UNIFORM STABILIZATION OF A COUPLED
STRUCTURAL ACOUSTIC SYSTEM BY BOUNDARY
DISSIPATION

MEHMET CAMURDAN

ABSTRACT. We consider a coupled PDE system arising in noise reduction
problems. In a two dimensional chamber, the acoustic pressure (unwanted
noise) is represented by a hyperbolic wave equation. The floor of the cham-
ber is subject to the action of piezo-ceramic patches (smart materials). The
goal is to reduce the acoustic pressure by means of the vibrations of the
floor which is modelled by a hyperbolic Kirchoff equation. These two hy-
perbolic equations are coupled by appropriate trace operators. This overall
model differs from those previously studied in the literature in that the
elastic chamber floor is here more realistically modeled by a hyperbolic Kir-
choff equation, rather than by a parabolic Euler-Bernoulli equation with
Kelvin-Voight structural damping, as in past literature. Thus, the hyper-
bolic/parabolic coupled system of past literature is replaced here by a hyper-
bolic/hyperbolic coupled model. The main result of this paper is a uniform
stabilization of the coupled PDE system by a (physically appealing) bound-
ary dissipation.

1. INTRODUCTION

In this paper we study the uniform stabilization of two coupled hyperbolic
equations arising in the noise reduction problem for structural acoustic mod-
els. The acoustic pressure (unwanted noise) inside a two dimensional cham-
ber is mathematically represented by a hyperbolic wave equation, whereas
a hyperbolic Kirchoff equation models the elastic displacements of the one
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dimensional moving floor of the chamber. Such a floor is subject to the
action of a piezo-ceramic patch (smart material), which is mathematically
modeled as the distributional derivative of a Dirac mass. The interaction
between the chamber and the moving floor is represented by appropriate
trace operators acting on the interface between the floor and the chamber.

More precisely, let  be a two dimensional, open and bounded domain
(the chamber) in R¥ with boundary I'. The boundary is made up of two
open, smooth, and disjoint portions I'g and I';. I'g, which models the mov-
ing floor of the chamber, is assumed to be flat. Two examples of such a
domain are given below. Notice that we have scaled the coordinate system
for convenience so that o = {(0,1) x {0}}.

x9, T x
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Figure (I) Figure (II)

The acoustic medium within €2 is described by the wave equation in the
variable z. The vibrations of the elastic floor I'y are modeled by the variable
v. We assume that v will satisfy a Kirchoff equation on I'y, coupled with the
wave equation satisfied by z in the interior of the domain 2. Then the PDE
model in the variables z and v is as follows:

WaveFEquation
Ztt = Az on Q
%’FI = —kiz on X
%h—‘o = —k‘lzt — V¢ On Eg

Kirchof f Equation (1.1)
Vit — ’)/AUtt + A2’U — Zt = (5’(1L‘0)U(t) on 20 '
U|aEO =0; Av|8ro = —kzg% on 0%

2(0,-) = 20; 2:(0,-) = z1;v(0,-) = vo; v¢(0,-) = v in Q@ x Q@ x Ty x Ty

where v > 0, k1 > 0, and k2 > 0 and
(0, T]xQ2=@Q; (0,T] xI'y =%1; (0,T] x 'y = Xp; (0,7] x 9Ty = 9%

The control is modeled mathematically by a finite number of distributional
derivatives of Dirac masses concentrated at points of the moving floor I'y. It
is mathematically equivalent to consider only one such distributional deriv-
ative (concentrated at the point zo on the flat segment 'y € R¥).

The basic structure of acoustic low models has been known for a long
time (see [18]). Some related mathematical questions regarding the spectral



A COUPLED STRUCTURAL ACOUSTIC SYSTEM 379

properties or the strong stabilization of the model in [18] are studied in [4]
and [8]. Smart material technology has suggested the introduction of a dissi-
pation acting at the edge of the floor via moments or shears. This motivates
one to consider the damped coupled model (1.1) where the dissipation is
exercised through the bending moment of the Kirchoff equation. This model
differs in a critical way from other models recently studied in noise reduction
problems (see [1], [3]) in that the elastic dynamics of the moving floor is more
realistically represented by a hyperbolic Kirchoff equation, rather than by a
structurally damped Euler-Bernoulli equation with so-called Kelvin-Voight
damping, as in the past models.

The results existing in the literature on the stabilization of structural
acoustic models refer to those where the floor is strongly damped by means of
structural damping (see [1],[2],[7]). In the case of structural damping present
in the model, the component of the uncoupled system corresponding to the
Euler-Bernoulli equation represents an analytic semigroup ([22],[6]). This
provides, in addition to strong stability properties for the Euler-Bernoulli
equation, a lot of regularity properties which facilitate the analysis of sta-
bility for the entire structure. The situation is drastically different when
the analytic Euler-Bernoulli equation is actually replaced by a more realistic
hyperbolic Kirchoff equation.

2. ABSTRACT MODELS

2.1. Undamped Problem: ki = ko = 0.

The case of undamped coupled equations (that is, k1 = ko = 0 in (1.1)) is
analyzed in a companion paper where a sharp regularity result (to be quoted
below) is obtained (see [5]). The following operators and abstract setting for
problem (1.1) are also quoted from [5]:

i) Let A : Ly(Tg) D D(A)—Ly(Ig) be the positive self-adjoint operator
Af = A%f, D(A) = {f € H (o) : flor, = Aflor, = 0} (2.1)
o Define the operator A : Ly(To) D D(A)—La(Ty) as
A= (I+7A2)" A, D(A) = D(A2) (2.2)

1
The operator A is positive self-adjoint on the space D(A5) topologized
by the inner product

1 ) 1
@9) gy = (T F9A)zy) |y € DIAT) (23)
where
D(A}) = H(Tg) 1 HY(To) and D(AL) = HY(T) (2.4)

Let us also note for future reference the following equivalent spaces:

D(Aéfs) = H?7*¥(I'y) (equivalence in norms for small £ > 0) (2.5)
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o Let Ay : LY(Q) = LQ(Q)/N(AN)%LQ(Q) be the positive self-adjoint

operator

0
Anf = —AF; D(AN):{feHQ(Q):a—J;F:O} (2.6)
where N (Ay) is the one-dimensional null space of Ay in L2 ().
e Define the Neumann map N for h € LY(Q) as

Ah =0 on

o —g onTy (2.7)

h:Ng<:>{

Let us note the following property of the Neumann map for future
reference (see [11]):
N*Anh = —h| (2.8)
e Finally, consider the following spaces equivalent in norms:
Y = D(Axn?) x Lo(Q) x D(A}) x D(AT) (2.9)
= H'(Q) x Ly(Q) x [H*(Ty) N HY(To)] x Ha(To)
Hence, problem (1.1) with k1 = ko = 0 can be written abstractly as

y = Ay + Bu on [D(A")]';4(0) = yo (2.10)
where y(t) = [2(t), z(t), v(t), ve(t)]
0 I 0 0
—A 0 0 ANN(r,) .
A=| " 0 o =4 .
0 —(I+~A3)IN*Ay —A 0 (2.11)

The action of A is described by its domain where, with y = [y1,y2, y3, 4],
1 3 1
D(A) ={y €Y 1 y2 € D(AR),y3 € D(A1),ys € D(A2), [y1 — N(yal )] €

D(Ay)} and A* is the Y-adjoint of A; while the operator B : U—[D(A*)],
U = R and its adjoint B* : D(A*)—U are

0 Y1
0 d
Bu = 0 B | 2| = ool s yeDA)
L1y v T le=ag (2.12)
(I +~A2)7 0 (x0)u Ya

By the skew-adjointness of A on Y (see (2.11)), we see that A generates a
s.c. unitary group e on Y:
A%t

eA*t — e_At; He

_ || —At _
LY) = e H[,(Y) =1 (2.13)
Re(Az,x)y = Re(A*x,z)y =0, Va € D(A) = D(A")
Also the solution to the undamped problem can be written as:

y(t) = eMyo + (Lu)(t) (2.14)
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where
(Lu)(t) = /O AT By(r)dr (2.15)
Now we quote the main theorem, a sharp regularity result, of [5] (Theorem 1.2).

Theorem 2.1. With reference to the coupled P.D.E. system (1.1), we have
that

i) For each 0 < T < oo, the operator L defined in (2.15) satisfies the
following property:

L: Ly(0,7)—C([0,T);Y), continuously. (2.16)

o (Abstract Trace Regularity) Equivalently, it follows by duality that the
operator B*eA™t can be extended continuously from'Y to Ly(0,T):

T
| 1Bty at < crlyl vy ey (2.17)

Sharp (optimal) regularity results (abstract trace regularity) for the mixed
PDE problems have significant implications in the study of associated control
theory problems, enabling one to invoke a large body of abstract results
on quadratic control theory, min-max game theory, etc. For instance, the
abstract results in [11], [15], [17], [24] can now be readily applied to the
coupled PDE problem (1.1) over a finite time interval. In the case of infinite
time interval, however, in order to invoke the abstract theory as in [11], [15],
[17], and [24], additional control theoretic hypotheses such as the Finite
Cost Condition and the Detectability Condition are needed. The Finite
Cost Condition can be verified by the property of uniform stability in the
space Y (see (2.9)) with Ly(0, co; U) feedback control. However, this uniform
stabilizability property on the space of regularity Y (as given to be H'(Q) x
L?(2) x H*(Ty) x H*(Ty) for the coupled PDE system (1.1) ) fails for the
undamped (k; = k2 = 0) problem (1.1), which is actually a general pathology
of hyperbolic or Petrowski type dynamics with point controls acting through
d or & (see [11]). Therefore, the issue of ensuring uniform stabilization is
of paramount importance. To remedy this situation, we modify the original
conservative dynamics by adding damping terms, as to make it uniformly
stable on the regularity space Y, while preserving the same regularity in
c([0,7);Y).

2.2. Damped Problem: k; > 0, ko > 0; u(t) = 0.

We are mainly interested in the physically appealing boundary stabiliza-
tion in which energy decay rates are achieved by introducing some form of
dissipation on the boundary. Our main goal is to show that the boundary
damping added to the wave equation and the boundary dissipation applied
through the bending moments at the edge of 'y are enough to provide the
uniform decay rates of the natural energy function associated with the model.
For this purpose, we consider the coupled system (1.1) with strictly positive
constants k1 and ko which we henceforth take equal to 1 for convenience.
Since our main interest is a uniform stability result, we also let u(t) = 0.
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Now we introduce two more operators, namely, the Dirichlet operator D
and the Green’s operator Gy (see [9] and [11]):

szh@{szOin To; w=hon GFO} (2.18)
f:Ggg(:{AQf:OinFo; f=0, Af:gonaro} (2.19)

It is easy to show that (see [9])
Gy=—-A"2D (2.20)

Note that since I'g = (0,1) is one dimensional, the Dirichlet operator D
in (2.18) has the following form:

(Dh)(z1) = [h(1) = h(0)]z1 + h(0), 0 <z <1 (2.21)
Next notice from (2.20) and [11] that
dg

G5Ag = —D* .A?g =2 (2.22)
However, again because of I'g = (0,1) and 0I'g = {0} U {1}, we have that
99 99 .\ .
1)t =0,1 2.2
S2) = (-1 i), i =, (2.23)

Consequently, from (2.21), (2.22), and (2.23), we note the following expres-
sions in 21 € (0, 1) to be referred to later

i+1 Ouy

(GQ*AUt)(i) = _(D*‘A%Ut)(l) - (_1) axl

(i), i=0,1  (2.24)

T - Oy vy vy

(DD* Abv)(21) = (a (1) + ot O)>x1+8$ (1,0)  (2.25)
% % _ 8 * % 8’Ut 8Ut

VDD Abv, — (&EIDD by = (6 1) + 5 0)) (2.26)

Proceeding as in [10] and [11], the damped problem (1.1) with k1 = ko =1
and u(t) = 0 can be written abstractly as ( see (2.2), (2.7) and (2.20))

o = —Anz — AVNN* Ay z + AvN (v, ) (2.27)
v = —Av — AGoGiAvy — (I + 7 A3)IN* Az,
~(I + 3 AR A — (I +7A%) AR DD A
HI AR (a) (2.28)

At this point, we introduce the following subspace Yy of Y (see (2.9)):

Yy = {y = [y1,y2,¥3,y4] €Y : / Y1 dF+/ Yo dﬂ+/ y3 dly = 0}- (2.29)
T Q To

It is easy to show that the coupled problem (1.1) is well-posed in Yj; that
is, the Lumer-Phillips theorem holds on Y{; with the norm of

D(An?) x La(Q) x D(A?) x D(A) (2.30)
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Then the first order equation corresponding to (2.27) and hence to the
damped problem (1.1) with u(¢) =0 is

y = Ary on [D(AL)]; y(0) =yo € Yo (2.31)
where y(t) = [2(t), z¢(t), v(t), v¢(t)] and
0 I 0 0
LAY —AWNN Ay 0 AN
= 0 0 0 I
(2.32)

0 —(I+7A2)IN*Ay —A —AGyG3A
with dense domain D(Ap) = {y € Yo : Apy € Yy }. The Yj-adjoint of Ap is

0 —1 0 0
g | AV CAWNTAY 0 AN ()
F=| 0 0 0 —I

2.33
0 (I+~A2)"'N*Ay A —AGLGLA (2:33)
with D(Ap*) = {y € Yy : A}y € Yo}. The action of Ap and A}, is described
by their domains.

Theorem 2.2. Ap is a maximal dissipative operator on Yy and hence the
infinitesimal generator of a s.c. semigroup e Ft of contractions on Yj.

Proof: Since A is densely defined, it is enough to show dissipativity of
both of Arp and Ar* on Yy (see Corollary 4.4 in [20]). Dissipativity follows
from the calculations below where we use the skew-adjointness of A (see
(2.11)): by (2.13), (2.8), and (2.24), first with y € D(Ap) and then with
y € D(AF)

Re (AFya y) Yo

= _(ANNN*AN3/27Z/2)L2(Q) — (AG2G§'A?J4>?J4)D(A%)

2.34)
_ Oys” Oys” (
= —(y2|F7 92|F)L2(p) - |:a$1 (t; 0) + 81'1 (t, 1):|

<0,

Re (AF*ya y) Y,
= —(ANNN*Any2, y2)

— (AG2G3 Ayy, y4)D

e A0 am)
_ Oys* Oys* '
= —(y2|F7y2|F)L2(F) - |:(97$1 (t; 0) + 871'1 (t, 1):|

<0.m

3. UNIFORM STABILITY OF eAFt

Our main goal is to show the uniform stability of the s.c. contraction
semigroup e4r* in the space Yy described in (2.29), corresponding to the
coupled damped PDE system with k1 = ko = 1 and u(t) = 0. Accordingly,
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the ‘energy’ of the damped system is identified with the norm of Y{; where
Yo = [20, 21,00, v1] € Yo (see (2.30)):

B(t) = [e*yolly = Eo(t) + Eu(t) (3.1)
E.(1) :/ (va(t)\2+z§(t)) d9
= 2@ 3, + 2O, 0 (32)

B = [ (o) +v#(t) +9|Vu(o)l?) dry

2
= o3, + I,

2

3.3
pd) (3.3)
Lemma 3.1. With respect to the coupled system (1.1) with ky = ke =1 and
u(t) =0, we have the following expressions:

E@) + 2/5/ 22 dT di + 2/;~ (gzz(t,o) + gxz(t, 1)) dt = E(0) (3.4)

87},5 81)752 2 1
L G 0+ 52 )+ [l sy < 32O (35)

Proof: Initially for yo € D(AF), we get from (2.34) in the proof of The-
orem 2.2 that V¢ € [0, 7],

d d >
4E0 = —HeAFtyoHY:2(AFeAFtyO,eAFtyO)Y (3.6)

0 0
_ _2/ er—2 Oui® C(10)+ L (t.1)] <0
dry
Then (3.4) follows by integrating (3.6), Wthh we then extend to yg € Yy by
density. (3.5) follows immediately from (3.4). =

From (3.4) in Lemma 3.1, it is clear that E(¢) is non-increasing. The main
result of this paper is the following theorem which states that E(t) actually
decays to zero.

Theorem 3.1. Let Q be a bounded open domain in R? of the form in either
Fig.(i) or Fig.(ii). Then the contraction semigroup et of Theorem 2.2
describing the damped coupled PDE system (1.1) is uniformly stable on Yp;
that is, there exist constants § > 0 and M > 1 such that

HeAFtHL(YO) < Me™®, t > 0. Equivalently, E(t) < Me °'E(0) (3.7)

Orientation: Our strategy is to study the Kirchoff equation on I'y and
the Wave equation on () separately and then combine the results. In both
cases, we run some multipliers on the corresponding equation. Then, by
means of these energy methods, we get an identity (one for Kirchoff equation,
another for wave equation) which is commonly met in hyperbolic equations,
where the left hand side of the identity contains trace terms and the right



A COUPLED STRUCTURAL ACOUSTIC SYSTEM 385

hand side consists of interior terms. For each hyperbolic equation, analy-
sis of the equalities obtained by multiplier techniques leads to an estimate
of energy plus lower order terms (l.o.t.) terms (with norms topologically
weaker than that of the energy) by dissipation terms. Thereon, a standard
application of compactness/uniqueness argument gives the result. Let us
also note that the analysis of the Kirchoff equation follows closely the tech-
nique of [10]. However, since the domain of the Kirchoff equation that we
are interested in is only one dimensional (I'y = (0,1)), the analysis here is
easier.

3.1. Kirchoff Equation Part of the Damped System. In this section,
we will consider the following uncoupled Kirchoff equation:

v — YAvy + A?v=f  on X
vy =0 on 0%

ol'g
A”‘aro = —% on 0% (38)
v(0,-) = vo;v4(0,-) =v1 in Ty
where f € La(X) (3.9)
The Kirchoff equation (3.8) with f = 0 is studied in [10], where it is shown
that there exists an operator Ap generating a s. c. semigroup e*F* on the

1
space {D(.A%) x D(A3)}. Therefore, the solution to (3.8) is the following:

{ ;)t ] — Art { Z(l) } +/0'5 oAR(t—s) { f?s) }ds (3.10)

Hence, it follows a fortiori from (3.10) and (3.9) that

[ ]ec(on] 24 ]) 31)

The main result of this section is the following theorem:

Theorem 3.2. With respect to the Kirchoff equation in (3.8), we have the
following inequality:

> Chm< /OT Ey(t)dt — [E,(T) + E,(0)] — ”””ixomm%s)))

The proof of Theorem 3.2 will be given in the subsequent steps.

Corollary 3.2. With respect to the Kirchoff equation part of the coupled
PDE’s with k1 = ko = 1 and u(t) = 0 in (1.1), we have the following
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nequality:

r

T 2
Z Cho’Y(/O Ev(t>dt - [EU(T) + EU(O)] - HU||L2(07T;D(A%E))>

<6”t(t 0))2 + ((%t(t 1))2} di+ [ 22 dx (3.13)
81'1 ’ 8.2131 ’ Yo Zt 0 ’

Proof: Notice that the Kirchoff equation part of (1.1) is the same as
(3.8) with f = Zt‘ro € Ly(0,00; La(Ty)), (see Lemma 3.1). Hence, the result
follows from Theorem 3.2. =

Let us now note the following abstract version of (3.8) (see (2.28)):
(I +~A2)vy = —Av — A2DD*Azv, + f (3.14)

Remark 3.1. The analysis of the Kirchoff equation above will follow closely
section 6 in [10]. However, in our case we have an extra term introduced by
the coupling with a wave equation. Here, we will emphasize the influence of
the coupling term represented by f in (3.8), which was absent in the problem
considered in [10]. Whenever convenient, we quote results directly from [10].
However, since our case is only one dimensional, some parts of the analysis

here is easier than in [10]. Compare (3.8) with (1.24) in [10].

Step 1: A New Variable. Define a new variable r as:

r= A 2, € C([0,T]; D(AY)) (3.15)
where the regularity follows from (3.11).

Proposition 3.3. The variable r satisfies the following Kirchoff equation:

Ty — YAy + A%r = —DD*A%’Utt + A_%ft on X
7"|ar0 = A7“|3r0 =0 on 0%

_1
r(0,-) = A Zvy; (3.16)

re(0,-) = —(I +7A2)"L[A2vy + DD* Azv; — A72 £(0, )]
Remark 3.2. Compare (3.16) with (6.9) in [10]. Also notice the extra term
A_%ft in (3.16) as a result of coupling.

Proof: By the definition (3.15) and the abstract equation (3.14), we get

that
Tt — A Zuy (3.17)
= —(I+7A%) " [A2v + DD* Az, — A% f]
(I+~A3)r, =—A2v— DD*Azv,+ A3 f (3.18)

(I+~A2)ry = —Ar — DD* A2vy + A"2 §, (3.19)
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Since r € C([O,T];D(A%)) (see (3.15)), the boundary conditions stated in
(3.16) hold true. As for the initial conditions, they follow from (3.15) and
(3.18). =

In the rest of the paper, however, we can assume without loss of generality
that

f € Hj(0,T; Ly(Ty)) which is dense in Lo (0, T; La(To)) (3.20)
so that f(0,-) = 0. Similarly, we will assume that v; € H3(Ty), which is

dense in H(Ty) = D(Ai) so that D* Azv; = % = 0. As a result, the
initial conditions in (3.16) become

lor,

re(0,-) = —(I +7.A2) "L Az vg (3.21)

Therefore, it suffices to prove the desired estimates with these smoother
data, and then extend by density.

Step 2: Equivalence of Some Norms Between Old Variable v and New Vari-
able r
Let us note the following norms for later reference:

1
. 2 2 3 1
0 { [ vt el =14k 0, = 4t g,

which is equivalent to HthD(A%)(see (3.15)). (3.22)

~

(ii) {/F (IVre]® + ] Arg)?) dl“o}; which is equivalent to
0
||(I+7A%)TtHL2(FO) = ||‘A%UHL2(F0) (3.23)
+(9(||D*AéthL2(aFO) + ||A_5f||L2(FO)>(see (3.18))
Notice from (2.24) and Lemma 3.1 that
D*Azv, € Ly(0,T;D(A?)), hence by (3.23) r, € Ly(0,T; D(A2))  (3.24)

Step 3: A Trace Identity
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Proposition 3.4. The solution r(t,z1) of the equation (3.16) satisfies the
following equality where ho(x1) = x1 — %

i [(Gareo) +(Gren)
+ tt,0)>2+<§;j(t,1)>2]dt

.21?1(
3

V(Ar)|2d20+—/ |wt|2d20+1/ |Ar|2d%, (3.25)
2 Jx, 2 Jxo

(6

0

N
2 Js,

+ / (DD*Aé’l)tt — A_%fta hO : V(AT)> dE()
o

T
- [(rt + vAry, ho - V(Ar)) ]
Lo(To)

Proof: A more general version of the identity for dim(Tg) = n > 1 is
proved in the appendix A of [10] by using the multiplier AoV (Ar). Then the
LHS of (3.4) is as in (A.7) of [10] and the RHS of (3.4) is stated in (A.8)
of [10] after specializing (A.7) and (A.8) from [10] to our one dimensional

domain with hg =21 — 5. =

i-
Remark 3.3. The simple one dimensionality of the domain of (3.16) also
helps us to avoid running the second multiplier Ardivh, which is required

in the analysis of Kirchoff equations on two or higher dimensional domains.
See appendiz B in [10].

Step 4: Analysis of RHS of (3.4)

Proposition 3.5. With respect to the Kirchoff equation (3.16) and the iden-
tity (3.4), we have the following estimate:

RHS of (3.4)
> Cho'Y(/ ) Ey(t)dt — [E,(0) / J* % (3.26)

- [T (5 o>)2+(§“t<, N il s

Proof: Let us first notice the following for later reference:
By (3.20), A~2f € HL(0,T; H*(To) N H}(T'y)) so that
A7 flop =0 and A(] +4A2) TAT f = —(I+4A2) 7' f; (3.27)
By (3.24), ry € LQ(O,T;D(A%)) so that Ar, = — Az (3.28)

With reference to the last two terms on the RHS of (3.4), we have the
following equality where the first step below follows from integration by
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parts and (3.28), whereas the second step follows from (3.18):

T

/ (DD*A%% AR Ry V(Ar)> dt
0 Lo(To)

T

— [(ri+mhe - v(a0) (3.29)

L2(To)

T
= [(DD*Aévt —A_%f—Tt-i"YA%?"t,hO : V(AT)> ]
Lz(Fo)

0

T
+ / (DD*A%W—A% f,hO.V(A%rt)) dt
0 L2(To)

— [( -+ ”y.A%)rt — A%v — 7 —i—fy_A%rt’hO ) V(Ar))

Lo(Tg)- 0

T 1 1 1
+ / (DD*.Awt —A"2f hy- V(.A?rt)) dt (3.29)
0 La(To)

T
- {(27} + .A%v, ho - V(Ar)) ]
L2(To)

T
4 / (DD*A%% _Ahy, hO-V(A%rt)) dt
0 La(To)
Therefore, we see by means of (3.4) and (3.29) that

RHS of (3.4) =1+ II + 111 where
T

I=- {(27} + A%v, ho - V(Ar))

Ly(To)-0

1

3
17 = 7/ |v(m)|2dzo+—/ |Vrt|2d20+1/ | Ary|2d%
2 ZO 2 EO 2 EQ

T
IIT = / (DD*AéUt —A"2f By - V(Aéfzﬂ) dt
0 Ly (To)

Therefore, Proposition 3.5 will be proved as soon as we show the estimates
claimed below:

1< Chan [B0) + Bo(T)] + (3.30)
1>c, / B dt—C/ [(ggi >2+ (g;f’;(t,l))g] dt
e g 2 do (3.31)

o | [(gen) s (o)

2 1l .2 2
+HfHL2(EO) + ||A2U||L2(EO) + HTtHLQ(O,T;'D(.Aés))> (332)
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Remark 3.4. Up to this point, there has not been a significant difference
between the analysis here and that in [10]. The main difference of the analysis
here involves the proof of (3.32), which is induced by the coupling of the
Kirchoff equation with the wave equation in the PDE system (1.1).

Proof of (3.30): It follows immediately from the equivalence of norms stated
in (3.22) and (3.23) and from the definition of energy F,(t) in (3.3).

Proof of (3.31): It follows from the equivalence of norms stated in (3.22)
and (3.23) that

1

3
— |V(Ar)\2d20+f/ |v7«t|2d20+1/ |Ary |2 d%
2 Js, 2 /s, 2 /s,

1, 1 9 1 1 _ 2

> 5”"44%”L2(20) + 5”(["")/./42) ITtHLQ(EO)
1, 1 9 1, .1 2

- 5H.,élzlthLg(Zo) + §H‘AQUHL2(20)

T % 41 2 _1 2
+O(/0 D" A2 1, o) + 1A QfHLxroﬂdt)

To finish the proof (3.31), we first recall that ||Aivt||L2(20) is equivalent

to HUtHD(Azlf and then recall (2.24) for the term HD*A%WHLQ(()FO)‘
Y

)
Proof of (3.32): Recall from (3.18), (3.28), and (3.27) that

Ary = —Azr, (3.33)
= A3 (I +~A2) " [AZv + DD*Azv;] — A3(I +7A7) A3 f
= F— (I+~A2)'f (3.34)

where F = Az (I+ vA%)_l [.A%v + DD*A%vt]. Therefore, we can write
HHi=II1,+I1II,+111, (3.35)

where
T 1
11, — / <DD*A2vt,h0-VF) dt
0 La(To)

T
IIn, = / (DD*Aévt, ho - V(I +7A§)1f> dt
0 L2(To)

T 1 1
HICZ/ (A% .o - V(AZr)) it (3.36)
0
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Since the coupling term does not appear in I11,, we can readily apply
Proposition 6.10 from [10] to get that

1 /T, 1 % 41
11, = —7/0 (A%v,ho - V(DD* Abwy)) )

T 12
+0 ; |D sztHLQ(aFO)dt

T o 1 1
+(’)</0 D" Azve| ) opy) - ||A2U||L2(Eo)dt>

Now recalling (2.26), we get

dt (3.37)

/0 " (4o, hoV(DD" A%vy) 1, dt
21 (3.38)
~o( [ [(Gmreo) + (Gren) T 14t )
Therefore, (3.37), (3.1), and (2.25) imply
o [ (20 (2 ot

o [(Garew) + (F00) ]

As for 111}, we get from (2.25)

111, = (9(/0 Kg;’tl (t, 0)>2+ (gvt (t, 1))2}1 11l s dt) (3.40)

Hence, to finish the proof of (3.31), we finally consider I1l.. First notice

that since dim(I'y) = 1,

(9(/12 Tt)
81’1

111, = (A5 f o - W (Abr), 0 = /F ho(A=3 ) dTy.  (3.41)

By integration by parts on (3.41)and from the fact that A*%f}alﬂo =0 (see
(3.27)) we have that

III — hO(A 2f) a(gjlrt) dz[) - — . aaxl(h[)Aéf)A%TtdEO
0
/ V(hoA™2 f), A3 57, )dS (3.42)

O [ 16l il syt
(3.35), (3.39), (3.40), and (3.42) finish the proof of (3.32). =

Step 5: Analysis of LHS of (3.4)
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Proposition 3.6. With respect to the Kirchoff equation (3.16) and the iden-
tity (3.4), we have the following estimate:

LHS of (3.4)

= CHTtHM (0.7:D(A3 ) +/0 ngtl (t, O)>2 + (ggi (t, 1))2}61 (3.43)

Proof: Since Ar = — A2y (see (3.28)), it is true that

OAr  OA:r Oy
= =t A4
6901 8951 8.%‘1 (3 )

As for the remaining term g—;tl in LHS of (3.4), it follows by trace theory

that

a’l“t 2 6rt
< .
/0 (o) +(5=e) }dt Nl o ppab—y (345
Combining (3.44) and (3.45) finishes the proof of Proposition 3.6. m

Final Step of Proof of Theorem 3.2: Combining Propositions 3.5 and 3.6 al-
most completes the proof:

/0 (ggj (t, 0)>2 + (ggj(t, 1))2} di+ [ £2 d%

(3.46)
> Chm</0 Ey(t)dt — [E,(T) + E,(0)] — HrtHLQ(OT'D(_AQ_E)))
To complete the proof, note from (3.17) and (2.22) that
2
||TtHL2(0,T~D(_A%’5 CH ||L2 0TD(.A275))
(3.47)

o [ [(200) + (220.) ] 151, )

3.2. Wave Equation Part of the Damped System. We will focus on
the following Wave equation coming from the coupled P.D.E. system (1.1):

Ztt = Az on Q,

Sl == on Y1, (3.48)
8V|F0 = —g—2z on Xj.

where g € La(3) (3.49)

The main result of this section is the following estimate concerning the
wave equation (3.48):

Theorem 3.3. Let h(x) be a smooth (C?) vector field on Q, satisfying the
following condition:

/ H(z)w(z) - w(z)dQ > p / W (@)dQ, Yu(z) € I2(Q)  (3.50)
Q Q
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where H(x) is the transpose of the Jacobian of h(z) and p > 0 is a strictly
positive constant. Then, with respect to the wave equation (3.48), we have
the following inequality:

Cr{llaltae) + 19llEacsn) + 1205 o 1 rhees )

2 4 o, (Q))} (3.51)

> Cnae, ([ Butt) dt = [Ba(e) + BT - )]

«

We have the following corollary of Theorem 3.3:

Corollary 3.7. Let h(z) be a smooth (C?) vector field on Q chosen as in
Theorem 3.3. Then, with respect to the wave equation part of (1.1) with
u(t) =0, we have the following inequality:

Cr{llalitamy + Ioelzasn) + 1205 o 1 e

+ 12 ||H2+61(0TL2(Q))} (3.52)

T—o
> Chozel (/ Ez (t> dt — [Ez(a) + Ez (T - a)])

Proof: Since v; € C([0,7]; H(I'p)) (see (3.11)), Theorem 3.3 holds true
for the Kirchoff equation part of the coupled system (1.1) where g is replaced
by Vt. m

The proof of the Theorem 3.3 will follow from the subsequent lemma and
propositions. Before we proceed, let us introduce the following domains
where T' > o > 0 and « is arbitrarily small:

Qa:(a7T_a) X Q) Fa:(a7T_a) x I FOa:(aaT_a)XFO

Proposition 3.8. Let h be a smooth vector field on Q2. We denote the trans-
pose of its Jacobian as H. Also, v is the unit normal of the boundary T.
Then the following (basic trace) identity holds true for the wave equation

(3.48):

1
0z V2 4, + L / h-udZa—f/ V2h- v dS,
5, OV 2 Js,
1 2| ;.
— [ HV:-V:dQ.+ - 2 _ divh dQ.
0. Vz-VzdQ +2/Qa {zt |Vz|} ivh dQ (3.53)

T—«

+ [(Zt, h- VZ)
L2(Q) «

Proof: We refer to [L-T.4] for the proof of the identity (3.53), where
both sides of a Wave equation is multiplied by h-Vz and then integrated by
parts. Let us note that the (3.53) is true for any wave equation as long as h
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is a smooth vector field on a bounded open domain €2 € R™ with a smooth
boundary I'. m

Lemma 3.9. With respect to the wave equation (3.48), the following equal-
ities hold true:

/ (22 — |V2[*) divh dQu = / zzdivh dSq + gzdivh d%,
o Ya 2()oz

T—« (354)

I

+ ZV (divh) - Vz dQq + [(zt, zdivh)
Qo

Lo(Q)

/ <2t2 - \Vz|2) an :/ 2t dza + gz dE(]a
Qa Ya EOa

+ |:(Zt, Z)L2(Q)} Z_a Y

Proof: (3.55) follows from (3.54) with when h is chosen as h = z so
divh = 2. The proof of (3.54) is achieved through a standard application of
energy methods via the multiplier z div(h). =

We will need the following result which gives a bound for the tangential
gradient % = V.2 (see [13]):

Proposition 3.10. Consider the wave equation (3.48). For arbitrarily small
a >0, there exist a constant Cr,., > 0 such that

T—a [ 9z2 T 0z |2
/a /p’aij‘ dESCTa“{/o A(’é‘ +f)as (3.56)

+ ||Z||§{1/2+51(Q)}

Let us now analyze the basic trace identity (3.53).

Proposition 3.11. With reference to the wave equation (3.48), the follow-
ing estimate 1s true:

LHS of (3.53) < CT,ml{ /Z 22 dSa + /E 9% d0n
o O

(3.57)
120212101 gy }
Proof: Since h = (h-v)v + (h-7)T,
0z 0z 0z\2 0z\2
Vz=—h-v+ —h- r 2o (2 = I.
h-Vz 8I/h V+87_h 7on I and |Vz| <8V) +(8T) on
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Hence, we see from (3.53) that

8zaz
LHS of (3.53) = 2/ hudZ +/ 55)h vy,
1
+3 EazthydE 2/ thz

1 0z 0z 0z 1
<)z had hdaddiod - 2
_Ch{2/2a <au) d2a+/2a auaf‘d2“+2/zazt s,
1 0z\2
+= [ () ax
Q/Ea <87') a}’

where C} = sup,cr |h(z)|. Next by Proposition 3.10 and the boundary

conditions on 22

2|5, from the equation (3.48), we get that

LHS of (3.53) < CTWI{/E 9 da +/E 2 A% + |23 2001 g b

O

which finishes the proof of Proposition 3.11. u

Let us now consider the right hand side of (3.53):

Proposition 3.12. With reference to the wave equation (3.48), the follow-
ing estimate 1s true:

RHS of (3.53)

> <p - 5) / B dt— O [Ea(a) + E(T — o) (3.58)

—Ch,s( / 22 dQq + / 22 d¥q + / 22 d¥q + / g* dzw)
Qo DN Ya Yoa

Proof: The proof is a standard application of Lemma 3.9 to the identity
(3.53). See, for instance, [16]. =

Final Step of Proof of Theorem 3.3:

Combining Propositions 3.11 and 3.12 we get
2 2 2 2 2
CT{HZt||L2(2) + 19170 50) + 1202,y + 112117500) + HZHH%+51(Q)}

> e, U B 0) di — [Bu(0) + BT - )

«

(3.59)

Next by trace theory we get that

Il 0y < Cllelly (3.60)
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Finally, (3.59) and (3.60) finish the proof of Theorem 3.3 since ||z 1
L2(0,T;H2 (2))

and HzH%Q(Q) can be absorbed by ||z||2%+61(@. .
3.3. Combined Analysis of Coupled P.D.E.’s. Combining Corollary
3.2 and Corollary 3.7 over the interval (o, T — o) and using the definition of
energy (3.1) in associated with the PDE system (1.1), we get the following
PDE estimate:

Lemma 3.13. For T big enough, there exists a constant, Cp > 0 such that

E(T) < Cp{ 126l 50) + 19110, 77 022 o))

Fa(0%0) (3.61)
ooy + 1212 40 o )

5]

Note that we keep track of dependence of the constant Cr only on T, the
others being insignificant. Also for convenience, we take € = €.

Proof: By Corollaries 3.2 and 3.7, there exists a constant Cr > 0 such
that

0
Cr{| 5 ) ome

2
1212 4ae ) (3.62)

HZtHLz o) T llv H2

2
C(oapud-iy T 1oz, (50

> /T_a E(t) dt — [E(0) + E(a) + E(T — a) + E(T)]

(e}

It follows from (3.4) that
[ B ar> (120 (m00) - 2{| 22

«

+zlls b)) (3:63)

2(6%0)
Since ’D(A%_%) = H?75(Ty) (see (2.5)), we have that
o H2 C([0.T):D(AZ~T)) HUHQC([O, T); H2~¢(T0)) (3.64)

It then follows from (3.62), (3.63), and (3.64) that there exists a positive
constant still denoted as C7 > 0 such that

ov
a{Frl
+H2lP ..}
> (T —2a —4)E(0) > (T — 200 — 4)E(T)

Hence Lemma 3.13 is true when T" > 2a + 4. =

126l 550y + 100G o0, 7 12200y + VeI 550

In the last lemma, we have an estimate for the energy of the system (1.1)
by the dissipative terms plus lower order terms (with respect to the norm of
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the energy). Our last step is to absorb these lower order terms by means of
a standard compactness/uniqueness argument.

Proposition 3.14. With respect to the coupled P.D.E. system (1.1), for T
big enough, there exists a constant Cr > 0 such that

orl [as+ [ (f;j)Q 4(0%0)) 5.65)

2 2 2
2 HUHC([O,T};HLe(FO)) + HthLQ(EO) + ||Z”H%+E(Q)

Proof: It follows by a contradiction argument. Assume that there ex-
ists a sequence {z,(t), z,(t), vn(t), v, (t)} of solutions to the problem (1.1)
corresponding to the sequence of initial conditions {zn0, 2n1, Uno, vn1} such

that

2 / 2 Z —+ Q
anHC([O,'J];H275(F0)) HU” HLz( 0) H nHi% E’% E( ) o

—i—Ul 2 > (3.66)
lim < Z/ ; by ’ " )
K || n||L2( ) (91/ Lz(an)

Let us now define the energy E,(t) of the system (1.1) corresponding to the
initial conditions {z,0, 2n1,Vno,vn1} as we did in (3.1), (3.2), and (3.3) so
that we have (see (3.4)):

ol |12
E,(T) —En(O)—Q(Hz;HZ + ’ e — ) (3.67)
Ly (%) ov L2 (8%%)
We claim that {z,(0), z,,(0),v,(0),v,,(0)} is uniformly bounded in Y. To

see it, we recall the equation (3.61) from Lemma 3.13 and substitute it into
(3.67). Therefore, we get first by rearranging the dissipation terms and then
by (3.66) that for 7" large enough (see Lemma 3.13), there exists a constant
still denoted by Cr such that V n

SO L)

+ 112012550
L2(8%0) a (3.68)

10l o, 1=y + el + 1217 y0c ) } < const

Hence, F,,(0) is uniformly bounded and the claim is proved. By (3.3),
there exists a subsequence still ordered by n such that
{210, 201, Vno, vn1 } — {20, 21, Vo, U1} weakly in Yp.
Now denote by {Z(t), Z:(t),0(t), v(t)} the solution to the problem (1.1)
corresponding to the initial conditions {2y, 21, vp,v1}. Since eArt ig a s.c.
semigroup of contractions on Yy, {2, (t), z,,(t), vn(t), v, (t)} is uniformly bounded

rTn

on C([0,T];Yp); therefore, there exists a subsequence still ordered by n such
that

{20(1), 20 (1), va(1), v, (0} — {Z(1), 2 (£),8(¢), 7 (1)} weakly in
C([0,T]; Yp). It then follows by compact imbeddings below
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H?(Tg) — H*¢(Iy),
Lo) = La(To),
Q) s H'7¢(Q), and
0,T; La(Q)) < H2(0, T} La(2))

(3.69)

that

v), — Uy strongly in La(Xo) (3.70)

v, — ¥ strongly in C([0,T]; H*>~¢(Ty)),
2, — % strongly in H'=¢(Q).

Therefore, by (3.70) and the limit in the assumptions noted in (3.66), we

get that
~92 aU~t 2
/ 52 s = / () d(9%0) = 0 (3.71)
b o5, \ OV

Hence, by use of (3.71) in the equation (1.1), {Z,0} satisfies the following
equations:

gtt =AZ on Q

0 on X
oo, = i ! (3.72)
%l =i on %o
zt|F =0 on X
Tt — YAy + A0 =0 on o
{ 17}82 Av|aF @ =0 on 0% (3.73)

where {2(0? ')7 2715(0, )7’5(07 ')77715(07 )} = {2707 271717071;1} S Yb

It is known that the solution of the Kirchoff problem (3.73) with three
zero boundary conditions is the trivial solution (see [19]):

v=0,=0 (3.74)
Thus, using (3.74) in (3.72), we see that Z satisfies the following:
y=az ong@ (3.75)
Elp =%, =0 onX

where {Z, 21} € HY(Q) x L2(f) such that by (2.29)

/ % dF+/ 5 d0=0 (3.76)
T Q

Lumer-Phillips theorem holds true for the uncoupled Z problem (3.75) in
H(Q) x Ly(Q) subject to (3.76). Hence, we also get that

5, =0 (3.77)

However, (3.74) and (3.77) contradict with the assumptions in (3.66) and
the proof of Proposition 3.14 is finished. »

z

Final Step of the Proof of Theorem 3.1:
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By Lemma 3.13 and Proposition 3.14, we see that when T is large enough,
there exists a positive constant Cp > 0 such that

2
Ovt

2
CTE(T) S HthLg(E) + Hal/

Lo (0%0)

Now recall the equality (3.4) rewritten below as:

2
8’0,5

ov = B(0)

B(T) +2||21]|7,, 5 + 2‘

Ly (0Xo)

Consequently, we get that (2C7 + 1)E(T) < F(0) and hence E(T) < E(0),
implying that HeAF 9l i) < 1. Therefore, Ar is the infinitesimal generator of

a uniformly stable semigroup on Y and the proof of Theorem 3.1 is finished. =
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