UNIFORM ASYMPTOTIC NORMAL STRUCTURE,
THE UNIFORM SEMI-OPIAL PROPERTY, AND
FIXED POINTS OF ASYMPTOTICALLY REGULAR
UNIFORMLY LIPSCHITZIAN SEMIGROUPS. PART II

MONIKA BUDZYNSKA, TADEUSZ KUCZUMOW AND SIMEON REICH

ABSTRACT. In this part of our paper we present several new theorems con-
cerning the existence of common fixed points of asymptotically regular uni-
formly lipschitzian semigroups.

1. INTRODUCTION

Let (X, |-||) be a Banach space and C a subset of X. A mapping T :
C — (C is said to be uniformly k-lipschitzian if for each z,y € C' and every
natural number n, ||[T"z — T"y|| < k ||z — y||. If £ =1, then the mapping T
is called nonexpansive. These definitions can also be introduced in metric
spaces. The class of uniformly lipschitzian mappings on C is completely
characterized as the class of those mappings on C' which are nonexpansive
with respect to some metric on C' which is equivalent to the norm [16]. In
this part of our paper we use the new geometric coefficients introduced in
its first part to study the existence of (common) fixed points for this class
of mappings.

2. BASIC NOTATIONS AND FACTS

Throughout this paper we will use the notations from the first part of our
paper [6]. However, before we recall several known fixed point theorems we
need a few additional notations.
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Let (X, |-]]) denote a Banach space. For z € X and a bounded se-
quence {z,} the asymptotic radius of {x,} at z is the number r, (z, {z,})
= limsup,, ||z — z,||. Now for a nonempty closed convex subset C' of X the
asymptotic radius of {z, } in C is the number r (C, {x,,}) = inf {r, (z,{z,}) :
x € C'}. The asymptotic center of {z,} in C [13] is the set Ac(C,{z,}) =
{zr eC: rqy(z,{zn}) =r(C,{z,})}. For more details see [1], [16] and [17].

Let B (0,1) be the closed unit ball in X. The modulus of convexity of X
is the function 0 : [0, 2] — [0, 1] defined by

s =it {1 -2y e B 0,1) ol 2 ]
[8].  The characteristic of convexity of X is the number ¢ (X) =

sup{e:d(e) =0} [16]. When ¢y (X) = 0 X is called a uniformly convex
space [8].

The Lifshitz characteristic x (M) of a metric space (M, p) is the supremum
of all positive real numbers b such that there exists a > 1 such that for
each x,y € M and r > 0 with p(z,y) > r there exists z € M satisfying
B (z,br) N B(y,ar) C B(z,r) [23]. It is obvious that x (M) > 1. In a
Banach space (X, ||-||) we denote by ko (X) the infimum of the numbers
k (C) where C is a closed, convex, bounded and nonempty subset of X. It
is known [2], [16] that

1

(1) mSHO(X)SN(X)

and ¢q (X) < 1 if and only #g (X) > 1 [12]. Therefore ro (X) <2 [2].
Unfortunately, we know the exact value of kg (X) or some lower bounds

for ko (X)) in special spaces only [2]. Therefore it is convenient to introduce

a new coefficient which plays a role similar to the one of k¢ (X). In [10] T.

Dominguez Benavides and H.K. Xu introduced such a new constant s, (X)

in Banach spaces. We give here a slightly different definition of x,, (X) from

the one given in [10]. Namely, if (X, |-||) is a Banach space and C is a

nonempty bounded closed convex subset of X, then

(a) a number b > 0 has property (P,) with respect to C if there exists
some a > 1 such that for all z,y € C' and r > 0 with ||z — y|| > r and
each weakly convergent sequence {z,} with elements in C' such that
limsup,, ||z — z,|| < ar and limsup,, ||y — z,|| < br, there exists z € C
such that liminf, ||z — z,|| < r;

(b) kw (C) =sup{b > 0:b has property (P,) with respect to C'};

(¢) kw (X) =inf {k, (C) : C is a nonempty bounded closed convex subset
of X}.

It is clear that k, (C) > k(C) for all nonempty bounded closed convex
subsets C' C X. Next let us observe that

Ko (X) =inf{k, (C) : C is a convex weakly compact subset of X} .
Hence we get that k,, (X) < WCS (X) [2].
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Let (M, p) be a metric space, where M is not a singleton and 7' : M — M.
Then we will use the symbol |T'| to denote the exact Lipschitz constant of
T, ie.,

T :sup{p(T:E’Ty):x,yEM,m#y}.
p(z,y)

Let X be a Banach space, C' a nonempty bounded closed convex subset

of X |, G an unbounded subset of [0, 00) such that

(2) t+heGforallthegd,

(3) t—heGforall t,he G witht > h,

and T = {%¢: t € B} afamily of self-mappings on C'. T is called a semigroup
of mappings on C if
(i) Tsytx = TsTyx for all s,t € G and x € C,
(i) for each x € C, the mapping ¢t — T;z from G into C' is continuous when
G has the relative topology of [0, 00).

Let us observe that in the particular case G = N we get the semigroups
of iterates T = {T¢: t€ 8} = {TV:n e N}.
If T satisfies i. - ii. and in addition there exists & > 0 such that

[T = Thyll < k|l =yl

for all ,y € C and t in G, then we say that T is a uniformly lipschitzian
(k-lipschitzian) semigroup of mappings on C.
If T satisfies i. - ii. and for each z € C, h € G,

Jim [Ty pze = Tizl| = 0,

then T is said to be asymptotically regular. The concept of asymptotic
regularity is due to F.E. Browder and W.V. Petryshyn [5].

Let us observe that the notions of the asymptotic radius and the as-
ymptotic center can be formulated in an obvious way for {x:},., where G
satisfies (2) and (3).

The first positive result about fixed points of uniformly lipschitzian map-
pings is due to K. Goebel and W.A. Kirk.

Theorem 2.1. [14] Let X be a Banach space with €y (X) < 1 and let C
be a monempty bounded closed convexr subset of X. Suppose T : C — C
is uniformly lipschitzian with a constant k < -y, where v > 1 satisfies the
equation

(-+(2) -

Then T has a fized point in C.

By (1) it is obvious that the constant v from (4) is strictly less than kg (X)
[23].

In [30] K.-K. Tan and H.-K. Xu proved the following theorem which is
formulated in the same spirit as the previous one.
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Theorem 2.2. [30] Let X be a uniformly convex Banach space, C' a non-
empty bounded closed conver subset of X and T : C — C a k-lipschitzian
mapping with k < 1, where y1 > 1 is the solution of the equation

(5) " [1_5<N(f))]:1.

71

Then T has a fixed point in C.

The constant ~; given by formula (5) is always bigger than the constant
v defined by (4).

In [23] Lifshitz extended the result of Goebel and Kirk in the following
way:

Theorem 2.3. [23] Let (M, p) be a complete metric space and T : M — M
a uniformly lipschitzian mapping with constant k < k (M). If there exists
xo € M such that the orbit {T"xzo} is bounded, then T has a fized point in
M.

Here we must note that in the case of a Banach space we do not know in
general how to compare the constant 41 given by (5) to the constant x (X)
or ko (X).

In each Banach space we have kg (X) < N (X) (see (1)) but in particular
cases we can have ko (X) < /N (X) [7]. Therefore the following result is
important.

Theorem 2.4. [7] Let X be a Banach space X with uniform normal struc-
ture and C a nonempty bounded closed convex subset of X. If T : C' — C
is a uniformly k-lipschitzian mapping with k < \/N (X), then T has a fized
point.

Now we recall a fixed point theorem in which the coefficients k¢ (X) and
N (X) appear simultaneously.

Theorem 2.5. [9] Let X be a Banach space, C' a nonempty bounded closed
convex subset of X and T : C' — C. If

1+V14+4-N(X)-(ko(X)—1)
5 ;

liminf |T"| <
n
then T has a fized point.

For a discussion of this theorem see [9)].
For asymptotically regular mappings we have the following results.

Theorem 2.6. [20] Let X be an infinite dimensional uniformly convex Ba-
nach space, C' a nonempty bounded closed convex separable subset of X and
T :C — C an asymptotically regular mapping with limninf |T"| < 72, where
Yo > 1 is the solution of the equation
(6) - [1_5<W052(X))] 1.

72
Then T has a fixed point in C.
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Theorem 2.7. [2,10] Suppose X is a Banach space. Suppose also C is a
convex weakly compact subset of X and T : C' — C' is asymptotically reqular.
If liminf |[T"| < Ky, (C), then T has a fized point.

n

Theorem 2.8. [2,10] Suppose X is a Banach space such that WCS (X) >
1, C' is a convex weakly compact subset of X andT : C' — C is asymptotically

reqular. If limninf |T"| < \/WCS (X), then T has a fized point.

Theorem 2.9. [9] Let X be a reflexive Banach space, C' a nonempty bounded
closed convex subset of X and T : C — C an asymptotically reqular mapping.

If

1+ I+4-WOS(X) - (hy (X) = 1)

- n
hH}lmf]T | < 5 ,

then T has a fized point.

For a discussion of the connections among the above results see [9, 10].

In [11], [20], [21], [30], [31] and [32] some of the above results were refor-
mulated in terms of semigroups. It is also worthwhile to see [4], [15], [18],
[19], [22], [24], [25], [26], [27], [28], [29], [33], [34].

3. EXISTENCE OF FIXED POINTS OF LIPSCHITZIAN SEMIGROUPS OF
MAPPINGS

We begin with a generalization of Theorem 2.2.

Theorem 3.1. Let (X, ||-||) be a Banach space with g < 1, C' a nonempty
bounded closed convex subset of X and T = {%:t € B} a uniformly lips-
chitzian semigroup of mappings on C with sup, |T;| = k <7, where 5 > 1 is
the solution of the equation
(1) 7[1—5(N(X)>} _1

v
Then there exists a common fized point of T.

ProoOF. Without loss of generality we can assume that (X, ||-||) is uniformly
convex and k > 1. If 0 < ¢9 < 1 we need only make minor changes in the
following proof. Let us denote N (X) by N. For each x € C let z be the
unique element of Ac (C,{Tix}). Let us assume that
d(xz) diamg{Tix}

(8) N = N >r=r
and d(z) = diamg {T;z} > 0. Then we can find sequences {s,} and {t,}
such that

(CA{Tiz}) >0

lim s, = limt, = c©
n n

and
1i71;n T,z — T, z|| = diamq {T;z} = d(2).

Next we have
ra (Ts, 2z, {Tyx}) < k-r



252 MONIKA BUDZYNSKA, TADEUSZ KUCZUMOW AND SIMEON REICH

and
ro (Tt, 2, {Tix}) < k- r.
Hence
r <liminfr, (M,{Ttl‘}> < [1 _5((1(2))} k-
n 2 k-r
d(z) N-d(z))}
1<|1=6—2)| k<|l=6——22)]|-
<o (E)] = e ()]
and finally

) d(z) < m-a—l (1—;)} ().

Let us denote % 6 (1 — %) by a. Directly from our assumption we get

a < 1. Now we define a sequence {z,} -, in C in the following way:
is an arbitrarily chosen element of C' and x,41 is the unique element of
Ac(C{Tixyn}) for n =0,1,2,... . By (9) we obtain

d(xzy) <a"-d(xo),
and the inequalities
20 = Znpall < llen = Tiznall + | Tjen—1 — Tiwnll + | Tizn — 2nial]
<l = Tywnotll + k| Ty—snos — ool + | Tin — s
which are valid for 7 < j, lead to
l2n = Tagall < (14 k) d (@) +d (20) < [+ k)" +a"] - d (20).

This, in turn, yields the conclusion that {z,} -, is norm Cauchy and hence
strongly convergent. Let x = lim,, z,,. Then by (8) for each s € G we have

2 = Tual| < i o = @] + limsuplimsup 21 — Tl
n

+ lim sup limtsup | Ti+sn — Tsxn]| + lim | Tsznt1 — Tsx|
n

d(zn)

=0.
N

<tim (14 ) [l = 2as ] +
This completes the proof. =

Remark 3.1. The constant 7y given by (7) is bigger than the constant -y
defined by (5).

For our next results we need the following simple fact.

Lemma 3.1. Let (X,]|-||) be a Banach space.
1) For each 0 < % < w-SOC (X) and every asymptotically reqular se-
quence {x,} with a weakly compact conv {x,} there exists a weakly conver-

gent to w subsequence {x,,} such that

(i) r(w,{zp,}) <0 diamq ({zn}),
(i) [|[w =yl < 7a (y,{zn,}) for everyy € X.
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2) For each 0 < % < w-AN (X) and every asymptotically regular sequence
{zn} with a weakly compact conv {xy} there ezists a subsequence {xy,} and
a point w € conv {x,} such that

r(w, {xn, }) <0-diamg, ({xn}) .

ProOOF. 1) ii. It is sufficient to apply the lower semicontinuity of ||-|| with
respect to the weak topology because we have

Tq (y7 {xm}) = limsup Hy - xm”
i

and
y_fniéy—w'I

We will use the above lemma in the proofs of the next three theorems.

Theorem 3.2. Let (X,||-||) be an infinite dimensional Banach space with
€0 < 1, C a nonempty bounded closed convex subset of X and T = {Ty: t € &}
a uniformly k-lipschitzian asymptotically reqular semigroup of mappings on
C with k <7, where 7 satisfies
—9 w-AN (X)
¥~ > max (1, 2)

and is the solution of the equation

(10) 5 l1 —5 (w'ANQ(X)ﬂ =1
()
Then there exists in C a common fized point of T.

Proor. Without loss of generality we can assume that (X, ||-||) is uniformly
convex, k? > %N(X) and £ > 1. If 0 < ¢g < 1 we need only make minor

changes in our proof. First we choose § such that 1 < 5 < w-AN (X) and

oo ()] <t

Next we fix to,h € G with h > 0 and define t, = tg + nh for n = 1,2, ...
Let us observe that for each z € C the sequence {T},z} is asymptotically
regular and by Lemma 3.1 for each x € C there exists a weakly convergent

subsequence {T tnix} with w € conv {T},x} such that

(11) Tq (w, {Ttni-f}) <0 -diam, ({T3,x}) .

In other words, for each x € C' we can find a subsequence {Ttnzm} and
w (z) € C which satisfy the inequality (11). Hence, if z (z) is the unique
element of Ac (C, {Ttnix}), then we have
(12)

r(z) =r, (z (z), {ﬂnl$}> <rg (w (z), {Ttnix}) <0 -diam, ({I3,x}) .
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The asymptotic regularity of T leads to
Ta (Ttmz (x), {Ttniaz}> <rg (Ttmz (z), {Ttnﬁtmf})

+ lim sup HTtnﬁtmx - Ttan
(2

(13) =7, (Ttmz (x), {ﬂnﬁtmx}) <k-rq (z (x), {TtnifU})

for every m. Now we set
R(z) =rq(x,{T},x}) = limsup ||x — T, | .
n
We observe that by the asymptotic regularity of T and since
tp=to+1h forl=1,2,...,
we have

diamg ({13, x}) =lim sup |1}, x — 11, ||

m m<m<n

T

)

= lim sup ( max |13,z — Ty, .| ,sup HTtmx —T;
>0

m m<m \ 1<n<ng mAnott

= lim lsup (SUP HTtmx - Ttm+n0+1xH>]

M m<m \ 1>0

< lim sup (sup |13, x — Tmh»’””)
7 n<

m m<m

m m<m \ [>0

+ lim sup lsup (sup HTthC — Ttm+n0+l$">]

‘ =k- sup ||z — T}, x|

n>no

§k:-supHx—Ttn x
1>0 ot

for ng > 1. Hence
(14) diamg ({T},x}) < k- limsup ||z — Ty, z|| = k- R(z).

We construct the sequence {z,,} in the following way: z¢ € C is arbitrary
and

ITm+1 = = (xm)
for m =0,1,.... By (12) and (14) we get

(15) Tm =7 (Tm) <0-k-R(xy).

Now we have to consider two cases. If for some my we have r,,, = 0, then
we get
R (2 (2m)) = limsup ||z (zmg) — Tt 2 (2mo) |
n

< lim sup lim sup [Hz (Tmg) — Tt,,. Ty
n 7 ‘

+ HjﬂtnZ xmo - ﬂn+tni xmo + HTtn‘Ftni me - CZ—Yth (wm())

| -0
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In the second case we have r,, > 0 for all m > 0. For each m we first choose
an arbitrary 0 < € < R (1) and then j such that

Hthxm—&—l - xm—l—lH > R(xm+1) — €.

Now we find iy such that for all i > iy we have

€

2

(the subsequence {t,,} depends on x,, here) and (see (13))

HTtnlmm - l'm—l—lH <7rm+

HTt”ixm - thmeH <k-(rm-+e).

! l

< k-(rmte)- :1_5(Wﬂ'

It follows that

1
T’tnil'm - 5 ($m+l + ﬂjxm—l—l)

Letting 4 tend to infinity we obtain
[ R(xm_i_l)—e.)}
<k- 1= -
'm > (Tm+€) I (k(Tm+€)
Taking now € to 0 we get
o 15 ()

k-rm

which after applying the inequality (15) implies that

1
R (i) < [9 2 <1 _ kﬂ R (zm).
Let us observe that
O<a=0-k.6"! (1—}€> <1

and therefore
(16) R(xm) < a™- R (x0)
for m =1,2,... . Hence by (15) and (16) we deduce that

|Tms1 — 2| < lim sup me“ — Enlme + lim sup HTt”ixm — armH
(2 7

<7rq ($m+17 {Ttnlxm}) +R (xm) =rm+ R (xm)
<@ -k+1)-R(zm) <@ -k+1)-a™-R(x)
(the subsequence {t,,} depends on x,, here) and therefore the sequence {z,}
is strongly convergent to some x € C. By the inequality

[R(z) - Ry < (A+k)-|lz—yl,

which is valid for all x,y € C, we have R (z) = 0.
Thus in both cases we can find y € C' with R (y) = 0. This means that

y=1mT; y
n
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and by the asymptotic regularity of T we have
Ty =limTiyy,y=1lmT, y=y
n n
for each t € G. This completes the proof. m

Theorem 3.3. Let C be a convex weakly compact subset of a Banach space

X with w-SOC (X) > 1. Then every asymptotically regular uniformly

k-lipschitzian semigroup T = {%Ti:te€ &} of mappings on C with k <
1

[w-SOC (X)]2 has a common fized point.

PROOF. Let £ > 1 and let us fix 6 such that

k? < % < w-SOC (X).

We choose tg, h € G with h > 0 and consider the sequence {t,} = {to + nh}.
For each = € C we define R (z) by

R(x) =rq (x,{T},z}) = limsup ||z — T}, z|| .

Let us observe that for each z € C the sequence {T},x} is asymptotically
regular and by Lemma 3.1 for each x € C' there is a weakly convergent to w

subsequence {Ttnix} such that

(i) 74 (w, {Ttnlx}) <0 -diamg ({11, x}),
(i) |ly —w| < ra (y, {Ttnix}) for every y € X.
By i., ii., (14) and the asymptotic regularity of T we obtain

T (Ttmw, {Ttnlx}) <r, (Ttmw, {Enﬁtmm}) + limisup HTtniHm:U - TtnixH

<k-rg (w, {Ttnlac}) <k-0-diam, ({T},z}) <60 -k*- R(z),
| Tt w—w|| <rq (Ttmw, {Ttnﬁ?}) <6-k* R(z)

for each m, and finally
R(w)<0-k* R(z)=a-R(zx),

where 0 < o = 6 - k? < 1. Consequently, for each z € C there is w (z) such
that
Ti, v — w (x),

Ta (w (x), {Ttnix}) <0-k-R(x)
and
R(w)<a-R(x).
This allows us to construct a sequence {z,,} which is convergent to a fixed

point of T. We simply choose the first element x; arbitrarily and next we
set

T = W (Tp—1)
for m = 2,3, ... . Now it is sufficient to observe that

R(zm) <a™ ' R(x))
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and repeat the arguments from the end of the proof of Theorem 3.2 to finish
the present proof. m
In the next theorem we employ &, (X) and w-SOC (X).

Theorem 3.4. Let (X, ||-||) be a Banach space with w-SOC (X) > 1, C a
convex weakly compact subset of X and T = {Z(: t € B} an asymptotically
reqular uniformly k-lipschitzian semigroup of mappings on C. If
- 14+ /144 [w-SOC (X)] - (ko (X) = 1)

2 )

(17) k
then T has a common fized point.

PROOF. The proof is based on ideas presented in [9]. Let us denote S = w-
SOC (X) and k = Kk, (X). Without loss of generality we may assume that
S < 400 (see Theorem 3.2 in [6]) and k > 1. The inequality (17) and k& > 1
imply k > 1. Next we observe that

1+1+4-S-(k—1)
2

< S < 4oo,

because (see Section 2)
k<WCS(X) <S8 < 4o00.
The inequality

_ 1+y14+4-S-(k—1)

b 2
implies the inequality
k' k-1
S k-1
Directly from the definition of x we find ¢ > 1 and 1 < b < & such that
|
(18) << 1

and for all z,y € C and r > 0 with || — y|| > 7 and each weakly convergent
sequence {2y} in C for which limsup,, ||z — 2| < a-r and limsup,, ||y — 25| <
b-r there exists some z € C such that liminf,, ||z — z,|| < r. Next we choose
€ > 0 such that
1+ 2
a

Similarly as in the proofs of the previous theorems we consider the se-
quence {t,} = {to + nh}, where ty,h € G and h > 0. For z € C we define
R (z) as follows

=a <l

R(x) = inf {7“ > 0: Jyec limninf |z — Ty, y|| < 7'} :

First we will show that R (Z) = 0 for some # € C. To this end we take an
arbitrary x € C. Assume that R (x) > 0. Then we can find y € C' with

lim inf |z — T3yl < R(z)-(1+¢).
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There are two possibilities; either
S R(z)-(1+e€)

(19) supllz - 7, (@) < =
or
S-R(z)-(1+e€)
(20 o=, @ > ==
for some j.

Let us take a look at the first case. By (14) and (19) we get
S-R(z) (1+¢)
a

diamg ({11, x}) < k- limnsup lx — Ty, (z)]] <
and after applying the definition of w-SOC (X) we obtain

S - inf {ra (w, {Ttnix}) : {Ttnﬂ?} is weakly convergent to w}
S-R(z) (1+¢)

<

a

This implies that
inf {ra (w, {Ttnix}) : {Ttnix} is weakly convergent to w} < W.

Hence there exists a subsequence {Ttnzx} which weakly converges to w € C
such that

R(x)- (1+2€)

(21) lim |w = T,,2]| < y

=aR(x)
and therefore
(22) R(w) < aR(z).
Next we see that
|lw—z| < Hw — TtnixH + H:U — TtnixH
and by (19) and (21) this yields
Jw— 2| < lizm Hw — Tt”ixH + limisup Hx — TtnimH

S-R(z) (1+¢)
k-a

<a-R(x)+
S .

(23) §o¢-R(:U)+a.kR(x):a-(l+i>-R(az).

Let us now consider the second case. By (20) we have
S-R(z)-(1+¢€)
k-a

for some j. Let us choose a weakly convergent {Ttniy} such that

T

o -7 ] < F@)- (1 + ;)
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and
t; i
Z Hjjtni+mfly - nn1+myH < R<x) ’ 5
m=1

for each ¢. This implies

(24)
‘.
b sl <l =T+ 35 e~ Tet] <R 1
m=1
and
(25) Htha:—Ttniij’ <k -R(z)-(1+e)
for every i. By (18) we can choose A such that
(26) % <A< ]%:1

Then by (24), (25) and (26) we have
H)\thx + (1= Nz Ty 40,y

< )\HthiU—Ttnﬁtjy ’ +(1=X) H!E—Ttnﬁtjy‘

<A E-R(2)-(1+e)+(1-N Rx)-(1+e)

R@)-(1+9
a

(27) =ANk—-1)+1-R(z) - (1+¢€) <b
and next by (20) and (26),

H)\Tt].x +(1-Nz— xH = HTt]x - mH
S-R(z) (1+¢) - R(x)-(1+e¢)

k-a a
Directly from the definition of b and by (24), (27) and (28) there exists w € C

such that
R(z)-(1+e¢
(29) Hw — Ttanjy ()a()

for every i. Therefore by the asymptotic regularity of T and (29) we get

(28) >\

<a-R(z)

| <

R (w) < limsup Hw - TtnlyH
(2

< lim sup Hw — T, +t;Y
Z. 7

’ + lim sup HTtni+tjy - TtniZ/H
KA

(30) = lim sup Hw = Tt +t;y
1

\ <a-R(z),
and by (24) and (29) we obtain

lw —all < |[w =Ty, 4,

(31) <a-R@x)+R(z)-1+e)=(1+e+a) R(x).

[+l T
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Thus in both cases for every x € C we can find w € C for which the
following inequalities are valid:

(32) R(w) <a-R(z)

and

(33)

S — _
|lw—z| < max{1+e+oz,a- (1+k>} “R(z)=M - R(z)

(by (22), (23), (30) and (31)). This allows us to define a function f : C' — C
by f(x) = w, where w satisfies (32) and (33). We introduce a sequence
{z,} as follows: z( is chosen in an arbitrary way and next z, = f (z,—1)

for n = 1,2,... . The sequence {z,} is a Cauchy sequence. Indeed, the
inequalities (32) and (33) lead to

|2n — Tp1l| <M -R(zp_1) < M-a"' - R(x).
Setting Z as the limit of {x,} and applying the inequality
R(w) - R )| < [lu=l,
which is valid for all u,v € C, we get R (Z) = 0.
Now we prove that R (Z) = 0 implies that x is a common fixed point of

T. To prove this fact it is sufficient to observe that for every y € C, t € G
and every natural n we have

17 = Tzl| < |7 = To,yll + 1Ty = Toeyll + [ Th 0y — 1|

<A+k) |z =Tyl + 1Ty — Tiayl -

Applying the definition of R and the asymptotic regularity of T we complete
the proof. m

4. EXAMPLES

Example 4.1. Let us consider the space Xg [6], where 1 < p < oo and
1< < 4%. Then for 2% <6< 4 we have Ky, (Xg) = WCS (Xg) =

1

N (XB) =1 [2], but w-AN (X}) = w-SOC (X}) = 42 > 1 [6].

Example 4.2. Let us observe that for the space Xg with 1 < B < %, we

get WCS (X3) = max (1,%2) [2,8], w-AN (X3) = w-S0C (X3) = V2 [6]
and Ky, (X) > ko (X) [10], where

ko (X3) = <1+ 612 - ;\/m - 1)é

[9] (see also [35]). Hence for [ sufficiently close to 1 the constants

L1+ 4w s () - (w0 (¥3) —1)
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L1+ 4 [w-80C (X3)] - (mo (X3) - 1)

<

are strictly bigger than y/w-SOC (Xg) = 2i. Let us observe in addition
that [16]

=

2\ _ ) 2(8*-1) for1< B<V2
GO(Xﬁ> {2 for V2 < p <2

and therefore for 1 < 8 < @ the constant 5 given by (10) is strictly bigger
than the constant 2 defined by (6).
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