EXISTENCE AND UNIFORM BOUNDEDNESS OF
OPTIMAL SOLUTIONS OF VARIATIONAL PROBLEMS

ALEXANDER J. ZASLAVSKI

ABSTRACT. Given an g € R™ we study the infinite horizon problem of
minimizing the expression fOT ft,z(t), 2’ (t))dt as T grows to infinity where
z : [0,00) — R™ satisfies the initial condition z(0) = zg. We analyse the
existence and the properties of approximate solutions for every prescribed
initial value xg. We also establish that for every bounded set £ C R" the
C([0,77) norms of approximate solutions z : [0,7] — R™ for the minimiza-
tion problem on an interval [0, 7] with z(0),z(T) € E are bounded by some
constant which does not depend on T

INTRODUCTION

The study of variational and optimal control problems defined on in-
finte intervals has recently been a rapidly growing area of research. These
problems arise in engineering (see Anderson and Moore [1], Artstein and
Leizarowitz [2]), in models of economic growth (see Rockafellar [14], Za-
slavski [20]), in infinite discrete models of solid-state physics related to dis-
locations in one-dimensional crystals which are under discussion in Aubry
and Le Daeron [3], Zaslavski [16] and in the theory of thermodynamical
equilibrium of materials (see Leizarowitz and Mizel [12], Coleman, Marcus
and Mizel [7], Zaslavski [17,18]).

We consider the infinite horizon problem of minimizing the expression

T
/O f(t,z(t), ' (t))dt

as T grows to infinity where a function = : [0,00) — K is absolutely
continuous (a.c.) and satisfies the initial condition z(0) = g, K C R"™ is a
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closed convex set and f belongs to a complete metric space of functions to
be described below.

The following notion known as the overtaking optimality criterion was
introduced in the economics literature by Gale [8] and von Weizsacker [15]
and has been used in control theory by Artstein and Leizarowitz [2], Brock
and Haurie [5], Carlson [6] and Leizarowitz [11].

An a.c. function z : [0,00) — K is called (f)-overtaking optimal if for
any a.c. function y : [0,00) — K satisfying y(0) = x(0)

T
mnpr (6 2(8), 2/ (1) — £t y(t).y' ()))dt < 0.

T— 00

Usually it is difficult to establish the existence of overtaking optimal so-
lutions, and actually, in general they may fail to exist. Most studies that
are concerned with their existence assume convex integrands ([11], [5],[14]).

Another type of optimality criterion for infinite horizon problems (which
is probably the weakest optimality concept) was introduced by Aubry and
Le Daeron [3] in their study of the discrete Frenkel-Kontorova model related
to dislocations in one-dimensional crystals. More recently this optimality
criterion was used by Moser [13], Leizarowitz and Mizel [12] and Zaslavski
[16]. A similar notion was introduced in Halkin [9] for his proof of the
maximum principle.

Let I be either [0, 00) or (—o00,00). An a.c. function z : I — K is called
an (f)-minimal solution if for each Ty € I, To > T} and each a.c. function
y : [Ty, T3] — K which satisfies y(7;) = x(T3), i = 1,2 the following relation
holds:

T
| Urtao.2'0) = st yte).y @)1t < o
1
Clearly every (f)-overtaking optimal function is an (f)-minimal solution.

In the present paper we consider a functional space of integrands 901
described in Section 1 and analyze existence and properties of (f)-minimal
solutions with f € 9. More exactly we will show that given f € 97 and
z € R™ there exists a bounded (f)-minimal solution Z : [0,00) — R"
satisfying Z(0) = z such that any other a.c. function Y : [0, 00) — R" is not
“better” then Z. We will also establish that given f € 9t and a bounded set
E C R™ the C(]0,T]) norms of approximate solutions = : [0,7] — R" for the
minimization problem on an interval [0, 7] with (0),z(T") € E are bounded
by some constant which depends only on f and E. These results which
are valid for any f € 9t have been applied in [19] to get more information
about the existence of optimal solutions over an infinite horizon and about
the structure of optimal solutions on finite intervals for a generic integrand
fem.

The paper is organized as follows. In Section 1 we state our main theo-
rems, Section 2 contains several preliminary results, in Section 3 we consider
discrete-time control systems obtained by discretization of variational prob-
lems and in Section 4 we prove the main theorems.
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1. STATEMENTS OF MAIN RESULTS

Let K C R™ be a closed convex set. Denote by |- | the Euclidean norm in
R™ and denote by 9t the set of continuous functions f : [0,00) x K x R™ —
R!' which satisfy the following assumptions:

(A) (i) for each (t,z) € [0,00) x K the function f(¢,x,-): R™ — R!is
convex;

(ii) the function f is bounded on [0,00) x E for any bounded set E C
K x R™;

(iii) f(t,z,u) > sup{¥(|z|), ¥ (|u|)|u|} —a for each (¢, z,u) € [0,00) x K X

R"™ where a > 0 is a constant and ¢ : [0,00) — [0,00) is an increasing
function such that ¢(t) — oo as t — oo (here a and v are independent on
);

(iv) for each M, e > 0 there exist I',§ > 0 such that
[f(t, @1, u1) — f(E, 22, u2)| < esup{f(t, 21, u1), f(t, 22, u2)}
for each t € [0, 00), each uy,us € R™ and each z1, 22 € K which satisfy
lz;| < M, |u;| >T,i=1,2, sup{|z1 — zal, |us —ua|} < 6;
(v) for each M, e > 0 there exist 6 > 0 such that
|f(t,z1,u1) — f(t, 22, u2)| < €
for each t € [0, 00), each uy,us € R™ and each x1, 25 € K which satisfy
|z, Jui] < M, i=1,2, sup{|x; —x2|,|us —us} < 0.

When K = R™ it is an elementary exercise to show that an integrand
f=f(t,z,u) € CY([0,00) x R™ x R™) belongs to M if f satisfies assumptions
(Ai), (Aiii) with a constant a > 0 and a function v : [0, 00) — [0, 00),

supq{|f(¢,0,0)| : t €[0,00)} < o0
and there exists an increasing function v : [0, 00) — [0, 00) such that
sup{|0f /0x(t, z,u)|, [0f/Ou(t,z, u)|} < tho(lz])(1 + ¥ (ul)|ul)
for each t € [0,00), z,u € R".

For the set 9T we consider the uniformity which is determined by the the
following base
(1.1) E(N,e,\) ={(f,g) e MxM: |f(t,z,u) —g(t,z,u)] <€

(te€0,00), ueR", x €K, |z, |u] <N),
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(1t 2wl + 1) (gt z,u)] +1)7" € A1 A
(te0,00), ue R", x € K, || <N)}

where N > 0,¢ >0, A > 1.

Clearly, the uniform space 9 is Hausdorff and has a countable base.
Therefore 91 is metrizable. We will show that the uniform space M is
complete (see Proposition 2.2).

We consider functionals of the form

T>
(1.2) (T, Ty, z) = f(t,z(t), 2’ (t))dt
T
where f € M, 0<T) <Tp < oo and z: [T1,T] — K is an a.c. function.
For f € M, a,b € K and numbers 17,75 satisfying 0 < T7 < T we set

(1.3) UM (T, Ty, a,b) = inf{I/ (T}, Ty, x) : 2:[T1,Ts] = K

is an a.c. function satisfying x(71) = a, z(T3) = b},

(1.4) ol (Th, Ty, a) = inf{U/ (T, Ty, a,b) : be K}.

It is easy to see that —oco < Uf(Ty,Ts,a,b) < oo for each f € 9M, each
a,b € K and each numbers T, 75 satisfying 0 < T < T.

Here we follow Leizarowitz [10] in defining “good functions” for the vari-
ational problem.

Let f € M. An a.c. function = : [0,00) — K is called an (f)-good
function if for any a.c. function y : [0,00) — K there is a number M, such
that

(1.5) 170, T,y) > M, + I/(0, T, x) for each T € (0, 0).

In this paper our goal will be to study the set of (f)-good functions. We
will establish the following results.

Theorem 1.1. For each f € M and each z € K there exists an (f)-good
function Zf : [0,00) — K satisfying Zf(0) = z such that:

1. For each f € M, each z € K and each a.c. function y : [0,00) = K
one of the following properties holds:

(i) 17(0,T,y) — I7(0, T, Zf) = 00 as T — oo;

(ii) sup{|1(0, T, y) — I (0, T, Z9)| : T € (0,00)} < o,

sup{|y(t)| : t € [0,00)} < 0.

2. For each f € M and each number M > inf{|u| : u € K} there exist a
neighborhood U of f in 9 and a number Q@ > 0 such that

sup{|Z9(t)| : t €[0,00)} <@
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for each g € U and each z € K satisfying |z| < M.

3. For each f € M and each number M > inf{|u| : u € K} there exist a
neighborhood U of f in MM and a number Q@ > 0 such that for each g € U,
each z € K satisfying |z| < M, each Ty > 0, Ty > Ty and each a.c. function
y: [Th,Te] — K satisfying |y(T1)| < M the following relation holds:

9Ty, Ty, 29) < 19(Th, Ta,y) + Q.

4. If K = R"™ then for each f € 9 and each z € R™ the function
ZF . [0,00) = R™ is an (f)-minimal solution.

Corollary 1.1. Let f € M, z € K and let y : [0,00) — K be an a.c.
function. Then y is an (f)-good function if and only if condition (ii) of
Assertion 1 holds.

Theorem 1.2. For each f € 9M there exists a neighborhood U of f in M
and a number M > 0 such that for each g € U and each (g)-good function
z:[0c0) - K

lim sup |z(t)| < M.

t—o00

In this paper we prove the following result which establishes that for
every bounded set E C K the C([0,7]) norms of approximate solutions
z : [0,T] — K for the minimization problem on an interval [0,7] with
z(0),z(T) € E are bounded by some constant which does not depend on 7.

Theorem 1.3. Let f € M and My, Mo, ¢ be positive numbers. Then there
ezist a neighborhood U of f in M and a number S > 0 such that for each
g € U, each Ty € [0,00) and each Ty € [T} + ¢,00) the following properties
hold:

(i) for each z,y € K satisfying |z|,|y| < M; and each a.c. function
v: [T, Ts) — K satisfying

v(Th) ==, v(Tz) =y, I9(T1, Ta,v) S UY(T1, Tz, ,y) + Mo

the following relation holds:
(1.6) lv(t)| < S, t e [T, Ts);

(ii) for each x € K salisfying |x| < My and each a.c. function v :
[T1,To] — K satisfying

’U(Tl) =, Ig(Tl,TQ,’U) § O'g(Tl,TQ,.%') + M2

relation (1.6) holds.
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2. PRELIMINARY RESULTS

Proposition 2.1. Let f € 9M, M and € be positive numbers. Then there
exist I, 0 > 0 such that

|f(t, w1, u1) — f(E 22, u2)| < einf{f(t, 71, u1), f(t, 22, u2)}
for each t € [0,00), each uy,us € R™ and each x1,x2 € K which satisfy

(21) |:131| S M, \uz\ 2 F, 1= 1,2, |U1 —’LL2|, ’$1 —ZL‘2| S 5

Proof. Fix a number
(2.2) €0 € (0,471 inf{1,€}).
By Assumption (Aiv) there exist I',§ > 0 such that

(23) |f(t>$17u1) - f(t,l’g,Ug)| < €0 Sup{f(t7x1au1)7 f(t7$2>u2)}

for each t € [0,00), each uy,us € R™ and each 1,22 € K which satisfy
(2.1).

Assume that t € [0,00), ui,us € R™ and x1,22 € K satisfy (2.1). It
follows from the definition of T', 0 and (2.2), (2.3) that

inf{f(taxlaul)v f(t7x27u2)} > (1 - 60) Sup{f(tvxlvul))f(t7x2’u2)}

> (1 - GO)eal‘f(taxlaul) - f(t,l’z,Ug)’ > eilyf(taxhul) - f(t,.’,l?g,’dg)’-
The proposition is proved. m
Proposition 2.2. The uniform space MM is complete.

Proof. Assume that {f;}52, C 9 is a Cauchy sequence. Clearly, there
exists a function f : [0,00) x K x R"® — R! such that for each (¢,7,u) €
[0,00) x K x R™

(2.4) ft,z,u) = lim fi(t,z,u).

71— 00

To prove the proposition it is sufficient to show that f satisfies Assumption
(Aiv).

Let M, e be positive numbers. Fix a number A > 1 such that
(2.5) M —1<8 e

Clearly there exists an integer j > 1 such that

(2.6) (fis fj) € E(M, e, \) for any integer i > j.
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By (2.5) and the properties of 1) there exists a number I'y such that
(2.7) Lo > 1, ¥(To) > 2a, N2(1+2¢(To) 1) —1 <8 e
Fix a positive number €; which satisfies
(2.8) 8e1[M1 4 2¢(T) 1] < e

By Proposition 2.1 there exist numbers I',§ > 0 such that
(2.9)

I'>To, |fi(t,mr,u1) — fi(t, x2,u2)| < erinf{f;(t, x1,ur), fj(t, 22, u2)}
for each t € [0,00), each uj,us € R" and each z1,x9 € K which satisfy
(2.1).

Assume that ¢ € [0,00), u1,us € R", x1,22 € K satisfy (2.1). It follows
from the definition of T, § that (2.9) holds. By (1.1), (2.4), (2.6) and (2.1)

(2.10) (1t @iy us)| + D (1f5 (2, w) + 171 € AL i = 1,2
Assumption (Aiii), (2.1), (2.7) and (2.9) imply that
(211) lnf{f(tvxlvul)vf](t7xlvul)} = 2_1¢(F0)7 1=1,2.

Together with (2.10) this implies that
(2.12)

Pt i) £t i)™ € (V1 +20(T0) 1) ™%, AL+ 26(T0) ™), i = 1,2
We may assume without loss of generality that
(213) f(t,.fEl,’U,l) Z f(t,LEQ,’U,Q).

It follows from (2.12), (2.9), (2.8) and (2.7) that
f(t,:rl,ul) — f(t,l’g, UQ) S )\(1 + 2¢(F0)’1)fj(t, 1, Ul)

—(A(1+2¢(To) ™)1t w2, ug) = A1+ 2¢(To) ™) [£5(t, 21, u1) -
it xa,u2)] + f5(t, 22, ug) M1+ 29(T0) ™) — (A1 + 2(To) 1)) 7Y
<AL+ 2¢(Co) ™ Her f(t, w2, u2) + f(t 22, ug) M1+ 2¢(To) ™) —
(A1 +2¢(To) ™)~ < ea[A(1 + 20(To) ™ )P f (¢, w2, u)+
f(t, ma,u2) [N (1 + 29(0o) 1% — 1] < ef (¢, z2, uz).

Therefore the function f satisfies Assumption (Aiv). This completes the
proof of the proposition. =
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Proposition 2.3. Let M; > 0, 0 < 19 < 71. Then there exists a number
Ms > 0 such that for each f € M, each pair of numbers T1,Ts satisfying
(2.14) 0< Ty <Ty To—T; € [19,71]

and each a.c. function x : [T, To] — K which satisfies

(2.15) (T, Ty, 2) < M,

the following relation holds:

(2.16) |z(t)| < Ma, t € [Th,T3].

Proof. By Assumption (Aiii) and the properties of the function v there
exists a number ¢y > 0 such that

(2.17) fltz,u) > [ul
for each f € M and each (¢,z,u) € [0,00) x K x R™ satisfying |u| > ¢o, and
(2.18) f(t,z,u) > 2M; (inf{1,79}) !

for each f € M and each (¢,z,u) € [0,00) x K x R™ satisfying |z| > ¢o. Fix
a number

(2.19) My > 1+ My +ar +co(1+71)

(recall @ in Asssumption (Aiii)).
Let f € M, T1,T» be numbers satisfying (2.14) and let x : [T7, T3] — K
be an a.c. function satisfying (2.15). We will show that (2.16) holds.
Assume the contrary. Then there exists to € [T, T3] such that

(220) ‘x(to)’ > Mg.

By the definition of ¢g, (2.18), (2.14) and (2.15) there exists t; € [T3, T3]
satisfying

(2.21) |z(t1)] < co.

Set
(2.22)
E = [inf{to,tl}, sup{t()?tl}], E1 = {t S |x’(t)\ > Co}, E2 = E\El

It follows from (2.22), (2.14), the definition of ¢q, (2.17), Assumption (Aiii)
and (2.15) that

2(th) — a(to)] < /

En

|2/ (¢)|dt +/

E>

|2 (t)|dt < T1co +/ |2 (t)|dt <

Eq
Tico + ft,z(t), 2’ (t)dt < mieo + I (T, Ty, x) + amy < 71(co + a) + M.
Ey

By this relation and (2.20), (2.21) My — ¢y < 71(co + a) + M. This is
contradictory to (2.19). The obtained contradiction proves the proposition.
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Proposition 2.4. Let Mi,e >0, 0 < 19 < 711. Then there exists a number
0 > 0 such that for each f € M, each numbers Ty, Ty satisfying (2.14), each
a.c. function x : [Ty, Ts] — K satisfying (2.15) and each t1,t2 € [Th,T5]
which satisfy |t1 — to| < § the relation |x(t1) — x(t2)| < € holds.

Proof. By Assumption (Aiii) and the properties of the function 1 there
exists a number ¢y > 0 such that

(2.23) ft,m,u) > 4e 1 (M + 2+ amy)|ul

for each f € 9 and each (¢, z,u) € [0,00) x K x R"™ satisfying |u| > ¢o. Fix
a number

(2.24) §€ (0,8 (co+ 1) te).

Assume that f € 9, numbers 17,75 satisfy (2.14), an a. c¢. function
z: [Th,Ts] — K satisfies (2.15) and

(2.25) ti,t2 € [Th, T3], 0 < [t; —to| < 6.
Set

E = [inf{t1,t2}, sup{t1,t2}], E1 ={t € E: |2/(t)] > o}, F2 = E\ E}.
It follows from (2.25), the definition of ¢y, (2.23), (2.14) and Assumption
(Aiii) that

a(ta) — (1)) < /

B

|x’(t)]dt+/

E,

|2 (t)]|dt < dco +/ |2’ (¢)|dt

By
<dco+ [A(My +2+am)] e [ f(tx(t), 2 (t)dt
Eq
< dco+ [4(My + 2 + am)] " Le(IH(Ty, Ty, ) + ary).
Together with (2.15), (2.14) and (2.24) this relation implies that
(t2) — x(t1)| < dco+47 e < e
This completes the proof of the proposition. m

We have the following result (see Berkovitz [4]).

Proposition 2.5. Assume that f € M, My > 0, 0 < Ty < Ty, x; :
Ty, T5]) — K, 1=1,2,... is a sequence of a. c. functions such that

(T, Ty, zi) < My, i=1,2,...

Then there exists a subsequence {x;, }7° | and an a. c. functionz : [Ty, T] —
K such that

If(Tl,Tg,w) < My, x;,, — x(t) as k — oo uniformly in [Ty, T3] and

x;, — ' as k — oo weakly in LY(R"™ (T1, T»)).
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Corollary 2.1. For each f € M, each pair of numbers Ty, T5 satisfying 0 <
Ty < Ty and each z1,2z9 € K there exists an a.c. function x : [Ty, Ts] — K
such that x(T}) = z;, i = 1,2, I (Ty, Ty, x) = U (T}, T3, 21, 22).

Corollary 2.2. For each f € M, each T1,Ty satisfying 0 < T < Ty and
each z € K there exists an a.c. function x : [Th, T3] — K such that z(Ty) =
z, (T, T, ) = o (T1, T3, 2).

It is an elementary exercise to prove the following result.

Proposition 2.6. Let f € 9, 0 < 1 < cg < o0 and let cg > 0. Then there
exists a neighborhood U of f in I such that the set

{Ug(Tl,TQ,Zl,Zg) NS U, T, € [0,00), T, € [Tl +61,T1 +62],

21,29 € K, ’Zl‘ < cs3, 7, = 1,2}
18 bounded.

Proposition 2.7. Assume that K = R", f € M, 0 < ¢ < ¢c2 < o0 and
M,e > 0. Then there exists § > 0 such that for each Ty, To > 0 satisfying

(2.26) Ty — T € [c1,c2]

and each y1,Yys, 21,20 € R™ satisfying

(2.27) il |24 < M, i = 1,2, sup{lys — g, |21 — 2]} <8
the following relation holds:

(2.28) UN(Ty, Toyy1, 21) — UN(T, Toy g, 22)| < e

Proof. By Proposition 2.6 there exists a number
(229) My > Sup{\Uf(Tl,TQ,y,z)] Ty € [0,00), T € [Tl +c1,T1 + CQ],

Y,z € R", [yl [2| < M}.
By Proposition 2.3 there exists a number M; > 0 such that for each pair of
numbers T3, To > 0 satisfying (2.26) and each a.c. function z : [T1,T»] — R"
which satisfies I7(Ty, Ty, z) < 4My + 1 the following relation holds:
(2.30) lx(t)| < My, t € [Ty, T3]

Choose a number §; > 0 such that

(2.31) 401(2¢2 +2a 4+ 4daca + 1+ M) < €
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(see Assumption (Aiii)). By Proposition 2.1 there exist
(2.32) I'o>2and dy € (0,871
such that
(2.33) |f(t,x1,ur) — f(t, w2, u2)| < 61 inf{f(t,z1,u1), f(t, z2,u2)}
for each ¢t € [0, 00) and each uy,ug, z1, 2 € R™ which satisfy
(2.34) |z < My 41, Ju)| >To—1, i =1,2, |ug — usgl, |z1 — 22| < da.

By Assumption (Aiv) there is a number

(235) 03 € (0, 4t inf{él, 52})
such that
(236) |f(t,1:1,u1) — f(t,xQ,UQ)| S (51

for each t € [0, 00), each uy,ug, x1, 22 € R™ which satisfy
(2.37)  wi|, lui)| <To+ M1 +4, i=1,2, sup{|z1 — z2|, |ur — usz|} < Js.
There exists a positive number § such that
(2.38) 8(cyt +1)0 < 6s.

Assume that numbers 77,75 > 0 satisfy (2.26) and y1, 2, 21,22 € R"
satisfy (2.27). By Corollary 2.1 there exists an a.c. function z; : [Ty, T3] —

R™ such that

(239) :Ul(Tl) = Y1, :Ul(TQ) = 21, If(T17T27xl) - Uf(T17T27y1;21>-

Set

(2.40)

2o(t) =1 (t) +ya— i+ (¢ —T1)(Ta —T1) (22 — 21 —y2 + 1), t € [T, T).
Clearly

(2.41) z9(Th) = y2, x2(Th) = zo.

It follows from (2.26), (2.27), (2.39), (2.29) and the definition of M; that

(242) |ZL‘1(t)| S Ml, te [Tl,TQ].
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(2.40), (2.27) and (2.26) imply that

(2.43) |21 (t) — z2(t)| < 36, |2} (t) — 2h(t)] < 2¢116, t € [Ty, Ta).
Set

(2.44) By ={te [T, Ty]: |2\(t)| >To}, Es = [T\, Ts]\ Er.
We have

(2.45) I (Ty, Ty, z0) — IV (T4, T, 1) | < 01 + 02

where

246) o= [ Ifar().ah(0) — (e bO)dr G = 1.2

J

We will estimate o1, 09 separately. Let t € Ey. It follows from (2.42), (2.43),
(2.44), (2.38), (2.35), (2.32) and the definition of J, that

[f(t, 21 (2), 21 () — [t 22(t), 25())| < 1 f (¢, 21 (t), 21 (1))

Therefore o < §; fEl f(t,z1(t), 2 (t))dt. This relation, Assumption (Aiii),
(2.39), (2.27), (2.29) and (2.26) imply that

(2.47) g1 S 51(If(T1,TQ,CL'1) + a(Tg — Tl)) S (51(M0 + CLCQ).

Let t € Ey. It follows from (2.42), (2.43), (2.38), (2.44) and the definition
of 3 that

| (8 1 (8), 21 (8)) = f(t, w2 (t), 25(8))] < 01

Therefore
(2.48) o3 < 1ca.
Combining (2.45), (2.47), (2.48) and (2.31) we obtain that
I (T1, T, w2) — I (T1, T, w1)| < 61(My + aca + ¢2) < e.
Together with (2.39) and (2.41) this implies that
UY(Ty, T, y2, 22) < UY (T, T, 1, 21) + €.

This completes the proof of the proposition. m
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Proposition 2.8. Let f € M, 0 < ¢1 < g < o0, D,e > 0. Then there
ezists a neighborhood V' of f in M such that for each g € V, each pair of
numbers Ty, To > 0 satisfying To — Ty € [c1,c2] and each a. c. function
x [T, To] — K satisfying

(2.49) inf{I/(Ty, Ty, 2), I9(T1, T, 2)} < D
the relation |1/ (Ty, Ty, z) — I9(Ty, Ty, x)| < € holds.

Proof. By Proposition 2.3 there exists a number S > 0 such that for each
g € M, each T1,T> > 0 satisfying To — T1 € [c1, 2] and each a.c. function
x : [Th,T>) — K which satisfies 19(T1,T5,x) < D + 1 the following relation
holds:

(2.50) lz(t)] < S, t € [Th, Ty

There exist 6 € (0,1), N > S and I" > 1 such that

(2.51) 6(ca+1)<47'e, Y(N)N >4a, (T —1)(ca + D +acy +1) <47 1e.
Set V={geM: (f,9) € E(N,0,I')} (see (1.1)). Assume that g € V,
(2.52) T1, Ty >0, Ty — Ty € [c1, cs]

and z : [T1,T5] — K is an a.c. function satisfying (2.49). It follows from
the definition of S that (2.50) holds. Set

By ={te[N,T]: |2'(t)] < N}, Ex= [Ty, T5] \ Ey.
It follows from (2.50) and the definition of V' and N that

(2.53) |f(t,z(t), 2" (t)) — g(t,z(t),2'(t))] <6, t € Ey.
Define
(2.54) h(t) = inf{f(t,z(t),2'(t)), g(t,z(t),2'(t))}, t € [T1,Ts].

It follows from (2.50), (2.51), Assumption (Aiii) and the definition of V', N
that for t € Es

(2.55) (f(t,x(t), 2" (1) + D)(g(t, x(t), 2 (1)) + 1)~ € [T, T,
[t 2(t), 2" (1) — g(t, (1), 2" ()] < (U= 1)(h(t) + 1),
By (2.53), (2.52), (2.55), (2.49), (2.54), Assumption (Aiii) and (2.51 )

‘If(TlvT%m) - Ig(T17T27‘T)| < /E ’f(t7$(t)7x/(t>) _g(tvx(t)ax,(t)”dt

+/E (b, 2 (1) — gt (1), &' (0)]dt < Ges + (T — 1) /E (h(t) + 1)dt

<dcg+ (T'=1)eg + (T' = 1)(D + acz) < e

The proposition is proved. =
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Proposition 2.9. Let f € M, 0 < ¢; < ¢c2 < o0, ¢3,€ > 0. Then there
ezists a neighborhood V' of f in 9 such that for each g € V', each Ty, T5 > 0
satisfying To — Ty € [c1,c2) and each y,z € K satisfying |y|, |z| < c3 the
relation

\UN(T1, Ta,y, 2) — UI(T1, To,y, 2)| < €

holds.

Proof. By Proposition 2.6 there exist a neighborhood V; of f in 9t and a
number

Dgy > sup{|Ug(T1,T2,z1,z2)| cgeVy, Ty € [0,00), T € [Tl +c1,Th +62],

21,22 € K, |zi] < ez, i=1,2}.

By Proposition 2.8 there exists a neighborhood V of f in 91 such that
V C V;j and for each g € V', each T1, Ty > 0 satisfying Ts — T} € [¢1, ¢2] and
each a.c. function z : [T}, Ts] — K satisfying

inf{I/(Ty, Ty, z), I9(Ty, T, )} < Do + 2
the relation |I7(Ty, Ty, z) — I9(Ty, Tz, x)| < inf{l, €} holds.
To complete the proof it remains now to note that for g € V, T} > 0,

Ty € [Th + c1,Th + c2] and y,z € K satisfying |y, |z| < c¢s the following
relation holds:

UITy,Ts,y,z) = inf{I9(Ty,To,z) : x:[T1,Ts] — K is an a.c. function

satisfying 2(Th) =y, x(12) = z, I(T1, T, x) < Do + 1}.

3. DISCRETE-TIME CONTROL SYSTEMS

Let feM, ze€ K and let 0 < ¢; < ¢o < 0. By Proposition 2.6 there
exists a neighborhood Uy of f in 9 and a number
(3.1)
My > sup{|U9(T1, Ts,y, 2)| : g € Uy, Ty € [0,00), To € [T1 + c1,T1 + ¢2],

Y,z € K, Jyl,[2] <2[z] + 1}

By Proposition 2.3 there exists a positive number M; such that
(32) inf{Ug(Tl,TQ,y, Z) cgeM, T € [0, OO), T € [Tl +c, 17 + CQ],

y, 2 € K, |yl + 2] > My} > 2Mp + 1.
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Proposition 3.1. Assume that a positive number My satisfies (3.2) and
My > 0. Then there exists a neighborhood U of f in 9 and an integer
N > 2 such that:

1. Foreachg € U, each A € [0,00), each T € [cy1,ca], each pair of integers
q1,q2 satisfying 0 < q1 < g2, g2 — q1 > N and each sequence {z; giQI CK
satisfying

{iefa,. ..o} : |zl < Mi}={q1, g2}

the following relation holds:

(3.3)

g2—1

S [UI(AHIT, A+ (i+1)T, 2, 2i41) — U9 (A+T, A+ (i+1)T, y;, yig1)] = My
i=q

where y; = zi,t = q1,q2, ¥yi = Z,i=q +1,...q2 — 1;

2. Foreach g € U, each A € [0,00), each T € [c1, ca], each pair of integers
q1,q2 satisfying 0 < g1 < g2, g2 — q1 > N and each sequence {zi}giql CK
satisfying

{ied{a,...,q@}: |zl <M} ={q}
relation (3.3) holds with yq, = 2zq,, yi=Z, i =q +1,...,¢.

Proof. By Proposition 2.6 there exists a neighborhood U of f in 9 and a
number M3 > 0 such that

U C Uy, M3 >sup{|U9(T1,T2,y,2)|: g €U, T1 € [0,00),

e[l +a,Th+el, y,z € K, |y|,[2] <2[z| + 1+ 2M1 }.

Fix an integer N > My + 4M3 + 4. The validity of the proposition now
follows from the definition of U, M3, N and (3.1), (3.2). =

Proposition 3.2. Assume that a positive number My satisfies (3.2) and
Ms > 0. Then there exists a neighborhood V of f in 9M and a number
My > My such that:

1. Foreachg € V, each A € [0,00), each T € [c1, c2], each pair of integers
a1, q2 satisfying 0 < q1 < g2 and each sequence {z;}22_ ~C K satisfying

1=q1
(3.4) sup{|zq, |; |21} < My, sup{[zi| - i =q1,... @2} > My
there is a sequence {y; giql C K which satisfies yq, = 2¢;, j = 1,2,
(3.5)
g2—1

S U (AHT, A+(i+1)T, 21, 2i41) ~U? (A+iIT, At-(i+1)T, i, yir1)] > M.
i=q1

2. Foreachg €V, each A € [0,00), each T € [c1, ca], each pair of integers
q1,q2 satisfying 0 < q1 < g2 and each sequence {z;}22 ~C K satisfying

i=q1

(3.6) |2q, | < My, sup{|zi| : i=qi,...q2} > My
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there is a sequence {y;}iZ, C K which satisfies yq, = z4, and (3.5).

Proof. There exist a neighborhood U of f in 9 and an integer N > 2
such that Proposition 3.1 holds with My = 4(M3 + 1) and U C Uy. By
Proposition 2.6 there exist a neighborhood V of f in 9t and a number
such that

(3.7) V cU, r >sup{|U(T1,T2,y,2)|: g€V, Ty € 0,00), T €

[T+, Ti+ e, y,z € K, |yl |2] < [2]+ 14 M}

By Proposition 2.3 there exists a positive number My > M; such that
(3.8)  inf{U(T1,T>,y,2z): g€ M, T1 € [0,00), Tz € [T1 + 1, T} + ¢2],

y,z € K, |yl + |z| > My} > 3ri N + 4+ 4M3 + 3acaN

(recall @ in Assumption (Aiii)).

We will prove Assertion 1. Let g € V, A € [0,00), T € [c1,¢2], 0 < q1 <
2, {2i}i2,, C K. Assume that (3.4) holds. Then there is j € {q1,...¢2}
such that |z;| > My. Set

il :sup{z'e {ql,...,j}l ‘ZZ’ éMl}, ig :mf{ze {],QQ} |Z1| SMl}

If i9 — 21 > N then by the definition of V,U, N and Proposition 3.1 there
exists a sequence {y; giql C K which satisfies (3.5) and y,, = z4,, 1 = 1, 2.
Assume that i3 —i; < N and define a sequence {y; giql C K by

(39) Yi = Zi, iE{ql,...il}U{iQ,...QQ}, Y =2,1=11+1...99 — 1.

It follows from (3.9), (3.7), Assumption (Aiii) and the definition of 41,2, j
that
(3.10)

g2—1
Z [U9(A +4T, A+ (i + )T, 2, 2i41) — UI(A + 40T, A+ (0 + 1T, yi, Yitr)]

1=q1
io—1
= Y [UUA+T, A+ (i+ 1T, 2, 2i41) = UY(A+4T, A+ (i + 1T, yi, yiy1)]
>UIA+ (j— )T, A+ 5T, 2j-1,2;) — alia — i1 — 1)ez — (iz — i1)71.
By this relation and the definition of j,My (see (3.8))
q2—1

(3.11) S UIA+IT, A+ (i + DT, 2, 2i41)—

1=q1
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This completes the proof of Assertion 1.
We will prove Assertion 2. Let g € V, A € [0,00), T € [c1,¢2], 0 < q1 <
G2, {z:i}2, C K. Assume that (3.6) holds. Then there is j € {q1,...¢2}

1=q1

such that |z;| > My. Set iy =sup{i € {q1,...,5}: |zi| < Mq}.
There are two cases: 1) |z;| > My, i@ = j,...,q2,; 2) inf{|z] : @ =
Jy---q2} < Mj. Consider the first case. We set

Yi = Zi, Z‘:ql?"‘ilv ylZE) 7’:Zl—i_lvq2

If gg — i3 > N then (3.5) follows from the definition of V', U, N and Propo-
sition 3.1. If g2 — 41 < N then (3.5) follows from the definition of {y;}jZ ,
i1, §, My, (3.7) (see (3.10), (3.11) with iz = go).

Consider the second case. Set io = inf{i € {j,...q2} : |zi| < My}.
If 49 — 41 > N then by the definition of V,U, N and Proposition 3.1 there
exists a sequence {y;}{2, C K which satisfies (3.5) and y,, = z,,, 1 = 1,2.
If iy —i; < N we define a sequence {y;}i2, C K by (3.9). Then (3.10) and
(3.11) follows from (3.9), the definition of iy, 2, j, M4, (3.7). Assertion 2 is
proved. This completes the proof of the proposition.

4. PROOF OF THEOREMS 1.1-1.3

Construction of a neighborhood U. Let f € M, z € K, M > 2|z|. By
Proposition 2.6 there exist a neighborhood Uy of f in 9t and a number
(4.1) My > sup{|UY(T1,T2,y,2)| : g € Uy, Ty € ]0,00),

TQ S [Tl +4-_1’T1 +4]7 Y,z € Ku |y|’ |Z| S 2|§| + 1}

By Proposition 2.3 there exists a number M; > M such that
(4.2) inf{UY(T\,Ty,y,2): g€M, Ty € [0,00), To € [Ty +4~, Ty + 4],

y,z € K, |yl +|2| > My} > 2My + 1.

By (4.1), (4.2) there exists a neighborhood U of f in 9t and a number Ms
such that

(4.3) U, Cc Uy, My > M; and Proposition 3.2 holds with M3 =1,

cr =471 o =4,V =Uy, My=DM,.

By Proposition 2.6 there exist a neighborhood Us of f in 9t and a number
Qo > 0 such that

(4.4) Uy C Uy, Qo > sup{|U?(T1,T2,y,2)|: g € Ua, Ty € [0, 00),
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T € [Tl +4_17T1 +4]’ Y,z € K7 ’y‘a |Z| < M2 + 1}

By Proposition 2.3 there exists a number

(4.5) Q1>Qo+ My +1
such that
(4.6) [2(t)] < Qu, t € [T1, T3]

for each g € M, each Ty, Ts satisfying
0<Ty <Ty, To—Ty €[4} 4]
and each a.c. function z : [T1,T5] — K which satisfies 19(Ty,T5,x) <
2Qo + 2.
By Proposition 2.6 there exist a neighborhood U of f in 9t and a number
@2 > 0 such that

(4.7) UCUs Q> Q1, Q> sup{|UY(T1,Ts,y,2)|: g€ U,
Ty € 0,00), Ty € [Ty +47 5Ty + 4], y,z € K, |y, |2 <2Q1 +4}.
We may assume without loss of generality that there exists a number
(4.8) Qs > sup{lg(t,y,u)|: g€ U, t€[0,0), y€ K, ue R",
lyl, Jul < 2M; 4 2}.

Construction of a function Z9 : [0,00) - K. Let g € U, z € K, |z| < M.
By Corollary 2.2 for any integer ¢ > 1 there exists an a. c¢. function
Zg:0,q] — K such that

(4.9) Z3(0) = z, 19(0,q, Z7) = 0%(0, q, 2).
It follows from Proposition 3.2 and the definition of Z, Uy, My that
(4.10) |Z9(i)] < Mg, i =0,...q, ¢=1,2,....

There exists a subsequence {Zgj 521 such that for any integer ¢ > 0 there
exists
(4.11) zJ = lim Zg (i).

]—)OO
By Corollary 2.1 there exists an a.c. fnction Z9 : [0,00) — K such that for
each integer ¢ > 0

(4.12) Z9(i) =z, I9(i,i+1,29) =U9i,i + 1,2), 2] ).

It follows from (4.9), (4.10) and (4.4) that

(4.13) I9G,i+1,29) < Qo i=0,...q— 1, g=1,2,....

(4.10), (4.11), (4.12) and (4.4) imply that

(4.14) 19(i,i+1,29) < Qo, i =0,1,...

By (4.13), (4.14) and the definition of @ (see (4.5), (4.6))

(4.15) |Z9(t)| <Q1, t€[0,q], ¢ =1,2,..., |Z9(t)| < Q1, t €[0,00).

Therefore for each g € U and each z € K satisfying |z| < M we define a.c.
functions Z7 : [0,q] - K, ¢ = 1,2,... and Z9 : [0,00) — K satisfying
(4.9)-(4.15).
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Lemma 4.1. Let g € U, z € K, |z| < M. Then for each pair of integers
q1,q2 satisfying 0 < q1 < q2 and each sequence {y;}2, C K satisfying

i=q1
[Yq, | < My the following relation holds:
g2—1
(4.16) S Ui+ 1,28, 28, ,) = U9, + 1, yi,yir1)] <4+ 4Qa.
1=q1

Pmof Assume that integers qi,¢o satisfy 0 < ¢1 < ¢o and a sequence
{yi}{2,, C K satisfies |y,, | < M. We will show that (4.16) holds.
Let us assume the converse. Then

g2—1
(4.17) Z [U9(i,i4+1,2), 20 1) = U9(i,0 + 1,45, yir1)] > 4 +4Qo.

1=q1
By Corollaries 2.1, 2.2 we may assume without loss of generality that

q2—1
S Ui+ 1,5, gi41) — U9, + 1,81, Fiva)] <0

1=q1

for each sequence {y;}
(4.5) that

24, C K satistying gg, = yg,. It follows from (4.3),

(418) |yl| <My <Q1, t=q,-...qo.
By Proposition 2.5, (4.9), (4.11) and (4.13) for any integer i > 0

U9(iyi+ 1, 2], 2, ,) <Uminf U9(i,i + 1, ZJ (i), Z§ (i + 1)).

J—00

Therefore there exists an integer ¢ > g2 + 1 such that

g2

(419) D [U9G i+ 1,20, 20,) — U%(i,i+ 1, 29(i), Z9(i + 1))] < 1.
1=q1

We define a sequence {h;}{_, C K as follows

It follows from (4.20), (4.9), Corollary 2.1, (4.19) and (4.17) that

0> S (U9, i+ 1, Z9(i), Z9(i+ 1)) — U9(i,i + 1, by, hiy1)]

[}
—_

@
Il
<)
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q2
= Z[Ug(i,i +1,29(i), Z3(i + 1)) = U9(i,i + 1, hy, hig1)]
i=q1
q2
= Z[Ug(i,i +1,29(1), Z9(i + 1)) = U9(i,i + 1,27, 2, ,)]

i=q
q2 q2—1
+ D Ui+, 28, 20 )= > Ui+ 1, i, i) F U9 (g1, 1+ 1, Ygy s Yo 1)
1=q1 1=q1
—U%(q1,q1 +1,hg hgiv1) = U%(q2,q2 + 1, hgy hygyq1) > 34402
+Ug(Q2»Q2 + ]-a ) 23272224—1) + Ug(q1a q1 + 17yq17y(h+1)

_Ug(QI7q1 + 17 hq17hQ1+1) - Ug(QQ7q2 + 17hq27 hq2+1)'

Together with (4.20), (4.18), (4.10), (4.11), (4.5) and (4.7) this relation
implies that

0>3+ 4Q + Ug(q27q2 + 17232)2324,-1) + UQ(QhC]l + 1,yq1ayq1+1)

_Ug(QIa q1 +]-a qu(q1)7 qu—l) _Ug(Q2a q2+]—a Yqa s Zg((h‘f‘l)) 2 3+4Q2_4Q2
The obtained contradiction proves the lemma. =

Lemma 4.2. Letge U, z € K, |z| < M, an integer ¢ > 0, T € (q,00) and
let x: [q,T] = K be an a.c. function satisfying |x(q)| < My. Then

(4.21) 9(q,T,29) < 19(q,T,x) + 44+ 4Q2 + Qo + 2a

(recall a in Assumption (Aiii)).

Proof. There exists an integer ¢q; > ¢ such that g1 < T < ¢; + 1. It follows
from Lemma 4.1 and (4.12) that

(422) Ig(q,(hazg) SIQ(Q7q1a$)+4+4Q2
By Assumption (Aiii) and (4.14)
(4.23) (1, T,x) > —a, IY(q1,T,729) < Qo+ a.

(4.22) and (4.23) imply (4.21). The lemma is proved. =
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Lemma4.3. Letge U,z€ K, |2| <M,0<Ty <Tsandletx : [T1,T>] —
K be an a.c. function satisfying |x(T1)| < My. Then

(4.24) 191, T, 29) < I9(Th, Ty, x) + 4 + 4Q2 + Qo + Q3 + 3a.

Proof. There exists an integer g > 0 such that ¢ <77 < ¢+ 1. Set

(425) xl(t) = JI(Tl), te [q,Tl], .SUl(t) = $(t), te [Tl,Tg].
By Lemma 4.2
(4.26) I9(q, T2, 29) < 19(q, To, 1) + 4 + 4Q2 + Qo + 2a.

By Assumption (Aiii) and (4.26)
(427) Ig(ThTQa Zg) = Ig(QvT%Zg) - Ig(anla Zg) < Ig(Q7T27 Zg) +a<

I9(q, Tz, x1) + 4 +4Q2 + Qo + 3a.

It follows from (4.25) and (4.8) that |19(q, Th,x1)| < Q3. (4.24) now follows
from this relation and (4.27), (4.25). The lemma is proved. =

Lemma 4.4. Letge U, z€ K, |z| <M, {y;}2, C K,

(4.28) limsup |y;| > M.
1—00
Then
N-1
(4.29) Z[Ug(i,i + L, yi, yip1) — Ui, i+ 1,27, 2] )] = 00 as N — oo.
i=0

Proof. There are two cases:
a) liminf |y;| > 27'My; b) liminf|y,| < 27'M;.
1— 00 1— 00

Consider the case a). Set h; = z for i = 0,1,.... It follows from (4.1), (4.2)
that
U9(is i+ 1,95, yit1) — U2(i, i+ 1, iy higr) = Mo +1

for all large 7. (4.29) now follows from this relation and Lemma 4.1.
Consider the case b). By (4.28) there exists a subsequence {y;, }72, such
that

(430) 0<iq, |y2k‘ < My, Sup{|yj| 2 g :’L'k,...i;ﬁ_l} > My, k=1,2,....
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It follows from (4.3), (4.30) and Proposition 3.2 that for any integer k£ > 1
there exists a sequence {h k“ C K such that h; =y;, j € {ik, i1},

ipy1—1

(431) Z [Ug(.]vj + ]-ayjayj—‘rl) - Ug(.]v] + 1ahjahj+l)] Z 1.

J=tk

Fix an integer ¢ > 4. By (4.30), Lemma 4.1 and (4.31) for an integer N > i,

N-1
DU, G+ 1,20, 20,) = U9, + 1y, y501)] < 44 4Qq,

J=iq
ig—1
Z[Ug(] j+1,z Ja ]+1) Ug(j7j+1vhj7hj+1)]§4+4Q27
Jj=i1
N-1
S UG G+ 1,28,20,) = UG5 + 1y, y541))
7=0
2171
z Ug ] ] + 1) ]7 ]+1) Ug(j7j+17yjayj+1)]
7=0
ig—1
YW G+ 1,2, 2000) = UG, + 1, by, )]
j=i1
ig—1

+ Z [U9(5,5 + 1 hy, hjer) = U2(G, 5 + 1,95, y41)]

J=u1

N-—1
+ Z Ug ] + 17 ]7 ]+1) Ug(]a]+ 1>yj7yj+1)]

J=iq

’1,1—1

<Y UGG+ 1,2, 20,) = U9, + 1y yi40)] + 2(4 + 4Q2) — (¢ — 1).
7=0

This completes the proof of the lemma. =

Lemma 4.5. Assume that g € U, z € K |z| < M and y : [0,00) — K is
an a.c. function which satisfies

(4.32) limsup |y(t)] > Q1.
t—00

Then

(4.33) I19(0,T,y) — 19(0, T,Z29) — o0 as T — oc.
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Proof. There are two cases: a) limsup,_, .. |[y(i)| > Ma; b) limsup,_, . |y(i)]
< M where 7 is an integer. Consider the case a). It follows from Lemma
4.4, (4.12) that

(4.34) 19(0,q,y) — I9(0,q, Z9) — oo as an integer ¢ — oco.
Let T'> 0. There exists an integer ¢(7") > 0 such that
(4.35) q(T) < T < ¢(T) + 1.
By Assumption (Aiii) and (4.14)
(436)  I9(¢(T),T,y) > —a, I9(q(T), T, 2%) = I%(q(T),(T) + 1, 29)
19T, q(T)+1,29) < Qo + a.
Together with (4.34) these relations imply that
1900, T, y) = 190, T, 2%) = 19(0,4(T), y)
—19(0,q9(T),Z9) — Qo — 2a — o0 as T — 0.

Consider the case b). There exists an integer ig > 2 such that

(4.37) ly(i)| < Moy 4271 for all integers i > 4.

By (4.37), (4.32), (4.4) and the definition of Q)1 (see (4.5))
N

(4.38) > [I9(i,i+ Ly) — U9i,i + 1,y(i), y(i + 1))] = 00 as N — oo,
=0

Define a sequence {d;}2, C K as follows

1=10
di, = 2z, d; = y(i) for all integers i > ip.

By Lemma 4.1 and the definition of {d;}32, for any integer N > ig + 1

=10
N
Y Wi+ 1y(i)y(i + 1) = U9, i+ 1,20, 20 )] =
i=ig+1
N
Z[Ug(ivi + 1>di>di+1) - Ug(’i,i + 172&'9’ Zig+1)] + Ug(iOJO + 1vzz'go7zig0+1)
=10

—Ug(io,io +1,z y(ZO + 1)) > —4 — 4Q2+
Ug(l 7’0+]-a @0 z0+1) Ug(i05i0+1az7y(i0+1))‘

Together with (4.28), (4.12) this implies that
N

(4.39) D TG i+1,y) — 90,0 + 1, 29)] — +00 as N — oo
1=0

Let T > 0. There exists an integer ¢(7") > 0 satisfying (4.35). Clearly
(4.36) holds. (4.33) now follows from (4.36) and (4.39). The lemma is

proved. =
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Lemma 4.6. Letgc U, z€ K, |z| <M and let y : [0,00) — K be an a.c.
function. Then one of the relations below holds:

(i) 19(0,T,y) — 19(0,T,Z9) — oo as T — oo;

(ii) sup{|19(0,T,y) — 19(0,T, Z9)| : T € (0,00)} < o0.

Proof. By Lemma 4.5 we may assume that limsup,_,  |y(¢)| < Q1. There
exists an integer 79 > 0 such that

(4.40) ly(t)] < Q1 + 271, t € [ig,0).

Fix an integer ¢ > ig. By Corollary 2.1 there exists an a.c. function ¥ :
[i —1,00) — K such that
(4.41)

Gi — 1) =z, §(t) = y(t), t € [i,00), [9(i — 1,4,5) = U9(i — 1,1, 2, y(4)).

(4.7), (4.41), (4.40), (4.5) imply that |U9(i — 1,4, 2,y(i))| < Q2. It follows
from this relation, (4.41), Lemma 4.2 and Assumption (Aiii) that for each
T>1

(442) Ig(zaTvy) - Ig(iaTv Zg) = Ig(’l - 17T7g) - IQ(Z - 17T7 Zg)

_Ig(i - 17i7g) + Ig(l - 17i7Zg) > —4 - 4@2 - QO —2a
_Ig(i - 1aiay) +Ig(2 - 17iaZg) > —4- 5Q2 - QO — 3a.
(4.42) holds for each integer i > iy and each T' > i.

Let S >ig+ 1, T > S+ 1. There exists an integer ¢ > ig + 1 such that
i—1<8 <i. Clearly (4.42) holds. By Assumption (Aiii) and (4.14)

19(S,4,y) > —a, 19(S,i,29) = I9(i — 1,i,29) — I9(i — 1,5, 29) < Qo + a.

Together with (4.42) this implies that
(4.43)
Ig(Sa Tvy) _Ig(Sv T, Zg) = Ig(iaT) y) _Ig(iuTv Zg)+Ig(S’Z7y) _Ig(S7i7 Zg)

> —4 — 5Q — 2Qo — 5a.

We established (4.43) for each S > ip + 1 and each T' > S + 1.
Assume that (ii) does not hold. It follows from (4.14), Assumption (Aiii)
and (4.43) which holds for each S > iy + 1,7 > S + 1 that

inf{19(0,T,y) — 1(0,7,29) : T € (0,00)} > —oc.

Therefore sup{19(0,T,y)—19(0,T,2Z9): T € (0,00)} = co. By Assumption
(Aiii) and (4.14) sup{I9(0,7,y) — 19(0,4,29) : i =1,2,...} = co. Together
with (4.43) which holds for each S > ip+ 1, T' > S + 1 this implies (i). The
lemma, is proved. m
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Lemma 4.7. Assume that K =R", g€ U, z€ K, |z2| <M, 0< T < Ts.
Then
9Ty, 15, 29) = U(Th, T, Z9(T1), Z9(12)).

Proof. Let us assume the converse. Fix a number
(4.44) € € (0,8 I9(T, Tz, Z9) — U9(Ty, Ty, Z9(T}), Z9(T3))]
and an integer g > 15 + 5. By Corollary 2.1 there exists an a.c. function
y : [Th,T>] — K such that
(4.45)
y(Ti) = 29(T;), i = 1,2, 19(T1,Ty,y) = U(T1, T2, Z9(T1), Z9(13)).

It follows from (4.10), (4.11), (4.12) and Proposition 2.7 that there exists
an integer k > 2qg + 4 for which

(4.46) U9, i+1,29(i), 29(i + 1)) = U9(i,i + 1, Z2 (i), Z2(i + 1)) <

(2¢0 +1)Ye, i=0,...2q0 + 1,

(4.47) |U%(q0,q0 +1,Z%(q0), Zi{(qo + 1)) —

U%(q0, 90 + 1, Z{(q0), Z{(q0 + 1))| < (2g0 + 1) €.

By Corollary 2.1 and (4.45) there exists an a.c. function z : [0, k] — K such
that

(4.48)  2(t) = 2%(1), t € [0, 1] U[T2, qol, =(t) = y(1), t € [T1, T3],

ZL‘(t) = Zlg(t)v te [qo+1ak]a Ig(QO)QO"i'lax) = Ug(QOaQO+1ax(QO)7x(qo+1))'
It follows from (4.48), (4.9) that

(4.49) 19(0, k, ) > I9(0, k, Z9).
By (4.48), (4.9), (4.12), (4.46), (4.47) and (4.44)
Ig(()?k’[]}) - IQ(O’ ka Z}?) = Ig<07q0 + 1,%’) - Ig(oaqO + 17 Z}Z) =

(I7(0, qo, ) — I9(0, g0, Z7)) + (19(0, qo, Z7) — I9(0, qo, Z{)) + 19 (q0, qo + 1, x)
—19(qo,q0 +1,2]) < I9(Th, Ts,y) — I9(T1, T», Z9)

+ Y Ui+ 1, 29(), 29+ 1)) — U9(i,i + 1, Z{ (i), Z{ (i + 1))]
=0

+U?(qo,q0 +1,Z9(q0), Z(q0 + 1)) — U%(q0,q0 + 1, Z(q0), Z7 (g0 + 1)) <



290 ALEXANDER J. ZASLAVSKI

Ig(Tl,Tg,y> — Ig(Tl,TQ, Zg) + €.
It follows from this relation, (4.44), (4.45) that
Ig(O,k,x) — Ig(O,k, Zg) < Ig(Tl,Tg,y) — Ig(Tl,TQ, Zg) + e < —e.
This is contradictory to (4.49). The obtained contradiction proves the

lemma. =

Proof of Theorem 1.1. At the begining of Section 4 for each f € 9% and
each M > 2|z| we constructed a neighborhood U of f in 9t and for each
g € U and each z € K satisfying |z| < M we defined a.c. functions Z9 :
[0,00) = K, ZJ : [0,q] = K, ¢ =1,2,... satisfying (4.9)-(4.15). Clearly
an a.c. function Z/ : [0,00) — K was defined for every f € 9t and every
z € K. By Lemmas 4.5,4.6 for each f € 9 and each z € K the function Z/
is (f)-good and Assertion 1 of Theorem 1.1 holds.

Assertion 2 of Theorem 1.1 follows from (4.15) which holds for every
g € U (U is a neighborhood of f in ) and each z € K satisfying |z| < M.

Assertion 3 of Theorem 1.1 follows from Lemma 4.3. Lemma 4.7 implies
Assertion 4 of Theorem 1.1. Theorem 1.1 is proved. =

Theorem 1.2 follows from Lemma 4.5.
Proof of Theorem 1.3. Fix zZ € K. By Proposition 2.6 there exists a neigh-
borhood Uy of f in 91 and a number
(4.50)
My > sup{|U9(T1, T»,y,2)| : g € Uy, T1 € [0,00), T € [Ty +¢,T1 +2c+ 2],
y,z € K, |yl 2] < 2|z[ +1}.
By Proposition 2.3 we may assume without loss of generality that

(4.51) inf{UY(T1,T>,y,2z): g€ M, T1 € [0,00), Tz € [Ty +¢,T1 + 2¢+ 2],

y,2 € K, |yl + 2] > My} > 2Mp + 1.

There exists a neighborhood U; of f in 91 and a number S such that
(4.52) Uy, C Uy, S1 > M, and Proposition 3.2 holds with

Ms=Ms+2 My=51,V=U, cp=c, cog =2c+2.

By Proposition 2.6 there exist a neighborhood U of f in 9 and a number
M3 > 0 such that

(4.53) U cCUy, Ms>sup{|U9(T1,T2,y,2)|: g €U, Ty € [0,00),

T2 € [Tl +CaT1 +2C+2]a Y,z € Ka |y|7 |Z| < Sl}
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By Proposition 2.3 there exist S > S; + 1 such that |v(t)| < S, t € [T1, T3]
for each g € M, each Ty € [0,00), Tz € [T1 + ¢,T1 + 2¢ + 2] and each a.c.
function v : [Tl,TQ] — K satisfying 19 (Tl, TQ, ’U) S 2M3 + 2M2 + 2.
Assume that g € U, Ty € [0,00), T5 > ¢+ T;. We will show that property
(i) holds.
Let z,y € K, |z|,|ly| < M;y and let v : [T1,T3] — K be an a.c. function
which satisfies

(4.54) v(Th) =z, v(Tz) =y, 19(T1,Ts,v) < UY(Th, Ts, x,y) + M.

There is a natural number p such that pc < To — T1 < (p + 1)c. Set
T =p Y (Ty — Ty). Clearly T € [c,2c]. By (4.54) and Corollary 2.1

pi:[Ug(Tl + iT, T1 + (Z + 1)T,’U(T1 + iT),v(Tl + (l + 1)T))
1=0

—U9(Ty +4T, Ty + (1 + )T, v, yir1)] < Mo

for each sequence {y;},_, C K satisfying yo = v(T1), yp = v(T%). It follows
from this, (4.52), (4.54) and Proposition 3.2 that

lw(Ty +4T)| < 81, i=0,...p.
By this relation and (4.54), (4.53) fori =0,...p—1
(T, +4iT\Th + (i + 1)T,v) <

UIT + T, Ty + (i + V)T, o(Th +0T7),v(Ty + (i + 1)T)) + My < M3 + M.

It follows from this relation and the definition of S that
lu(t)| < S, t €T, Ts].

Therefore property (i) holds. Analogously to this we can show that property
(ii) holds. The theorem is proved.
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