > 0. Then we can find
two sequences {t,},5; C [0,1] and {u,},5; C Wg'p(Q) \ {uo}, such that

t, —t in [0,1],
U, — up in W,(Q), (3.120)
(h) (1) =0 ¥n>1.

For every n > 1, we have
A(uy) = (1= t,)Ny, (un) +t,Ny(uy), (3.121)

SO

—div a(Vu,(z)) = (1-t,) f(z,u;(2)) + taf (z,u,(z)) ae.in Q,

(3.122)
un|8§2 =0.

From Ladyzhenskaya and Uraltseva [13, p. 286], we know that we can find My > 0, such that

lunll, £ My Vn > 1. (3.123)
Then from Lieberman [14, p. 320], we infer that there exist & € (0,1) and Mj > 0, such that

u, € )" (ﬁ) tall e < Mio ¥n> 1. (3.124)

The compactness of the embedding Cé’“ (Q) into C(l) (Q) and (3.120) imply that

w, — uy in CH(Q), (3.125)
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so, there exists ny > 1, such that

u, €int C, Vn>ng (3.126)

(recall that ug € int C,; see Proposition 3.5) and thus {u,}
(1.5), a contradiction.

Therefore (3.118) holds for some ¢ > 0. Invoking the homotopy invariance property of
critical groups, we have

wsny © Ky, are distinct solutions of

Cr(p,u) = Cx (s, u9) Vk >0. (3.127)

Similarly, we show that

Ci(p,v0) = Ci(p-,v9) Yk >0. (3.128)

This proves Claim 2.
From Claims 1 and 2, we have that

Cr(p,u0) = Ck(,v9) = 6k1 Z Vk >0. (3.129)
Also, we have
Ci(,0) =6k0Z Yk >0 (3.130)
(see Proposition 3.3) and
Crk(p,0) =0 Yk >0 (3.131)

(see Proposition 3.7).
Since K, = {0, up, v}, from (3.129), (3.130), (3.131), and the Morse relation (2.13) with
t = -1, we have

2-D'+ (-1’ =0, (3.132)

a contradiction.
Therefore, there exists yo € Ky, yo & {0, 10, v0}. So, yo solves (1.5), and by the nonlinear

regularity theory, yo € CH(Q). O

Remark 3.9. Even in the Hilbert space case (i.e., p = 2), our result is more general than that
of Wang [1], since we go beyond the Laplace differential operator and our hypotheses on the
reaction f are considerably more general.
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